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ON THE CONVERGENCE OF AVERAGE
PRODUCTIVITY OF LABOUR
AMONG ECONOMIES

ANDREJ BALCIAR

ABSTRACT. This article deals with the various approaches to the verification of ab-
solute convergence and conditional convergence of average productivity of labour
among economies. In our contribution hypothesis of absolute and conditional con-
vergence is originally formulated and original verification of the both convergences
within the augmented Solow-Swan model is conducted.

In the paper two concepts of the convergence of average productivity of labour
are distinguished: absolute and conditional. The hypothesis that poor economies
tend to grow faster per capita than rich ones - without conditioning on any other
characteristics of economies - is referred to as absolute convergence. If steady states
differ, then we consider a concept of conditional convergence ([1]).

The concept of productivity convergence was derived from the Solow-Swan neo-
classical growth model (Solow, 1956; Swan, 1956). This model examines stability
of GDP per capita around the steady state assuming exogenously given constant
growth rate of population. In the following years the model was augmented by the
assumption of the constant rate of depreciation of capital goods within economy
and exogenous technical progress.

We will consider the augmented Solow-Swan model of economic growth given by
the following conditions:

I=iY,i>0, (1)
I=FK'+0K,6>0, (2)
Y = F(K,A(t).L), (3)

i

f:n,n>0, (4)

where Y - production, I - investments, K - capital, L - labour, A (t) = e** - rate
of technological progress, i - marginal rate to investment, § - depreciation rate, « -

elasticity of change in capital with respect to change in production, n - the growth

d .
rate of labour, ' = %, t - time.
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Production function F (.) is homogeneous of the first degree and satisfies the
following conditions:

OF _ 9°F _9F _  O°F

a—L>0,aL2<0,a—K>O,aK2<O' (5)

It is also assumed that F'(.) satisfies the Inada conditions:
lim Fx = lim F, = o0, lim Fx = lim Fp = 0. (6)
K—0 L—0 K—oo L—oo

We will work with the variable average productivity of labour defined by y = %

and capital-labour ratio defined by k = % If we differentiate K = k.L with respect
to time and utilize (4), we obtain

K' =KL+ knL. (7)

Putting (1) and (3) into (2) the condition for change in capital stock can be
written in the formula:

K'=i.F(K,A(t).L) - §K. (8)

If we utilize K = k.L and apply the fact that F (.) is a homogeneous function of
the first degree, we can rewrite (8):

K'=i.L.F(k A(t) — 6.k (9)

Comparing right-hand sides of (7) and (8) we obtain an expression for the growth
rate of capital-labour ratio:
K i F(k,A(t)
— =V J). 10
d L) 04 5) (10)
Because F'(.) is a homogeneous function of the first degree, new formula for
average productivity of labour can be derived:

Y F(K,A(t).L)
y=7=EAO0D b aq). (1)

Effective labour is defined by L = A (t).L. R. J. Barro and X. X. Sala-i-Martin
([1]) work with the variable capital per effective labour defined by k = k/A (t) and
with the variable average productivity of effective labour defined by § = y/A (t).
Because F'(.) is a homogeneous function of the first degree, (11) can be re-written
in the following formula:

g:F(l%,1)zf(/%), (12)

where f (.) is the intensive production function. Putting k = k/A (), (11) and (12)
into (10) we have:

T

lzi'f];(k)—(x+n+5). (13)
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We will consider a Cobb-Douglas production function:
F(K,A(t).L)= K [A(t).L]'"“.
Utilizing Cobb-Douglas production function in (11) and (12) we obtain f (l%) =

I;:a, ie y= ke Differentiating of g = k* with respect to time we can write:

=«

(14)

(@>|@\>

7.
.?.

k
In [1] it is shown that z% is a decreasing function of time. As a conse-

quence, according to (13) and (14) §'/4 and k'/k are also decreasing functions of
time. Utilizing these information hypotheses of absolute convergence and condi-
tional convergence is verified on the basis of graphical analysis (see [1]).

G. Gandolfo ([2]) verified hypothesis of absolute convergence within the simple
Solow-Swan model of economic growth (technological progress A (¢) is not consid-
ered). He proved that

/
o0'/y) _ 0, (15)
o
where yo is the initial level of average productivity of labour. The growth rate
of average productivity of labour is inversely related to the initial level of average
productivity of labour.

