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ECCENTRIC SEQUENCES AND CYCLES IN GRAPHS

ALFONZ HAVIAR, PAVEL HRNCIAR AND GABRIELA MONOSZOVA

ABSTRACT. An eccentric sequence is called minimal if it has no proper eccentric
subsequence with the same number of distinct eccentricities. A graph is said to be
a minimal graph if it realizes a minimal eccentric sequence. Some minimal graphs
and some minimal eccentric sequences are described. It is shown that a graph with
radius r, diameter d < 2r — 2 and with at most 3r — 2 vertices contains a cycle of
length 2r or 2r 4 1.

1. INTRODUCTION

The eccentricity of a vertex v of a connected graph is the distance between v
and a vertex furthest from v. To any finite connected graph G one can assign the
sequence of the eccentricities of its vertices, called the eccentric sequence of G. To
decide whether a sequence of positive integers is the eccentric sequence of some
graph is a difficult task. Only very few results are known in this direction (see [1]
and the recent survey [2]). L. Lesniak showed that a sequence S of positive integers
is the eccentric sequence of some graph if and only if some subsequence S’ of S with
the same number of distinct values is eccentric. This result naturally leads to the
concept of minimal eccentric sequences. Throughout the paper, any graph which
realizes a minimal eccentric sequence is said to be a minimal graph.

In the paper we describe large classes of minimal unicyclic graphs with an even
cycle (see Theorem 3.1) and with an odd cycle (see Theorem 3.2). From this
we obtain an explicit description of minimal eccentric sequences with two distinct
values and with length at most L8T—§r5J (see Theorem 3.4). The key result of the
present paper is our Theorem 2.6, which asserts that a graph with radius r, diameter
d < 2r—2 and with at most 3r —2 vertices contains a cycle of length 2r or 2r+1. In
fact, it significantly reduces the number of possibilities which one needs to consider
to prove Theorems 3.1 and 3.2.

We are going to recall terminology and fix notations. We consider undirected
connected finite graphs without loops and multiple edges. We will use standard
notations of the graph theory (see for example [4]). We recall some of them. We
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denote by V(G) the vertex set and by E(G) the set of edges of a graph G. The
symbol |V (G)] is used for cardinality of V(G). Let u,v € V(G), by a u — v path
we mean the finite alternating sequence u = ug,e1,u1,€9,...,Uk_1, €k, U = v of
vertices and edges beginning with vertex u and ending with vertex v such that
e; = uj—1u; for : = 1,2,...,k, in which no vertex is repeated. It is also denoted
by Py = (ug,u1,us,...,ux); the number k is its length. If P,_1 = (u1,ua,...,uy)
is a path and u,u; € E(G) then C, = (u1,us,...,un,u1) is a cycle of length n
(throughout the paper, C,, will always denote a cycle of length n). The subgraph of
a graph G induced by the edges of a path or a cycle is also referred to as a path or a
cycle of G. The distance d(u,v) between two vertices u and v is the minimum of the
lengths of the u — v paths of G. A shortest u— v path is called a u —v geodesic path.
We denote by dg (u,v) the distance between vertices u,v € V(G’) in the subgraph
G’ of the graph G. The distance between a vertex u € V(G) and a subgraph G’ of
a graph G will be denoted by d¢(u, G'), i.e. dg(u,G") = min{dg(u,z);z € V(G')}.

Denote the degree of a vertex u € V(G) by degq(u) and the eccentricity of a

vertex u € V(G) by eg(u). Recall that

eq(u) = max{dg(u,v); v € V(G)}.
We denote it briefly by e(u) when no confusion can arise. We will use the symbol
rad G to denote the radius of the graph G (i.e. the minimum of eccentricities of
vertices of the graph G). The symbol diam G is used for the diameter of the graph
G (i.e. the maximum of eccentricities of its vertices). We write simply r and d
when there is no confusion.

The eccentric sequence of a graph G is a list of the eccentricities of its ver-
tices in nondecreasing order. Since often there are some vertices having the same
eccentricity we will denote it simply

e(G) = (e;nl’e;nz, R e’lrcnk) = (e;ni)le
where e; are eccentricities for which e; < e;41 and m; is the multiplicity of e;. A
sequence of positive integers is called eccentric if there is a graph which realizes the
considered sequence. By Lesniak [5] the following statement holds.

Theorem 1.1. A nondecreasing sequence (e]"*,e5™?,... e, ") is eccentric if and
only if some of its subsequences with k distinct values is eccentric.

An eccentric sequence is called minimal (by R. Nandakumar, see [1]) if it has
no proper eccentric subsequence with the same number of distinct eccentricities. A
graph is said to be a minimal graph if it realizes a minimal eccentric sequence.

Let e(G1) = (e, e5,...,e0'") and e(G2) = (e]",e5%,...,e.*) be eccentric
sequences of graphs G7 and Go. We write e(G1) < e(Gs) if 1 < m; < n; for each
i€ {1,...,k}. We write e(G1) < e(G2) if e(G1) < e(G2) and moreover there
is i € {1,...,k} for which m; < n;. If e(G1) < e(Gz) then it is obvious that
V(G| < [V(G2)l-

Definition 1.2. A graph G is said to be a sun-graph if it is unicyclic (i.e. it
has exactly one cycle C), degs(u) < 3 for u € V(C) and degq(u) < 2 for u €
V(G) — V(C). The mentioned cycle C' is called the kernel of the sun-graph G.

Definition 1.3. Let G be a sun-graph with the kernel C. A « — v path in the
graph G is said to be a ray of the graph G if deg,(u) = 1 and v is the only vertex
of the path belonging to V(C). If G is a sun-graph with n rays we briefly say that
G is an n-rays sun-graph.

In Figure 1.1 it is depicted a 4-rays sun-graph.
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Fig. 1.1

Definition 1.4. A cycle C in a graph G is called a geodesic cycle if for each two
vertices x, y of the cycle C it holds d¢(z,y) = da(z,y).

In Figure 1.2 the cycle (v1,vs,v3,v4, U5, Vg, V7,08,01) 1S a geodesic cycle and
Yy ) » U3, ; U5, U6, UT, U8, Yy
(va, v3, V4, V5, Vg, U7, Us, Vg, U2) is not a geodesic cycle.

Definition 1.5. Let C be a cycle of a graph G and let its length be 2k or 2k + 1.
A vertex of the cycle C is said to be C-excited (in the graph G) if its eccentricity
is larger than k. The number of the C-excited vertices of G will be denoted by

exc, (C).

Lemma 1.6. Let C be a cycle of a graph G and |V(G)| — |V (C)| = m. Then

a) exc, (C) < 2m — 1 if length of the cycle C is even and m > 1,

b) exc,(C) < 2m if length of the cycle C is odd,

¢) exc,(C) < 2m —n if C is an even cycle and there are at least n vertices from
V(G) — V(C) such that each of them is adjacent to at least one vertex of the cycle

C.

Proof. a) Consider a sequence Go = C, Gy, ..., Gy, of subgraphs of the graph G
such that the subgraph G;1 is obtained from the subgraph G; (for i < m) by adding
some vertex u € V(G) — V(G;) and some edge uv € E(G) where v € V(G;) (see
Figure 1.3). Obviously, excy, (C) = 1 and exc,,, (C) < excy, (C) + 2. Therefore
the graph G, contains at most 2m — 1 C-excited vertices. Since V(G) = V(G,)
and E(G,,) C E(G) we get exc. (C) < exc,, (C).

b) In this case excg, (C') = 2 and we can prove the statement analogously as in
the case a).
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¢) The required sequence can be chosen in such a way that each vertex from
V(G,) — V(C) is adjacent to a vertex of the cycle C. In this case exc, (C) < n
and then obviously exc,(C) < 2m —n. O

The following statement can be proved analogously to Lemma 1.6.

Lemma 1.7. Let G be a unicyclic subgraph of G with the cycle C. If A = {v €
V(C);eq,(v) < rad G} then |V(G)| — |V(G1)| > [%w (Tz] is the least integer
1>x).

2. ON CYCLES IN GRAPHS.

In this section we show that a graph G with radius r and diameter d, for which
d <2r—2 and |[V(G)| < 3r — 2, contains a cycle Ca, or Ca,41. The statement is a
consequence of the following three lemmas.

Lemma 2.1. Let G be a graph with radius v and let G contain the subgraph G1
depicted in Fig. 2.1. If m4+n+2>2r, m+k+2<2randn+k+2<2r (k=0
is possible and uwv € E(G1) in this case) then

m-+n

V(G)| >2r —1+
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Proof. Since eg(u) > r there is a vertex w € V(G) such that dg(u,w) > r and
it is clear that w ¢ V(G1). Let P be a u — w geodesic path. Let w’ be the last
vertex of P such that w’ € V(G1). Without loss of generality we can assume
that w' € {u,v,21,...,Zm,21,...,2k}. Let P = (u,...,w', w1, ws,...,w;) where
w; = w.

Let ry = L%WJ By the assumption m+ &k +2 < 2r and therefore the number
a =1 — 1 —ry is nonnegative and obviously a < j.

Consider a subgraph G2 of the graph G (see Figure 2.2) for which

V(Gg) = V(Gl) U {’LU1,’LU2, .. ,wa}

E(Gg) = E(Gl) @] {’wl’wl, wWiWa, . . . ,wa_lwa} - {ngJyL%JJA} ifa > 0.

If a = 0 then V(Gz) = V(G1) and E(Gz2) = E(G1) — {y 2,y 2|41} (we put
yo = v if n = 1). Now consider the cycle C' = (u,x1,...,Zm, v, 2k, ..., 21,u). If
x € V(C) then dg, (wy, 2) < a+r =r—1fori=1,2,...,a. Therefore eg,(z) > r
for z € V(C?) if and only if dg, (, Ylz)) =1 or da, (T,y 2)41) > 7

Let A= {z € V(C');eq,(z) <r}. We show that |A| = 2r —n — k — 2. Consider
two cases.

a) 2] +k+1>r

In this case k > 0 and since m+n+1 > 2r — 1 we get A C {z1,...,2,}. Let
Ay = {z € Ajdg,(z,y|z2)41) < r} and Ay = {z € A;dg,(v,yz)) < r}. Then
[ Al = [A1 N Ao| = [A1| +|Az| = [A1U Ao = (r = (n+ 1= [5]) + (r = (I5]+1)) -k
and so we have |A| =2r —n —k — 2.

b) [§]+k+1<r

In this case {z1,22,...,2;x} € A and we get

Al=k+(—(k+n+1-|5])+(r—(k+1+[5])=2r—n—k-2.

Since the eccentricity of each vertex of G is at least r, by Lemma 1.7 we have
V(G| — [V(Ga)| > [@] It follows that

A
V(G| >m+n+k+24+a+ [%W

m+k+2 2r—n—k—2
=m+n+k+2+r—1-— +

2 2

E+2 2r—m—Fk—2
2m+n+k+2+r717erQ+ + ! n2
:2r—1+m;".
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It is clear that the equality does not hold if at least one from the integers m + k
and n + k is odd. In the opposite case the lengths of the cycles C' and C? (see
Figure 2.1) are even and |A| is also an even integer. It is easy to see that in this

case |[V(G)| - [V(Gy)| > 4l = [% It implies [V(G)| > 2r — 1 + ™2 and the
proof is complete. [

Corollary 2.2. Let a graph G contain a subgraph isomorphic to the graph in Fig.
21andrad G=1r. Ifm4+n+22>2r, m+k+2<2r andn-+k+2 < 2r then
[V(G)| > 3r—1.
Proof. Since m +n > 2r — 2, by Lemma 2.1 we get

V(G)|>2r—14+2m >0r 14+ 222 =32 O
Remark. The graph G in Figure 2.3 satisfies the assumption of Corollary 2.2 (m =
n=2k=0,r=3)and |V(G)|=3r — 1.

Fig. 2.3

Lemma 2.3. Let G be a graph with radius v which contains a geodesic cycle C,.
If m > 2r + 2 then |V(G)| > 322,

Proof. Let v € V(G) be a vertex with eccentricity e(u) = r. Since the eccentricity
of each vertex of Cy, is at least r + 1 it follows that u ¢ V(C),). Denote by G’ the
component of the graph G — C,,, containing the vertex wu.

We distinguish two cases.

a) Each path of the cycle C,, having the length [%] — 2 contains a vertex
adjacent to a vertex of G'.
In this case there exist vertices wq,wa, w3 € V(Cp,) and (not necessarily
distinct) vertices wi, wy, ws € V(G') satisfying
(i)  wiw, wewh, wswh € E(G),
(il)  de,, (w1, w2) + de,, (we, ws) + do,, (ws,w1) = m.
Let P! be a w} — w) geodesic path in G’. Let v be a vertex of the path
P such that dg/(wh,v) = dgr (wh, PY).
b

wa w3

wq

Fig. 2.4

Denote a = dg(wy, w2) = de,, (w1, ws2), b= dg(ws,ws) =de,, (wa, ws),
¢ =dg(uwr,ws) =dg,, (wi,ws), = dg (v, w]) + 1,
y =dgr(v,wh) + 1, z=dg (v, ws) + 1 (see schematic Figure 2.4).
Since Cy, is a geodesic cycle we get
12



a<z+y, b<y+z, c<x+ 2.
Hence,

T+y+z2> % = 7. It implies

V(@)|>a+bteta+y+z—2>m+ 2 —2= 34
There exists a path A of Cy, satisfying the following two conditions

(j) the length of A is at least [%] — 2,
(ji) no vertex of A is adjacent to a vertex of G'.

We are going to show that this assumption yields a contradiction. In this
case there exists a path of C, of length at most m — ([2] —2) —2 = | Z]
containing every vertex v € V(Cyp,) adjacent to at least one vertex of G'.
Therefore there is a path (v1,va,. .., vx) of Cy, satisfying the following three
conditions

k) 0<k—-1<|%Z]
(kk)  the vertex vy is adjacent to a vertex from V(G’) and the vertex vy
is also adjacent to a vertex from V(G’),
(kkk)  no vertex v € V(Cy,) — {v1,v2, ..., v} is adjacent to a vertex from
V(G).

Denote by P! a u — v; geodesic path and by P? a u — v geodesic path
in the subgraph of G induced by the set V(C,,) U V(G’). Note that P!
and P? are also geodesic paths in G. Let v; be the first vertex of P!
belonging to C,, and v; be the first vertex of P? belonging to Cy,. Since
Cyn, 18 a geodesic cycle it is easy to see that ¢ < j and we can assume that
P1 = (’U,,. ey Vi Vi—1,05—-2, ... ,’Ul) and P2 = (u, sy U5, 0541, V542, - ,’Uk).
Let u; be the last vertex of P! belonging to P2. Since C,, is a geodesic cycle
there exists (if dg(vi,v;) < [%]; the case dg(vi,v;) = | 5] = dg(v,vx) is
obvious) a vertex v, € V(C,,) such that the following three conditions are
satisfied (see schematic Figure 2.5)

i1 <p<j,da(vi,vp) <dg(vi,u1), da(vj,vp) < da(vj,ur).

13
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Further, there exists a vertex w € C,, w ¢ {v1,v2,...,v;} such that
dg(w,vp) > r. Obviously, every u — w path contains at least one vertex
from the set {v1,vs,...,vx}. Since C,, is a geodesic cycle, due to symmetry

we may without loss of generality assume that some u — w geodesic path in
G contains the vertex v;. Thus we get

d(u, w) = d(u, u1) + d(ur, v;) + d(vi, w) > d(u, u1) + d(vp, v;) + d(v;, w)
> d(u,ur) + d(vp, w) > d(vp, w) > r.
A contradiction with the assumption e(u) = r.
O

Corollary 2.4. Let G be a graph with radius r which contains a geodesic cycle
Cm. If m > 2r+2 then |V(G)| > 3r+1.

Proof. Since m > 2r + 2, by Lemma 2.3 we get |V (G)| > 3m4—4 > 3(27‘-‘52)—4 _
3r+1. O

Remark. The graph in Fig. 1.2 contains a geodesic cycle of length 2r + 2 and
[V(G) =3r+1 (r=3).
Lemma 2.5. If a graph G satisfies the following conditions
(i) rad G =,

(ii) diam G < 2r — 2,

(iii) |V(G)| <3r—2
then the circumference of G (i.e. the length of any longest cycle of G) is at least
2r.

Proof. Suppose on the contrary that the length of a longest cycle C,, of the graph
Gism < 2r.

Let GT be the block (i.e. maximal 2-connected subgraph) of G' containing the
cycle Cy,. Consider a vertex vy such that d(vy, GT) = max{d(v,G");v € V(G)}.
Since rad G = r, m < 2r and G is a 2-connected graph we get dg (v, GT) > 0, i.e.
vy € V(GT). Let v} € V(GT) be a vertex for which d(vq,v}) = d(v1,GT). Since
G is the block of G, the vertex v is a cut-vertex of the graph G. Denote by G the
component of the graph G—v} containing the vertex v; and let G; = (V(G})U{v}),
i.e. Gy is the subgraph of G induced by the set V(G}) U {v]}. Consider a vertex
ve such that d(ve, GT) = max{d(v,G");v € V(G) — V(G1)}. If d(vi,v]) <r—1
then d(ve, GT) > 0 (otherwise eg(v]) < r). Denote by v a vertex of Gt for which
d(ve,vh) = d(v2, GT). The vertex v} is a cut-vertex of G. Let P! be a v; — v}
geodesic path and P? be a vy — v} geodesic path. Now we distinguish two cases.

a) d(vi,v)) <r-—1
Since d(vi,v2) < 2r — 2 and d(vi,GT) > d(ve, GT) there is a vertex
14



u € V(GT) such that d(vi,u) < r —1 and d(va,u) < r — 1. We are
going to show that eg(u) < r — 1 and this contradicts our assumption.
We show that d(u,w) < r — 1 for every vertex w € V(G). Clearly, if
w € V(GT) then d(w,u) < r. So, let w € V(G) — V(G*) and P be
a w — u geodesic path. If vf € V(P) or vj € V(P) then d(w,u) <
max{d(u,v1),d(u,v2)} <r—1. Assume that P contains neither the vertex
v} nor the vertex v5. Denote by w’ the first vertex of the path P belonging
to the graph GT. Denote a = d(w,w’). Since m < 2r there exists a pos-
itive integer k such that m = 2r — 2k (if m is even) or m = 2r — 2k + 1
(if m is odd). The vertices u and w’ belong to the block Gt which con-
tains the longest cycle C,, hence d(u,w’) < r — k. If a < k — 1 then
dlu,w) < (r —k)+ (k—1) =r — 1. We will show that a > k is impossible
since it contradicts our assumption (iii). If a > k then obviously there is
a unicycle subgraph H of G containing the cycle C,, and k vertices from
each of the paths P!, P2, P such that either at most 3 vertices of C,,, have
eccentricities at least r (if m = 2r — 2k) or at most 6 vertices of Cy, have
eccentricities at least r (if m = 2r — 2k + 1). Then by Lemma 1.7 we get
[V(GQ)] > 3r — 1. Really,
if m = 2r — 2k then
V(G)| > (2r —2k)+ 3k + [2=2E=3] =2r + k+r —k—1=3r — 1, and
if m =2r — 2k 4+ 1 then
V(G)| > (2r —2k+1)+ 3k [Z=2D=6) — 9p 4 fy 14 r—k—2=3r—1.
b) d(vy,v}) >r
Let u be the vertex of the path P! such that d(u,v;) = r— 1. If w €
V(G) = V(Gy) then d(u,w) < r — 1 (diam G < 2r — 2 and v] is a cut-
vertex of the graph G). If for each vertex w € V(Gy) it holds d(u,w) <
r — 1 then eg(u) < r — 1, a contradiction. Let w € V(G1) be such that
d(u,w) > r. Since d(w,v1) < 2r — 2 and d(w,v}) < d(vi,v]) then there
is a cycle C” of G such that w € V(C’). Let G’ be the block of the graph
G containing the cycle C’. Let vg be a vertex of the graph G such that
d(vo,G’) = max{d(z,G");z € V(G)}. Let v) € V(G') be a vertex such
that d(vo,v)) = d(vo,G"). Then v is a cut-vertex of the graph G. If
d(vo,v) < r —1 then similarly as in the case a) (take the block G’ instead
of the block GT) one can find a vertex with eccentricity less than r in the
graph G, which is impossible. Consider now the case d(vg,v)) > 7. Let
P’ be a vg — v}, geodesic path and ' be the vertex of the path P’ such
that d(vg,u’) = r — 1. For every vertex z from any component of the
graph G — v(, such that the vertex vy does not belong to this component
we have d(z,u") <r—1 (otherwise d(z,vg) > diam G, which is impossible).
Let K be the component of G — v, which contains the vertex vo. Since
eq(u') > r, K contains a vertex s with d(s,u’) > r. We show that this
contradicts the assumption (iii). First realize that K has at least 2r vertices.
Further, d(v1,G’) < r and so vy and v; belong to different components of
G — v}, (otherwise we would have d(vo, GT) > d(v1,GT)). It follows that
the path P! contains at least r vertices different from the above mentioned
2r vertices. Therefore |V(G)| > 2r 4+ r = 3r, a contradiction.

O

Remark. The graph in Figure 2.6 has 3r — 1 vertices and the circumference of the
15



graph is less than 2r. So, the inequality (iii) in Lemma 2.5 is tight, it cannot be
improved.

Fig. 2.6

The following important statement is an immediate consequence of Corollaries
2.2, 2.4 and Lemma 2.5.

Theorem 2.6. If a graph G satisfies the conditions
(i) rad G =,
(ii) diam G < 2r —2,
(iii) [V(G)| < 3r—2,
then G contains a geodesic cycle of length 2r or 2r+1.

Corollary 2.7. (P.A. Ostrand, see [6])

For all positive integers v and d satisfying r < d < 2r — 2 there exist graphs of
radius v and diameter d. The minimum order of such a graph is d +r. There are
exactly Ldgrj + 1 non-isomorphic graphs of order d + r, radius v and diameter d.
They are characterized as being the sun-graphs with the kernel Ca,. and with one or
two rays (see Fig. 2.7). All isomorphic classes are obtained as s ranges from 0 to

|42

U1 (%) Ur—1
o ——o e “e *——o0
uy U Us Ugyr Ug
Us41 Us42 Us4r—1
Fig. 2.7

Proof. By Theorem 2.6 a graph G such that rad G = r, diam G =d < 2r — 2 and
[V(G)| < 3r — 2 contains a geodesic cycle Cy,. or Co,y1. Since diam G = d the
graph G has to contain at least d — r vertices except vertices of the cycle. The
corollary follows. [

3. MINIMAL GRAPHS AND MINIMAL ECCENTRIC SEQUENCES.

Theorem 3.1. Let G be a sun-graph with at most 2 rays and with the kernel Ca,.
IfIV(G)|=2r+k 1<k<r-—1, diam G < 2r — 2 and exc,(Car) > 2k — 2 then
the graph G is minimal.

Proof. We will show that there is no graph H such that e(H) < e(G) and |V(H)| =

2r + k — 1. Suppose, contrary to our claim, that such a graph H exists. Since

rad H =r and |V (H)| < 3r —2, by Theorem 2.6 the graph H contains a cycle C' of
16



length 27 or 2r+1 . By the assumption there are at most 2r — (2k —2) = 2r — 2k +2
vertices with eccentricity r in G. We distinguish two cases.

a) |[V(C)|=2r+1

Since |V (H)|—|V(C)| = k—2, by Lemma 1.6b we get exc,, (C') < 2(k—2). Therefore
there are at least 2r + 1 — 2(k — 2) = 2r — 2k + 5 vertices with eccentricity r in H,
contrary to e(H) < e(G).

b) [V(C)| = 2

In this case |V(H)| — |V(C)| = k — 1, whence by Lemma 1.6a we get exc, (C) <
2(k—1)—1 =2k —3 for k > 2 (the case k = 1 is trivial). Therefore there are
at least 2r — (2k — 3) = 2r — 2k + 3 vertices with eccentricity r in the graph H,
contrary to e(H) < e(G). O

Remark. Let G be a sun-graph with at least 3 rays and with the kernel Cs,.. If
[V(G)| — |V(C)| = k then exc,(C) < 2k — 3 by Lemma 1.6c. The eccentricity
sequence of G need not be minimal even in the case of the equality exc, (C) = 2k—3
(see Figure 3.1).

G : 7 Gy :

e(G1) = (69,7%,87) e(Ga) = (6°,7%,87)
Fig. 3.1

Theorem 3.2. Let G be a sun-graph with at least 5 rays and with the kernel Coyy 1.
IfIVv(G@)| =2r+1+k, k <r—2 and exc,(Carq1) > 2k — 1 then the graph G is
mainimal.

Proof. Since exc,, (Car+1) > 2k —1 we get that exc,, (Car41) is equal to either 2k —1
or 2k (by Lemma 1.6b). It is sufficient to show that there is no graph H such that
e(H) < e(G) and |V(H)| = 2r + k. Suppose, contrary to our claim, that such a
graph H exists. By Theorem 2.6 H contains a cycle C of length 2r or 2r 4+ 1. By
the assumption there are at most 2r + 1 — (2k — 1) = 2r — 2k + 2 vertices with
eccentricity r in G. We distinguish several cases.

a) [V(C)|=2r+1

In this case exc,, (Cory1) < 2(k — 1) = 2k — 2 (by Lemma 1.6b), hence there are at
least 2r + 1 — (2k — 2) = 2r — 2k + 3 vertices of the graph H with eccentricity r, a
contradiction.

b) IV(C)| = 2r

Denote by m the number of vertices from V(H) — V(C) which are adjacent to at
least one vertex of the cycle C.

b1) Let m > 3. In this case, by Lemma 1.6.c we get exc,, (C) < 2k — 3 whence
there are at least 2r — (2k — 3) = 2r — 2k + 3 vertices with eccentricity r in
H, a contradiction.
ba) Let m = 2. Since e(H) < e(G) we have exc, (C) > 2k — 2. By Lemma
1.6.c exc, (C) < 2k — 2 and so we get exc,, (C) = 2k — 2. It is easy to verify
17



that H is a 2-rays sun-graph with the kernel C5,. Hence there are at most
6 vertices of the graph H with eccentricity r 4+ 1. Since e(H) < e(G) and
|[V(G)| = |V(H)| + 1, there are at most 7 vertices with eccentricity » + 1 in
the graph G. Since excg(Cari1) > 2k—1 and excg(Cart1) < 2k (by Lemma
1.6b)) we have two possibilities excg(Cari1) = 2k or excg(Caprt1) = 2k — 1.
G is an n-rays sun-graph for n > 5 and we get that the number of vertices
of Cy,41 with eccentricity r 41 is 2n or 2n — 1. So, G has at least 9 vertices
with eccentricity r 4+ 1, a contradiction.

b3) Let m = 1. The vertex from V(H) -V (C) adjacent with at least one vertex
of the cycle C' is a cut-vertex of the graph H. Since e(H) < e(G) we get
exc, (C) > 2k — 2. Therefore it is easy to verify that there are at most 3
vertices of the graph H with eccentricity r + 1. But we know that there are
at least 9 vertices with eccentricity r + 1 in the graph G, a contradiction.

O
G Gy :
7 7 7
7

7

e(G1) = (62,74,82) e(Gz2) = (6°,73,82)

Gy : Gy : 7
7
8 7
7
8 8 8
7
7
8
7
e(G3) = (68775783) e(G4) = (68775782)
9
Gg :
10
e(Gs) = (75,87,9%,102) e(Gg) = (75,85,9°% 102)
Fig. 3.2
Remarks.
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1. If G is a sun-graph with one ray and with the kernel Cs,; then obviously
the graph G is not minimal.

2. If G is an n-ray sun-graph, n € {2,3,4} and G satisfies the remaining
assumptions of Theorem 3.2 then G may or may not be minimal (see Lemma
3.3 and Fig. 3.2).

Lemma 3.3. The following sequences

a) (== (r+1)°%), r >4,
b) (r* = (r+1)%), r>5,
(r* = (r+1)%), r>5,
c) (r* =S (r+ 1)), r>6,
(=T r+ 1)), r26,

are minimal eccentric sequences.

Proof. The sequences from the lemma are the eccentric sequences of the graphs in
Figure 3.3.

a)
G1 .

CZTJrl
r>4

e(Gq) = (7“2T._3, (r+1)%)

b)
GQ Gg .
CQTJrl C2r+1
r>5 =95
e(Ga) = (r* =4, (r +1)%) e(G3) = (r*"=°,(r +1)?)
c)
Gy Gs Gg
CQTJrl CQTJrl
r>6 r=>7

e(Ga) = (1, (r 4 )M)  efGa) = (6%.72)  e(Go) = (127, (r + 1)'2)
Fig. 3.3

We will show that these sequences are minimal. It is sufficient to show that if a
considered sequence is the eccentric sequence of a graph G then there is no graph H
such that |V(H)| = |V(G)| — 1 and e(H) < e(G). Suppose, contrary to our claim,
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that such a graph H exists. The eccentricity of each vertex of H is either r or r+ 1.
By Theorem 2.6 the graph H contains a cycle Cy, or Cy,41. We distinguish three
cases (see Figure 3.3).

a) In this case |[V(G1)| = 2r+ 3 and |V(H)| = 2r + 2.

al)

ag)

If H contains Ca,41 then exc(Car41) < 2 by Lemma 1.6b. Hence there are
at least 2r — 1 vertices with eccentricity r in H, contrary to e(H) < e(G1).
Let H contain a cycle Cy,.. Since excy(Co,) < 3 (by Lemma 1.6a) and
e(H) < e(@G), the eccentricity of each of two vertices in V(H) — V(Cy,) is
r + 1. It yields that each of these vertices has to be adjacent with some
vertex of the cycle Ca,. Hence excy(Ca,) < 2 (Lemma 1.6¢), contrary to
e(H) < e(Gh).

b) In this case |V(G2)| = |[V(G3)| = 2r + 4 and therefore |V (H)| = 2r + 3.

b1)

ba)

If H contains a cycle Car41 then excy(Cor41) < 4 (by Lemma 1.6b), a
contradiction.
Let H contain a cycle Co,..

HOO E

Fig. 3.4 Fig. 3.5

If some of the graphs (for simplicity, the vertices of Cy, with degree two
are not marked; their position on Cy, will not be important) represented
by Figure 3.4 is a subgraph of the graph H then it is easy to see that there
are at least 2r — 3 vertices with eccentricity r in H, a contradiction. So
we can assume that no graph represented by Figure 3.4 is a subgraph of
H. If a graph represented by Figure 3.5 is a subgraph of the graph H
then excp (Ca,) < 4. Therefore we have a contradiction with e(H) < e(G3)
and the inequality e(H) < e(Gs) is possible only under the assumption
that the eccentricity of each vertex from V(H) — V(Caq,) is r + 1. Hence
none of these three vertices is a cut-vertex of H (otherwise we would have
a vertex with eccentricity r+2). Now it is easy to check that some of the
graphs represented by Figure 3.6 has to be a subgraph of H, contrary to
e(H) < e(G2).

The last possibility is that a graph represented by Figure 3.7 is a subgraph
of H and the vertices vy, vo are cut-vertices of H. Hence ey (vs) > r+2, a
contradiction.
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U3
V2
U1

Fig. 3.6 Fig. 3.7

Fig. 3.8

¢) In this case |[V(G4)| = |[V(Gs)| = 2r+5, |V(G5)| = 2.rad G5+ 5 and therefore
[V(H)| =2r+4.

Cl)

Cg)

O

If H contains Co,41 then excy(Car41) < 6 (Lemma 1.6b). Therefore there
are at least 2r — 5 vertices with eccentricity r in H, a contradiction.

Let H contain a cycle Co,..

If some of the graphs represented by Figure 3.4 is a subgraph of the graph
H then excy(Cha.) < 5, a contradiction. So we can suppose that none of
the graphs represented by Figure 3.4 is a subgraph of H. If some of the
graphs represented by Figure 3.5 is a subgraph of H then excy(Ca) < 6.
Therefore the eccentricity of each vertex from V(H) — V(Ca,) is r+ 1. Tt
follows that none of these four vertices can be a cut-vertex of H. Hence it
is obvious that some of the graphs represented by Figure 3.8 is a subgraph
of H and it is easy to check that the condition e(H) < e(G) does not hold.
The last possibility is that a graph represented by Figure 3.7 is a subgraph
of H and the vertices vy, vy are cut-vertices of H. Hence e (v3) > r+2, a
contradiction.

Theorem 3.4.
a) The sequences

(35,42)a (34’44)a
(47,5%), (4%,5%), (4°,5°),
(59,62), (58,64), (57,66), (56,68), (55,69)

are minimal eccentric sequences.
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b) The sequences

(> + 1)2),
(2, + 1)),

. , 2 1
(r¥r=27 (4 1)%),i = 2,3, ..., { Tt J :

| | o — 1
(r2r—2l,(r+1)3z+2),z‘2,3,...,{ L J

are minimal eccentric sequences of type (r<, (r +1)%) for r > 6 and a + 3 < %.

Proof. The sequences (r?*=1 (r +1)?) and (r?"=2,(r + 1)*) are the eccentric se-
quences of the graphs in Figures 3.9 and 3.10, respectively, and by Theorem 3.1
they are minimal (for r > 3).

CQT C2r
r>3 r>3
Fig. 3.9 Fig. 3.10

The sequences (4°,5°), (57,6°), (5°,6%) and (5°,6°) are minimal by Lemma 3.3. We
are going to show that also the sequences of the type (r?" =2+l (r4+1)3%), r > 6 are
minimal. For i € {2,3,4} it holds by Lemma 3.3. For ¢ > 5 according to Theorem
3.2 it is sufficient to consider a subgraph of one of the graphs in Figures 3.11, 3.12
or 3.13 (depending on whether 2r +1 =3k, 2r+1 =3k + 1 or 2r + 1 = 3k + 2,
respectively). The subgraph has to be a sun-graph with the required number of
vertices. For instance the eccentricity sequence (121°,13'%) is realized by a graph
with 30 vertices and with radius r = 12. So we have to consider the graph in Figure
3.12 (2.12 4+ 1 = 3.8+ 1) which has 33 vertices for » = 12. Then the graph which
realizes the sequence (121°,131%) can be obtained from the previous graph with 33
vertices by deleting any three end-vertices. Two of the possibilities are depicted in
Figure 3.14.

U1

V2r41
deg(vs;) =3
1= 1%(2’%1) ’ 2T3+1




U1
Vor V3

? ? deg(vs;—1) = deg(var1a-3;) = 3,

Cort1 = Cspq PO :
2.,

.

Uy
Fig. 3.12
U1
Vor V3
- . do(uns) = deuar—ar) = deg(uar) = 3
; Cor41 = Coita - i—1,2.... =2
)\?\v‘t/‘;f}\ o
Ur
Fig. 3.13
I{12 }{2:
e(Hl) = (1215, 1315) e(HQ) — (1215, 1315)
Fig. 3.14

It remains to show that the sequences of type (r2"=2 (r + 1)3%2), r > 6 are
minimal. For i € {2,3} it holds by Lemma 3.3. For ¢ > 4 (according to Theorem
3.2) it is sufficient to consider a subgraph of one of the graphs in Figures 3.15, 3.16
or 3.17 (depending on whether 2r +1 =3k, 2r+1 =3k+ 1 or 2r + 1 = 3k + 2,
respectively). The subgraph has to be a sun-graph with the required number of
vertices and containing the vertices u, v. [
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u v

v
1’U4

deg(ver) = deg(U:zz‘fz) = deg(02r+2—3i) =3,
Cory1 = Csr i=1,2,..., 5t

.

Uy
Fig. 3.15
wv
U1 vy
deg(varq1) = deg(vy—2) = deg(vs;—2) = deg(var—3:) = 3,
Cory1 = Csp41 i=1,2,...,5-1

4

Ur

Fig. 3.16

uv

U1 vy

)

deg(vsiy1) = deg(var+1-3i) = 3,
Cory1 = Capga i=0,1,2,...,752

/

Uy

Fig. 3.17

Remark. All minimal eccentric sequences for r = 3 and with only two values are

known (see [3]):
(3%,4%), (3%,4%), (33,49), (32,48), (3,410).

The sequence (33, 4%) is realizable by a sun-graph but the last two sequences are
not. In Figure 3.18 two realizations of the sequence (3%,4%) are depicted. Note
that the minimality of this sequence does not follow from previous considerations

(346 = 3r).
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(4]

(5]
[6]

ORC

Fig. 3.18

In the Figure 3.19 a few realizations of the sequence (3%,4*) are depicted.

O O &

Fig. 3.19
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