We will formulate hypothesis of absolute convergence and hypothesis of con-
ditional convergence of average productivity of labour among economies precisely
and find conditions of their validity. We will consider a Cobb-Douglas production
function

F(K,A(t).L) = e KLY,

where p = x.(1 — «) is a measure of technological progress. Because F (.) is a
homogeneous function of the first degree, new formula for average productivity of
labour can be derived:

Y F(K,A(1).L)
L L

We will distingusih 2 types of economies. We say that economy is less developed
economy if it has lower initial level of capital-labour ratio. Developed economy
is an economy with higher initial level of capital-labour ratio. In the paper we
will denote less developed economies by subindex 1 and developed economies by
subindex 2.

y =F(k,A(t)) = elt k™ (16)

HYPOTHESIS OF ABSOLUTE CONVERGENCE OF
AVERAGE PRODUCTIVITY OF LABOUR
AMONG ECONOMIES

Consider two groups of economies with the same marginal rate to investment, ¢,
the same depreciation rate, §, the same growth rate of labour force, n, but different
initial levels of capital-labour ratio, ko1 < ko,2. Under the certain circumstances
the difference between average productivity of labour of less developed economies
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and average productivity of labour of developed economies is a decreasing function
of time and it converges to zero.

We have just stated hypothesis of absolute convergence of average productivity
of labour among economies. Putting (16) into (10) and multiplying the both sides
of this equation by k, we obtain a basic differential equation of the Sollow-Swan
model:

'+ (n+0)k = ielk°. (17)

Equation (17) is a Bernoulli differential equation. Utilizing ¢ = 717% we can

transfer it into a homogeneous linear differential equation:
¢ +(n+6)(1—a)g=ie""(1-a). (18)
We can find its particular solution in the form g, = aet*:

_ i1(1—a)
w4 (n+9)(1—a)

ap elt, (19)

The solution of equation (17) given by the initial condition: ¢(0) = qo is:

0 i1-a) o~ (nt6) (1-a)t il=0)
“”<% u+m+®u—w) w2

Putting k = ¢"/(1=*) k(0) = ko and gy = ky~“ into (20) we can come back to
variable k (t) :

0= ({5 g

1

(1 —a) ut T-a
ERCEY I } | )

We will utilize the following denotations: A = {£-, By = kzéflo‘ - Mi(_%%,
—a (l— 1(l—«
By = k3" — ity C = 40 (1—a) +, D = qiois, B =

Bie ¢t + D and F = Bye= " 4+ D, where A, By, By,C, D, E and F are positive
constants. Now, formula (22) can be written for less developed and for developed
economies: .

y () = eAt (BltfcIt + D)m , (23)

y2 (t) = e (Bae™ " + D) e (24)

Because ko1 < ko2, it holds: B; < Bs. Comparing (23) and (24) under as-
sumption By < Bs we find out that average productivity of labour of less deve-
loped economies is in every moment lower than average productivity of labour of
developed ones:

VE > 05y (1) <2 (1) (25)

Utilizing (23) and (24) we can count limits:

= lim = = ——= =1, (26)



Jm gy (2) = oo, (27)
tlim ya (t) = oo. (28)
We are going to count a limit:

Ji (g1 (8) = g2 (1)),

which is co — oo type. We will transform it into the limit of % type:

wo_ g
Jim (91 (6) = 2 (1)) = Jim 25— (29)
Y2
Because 201

Yy 1 ! __« E1=a Ce ¢t (BoE — B F) (30)
Y2 -« FT= ,
1 i
) - e Atpetr (AR LBQC’e*Ct , (31)
o l—«

lim /2D oyigts, Utilizing 'Hospital rule, (30) and (31) we will continue coun-

t—oo  (1/y2)
ting the limit (29):
(5o
. . Y2
lim (3 (1) — g2 () = lim ~2 2

t— t—oo 1 !

()
—a (Bie=Ct+ D)= D (By — By) CelA=Ot
t—oo 1 — v (AF . ﬁBQCQ*Ct) .

We can distinguish three cases:
L If £ — (n+6) (1 — a) > 0, then

Jim (g1 () = w2 () = —o0.

In this case average productivity of labour of developed economies straggles with
increasing time from average productivity of labour of less developed ones (Fig. 1).
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2. If £ — (n+ ) (1 — a) = 0 then

2a—1

> o (k35% — ki7®) < 0.

lim (51 (t) =9 (1) = == <M T (f;(i(sﬁi ~a)

t—o0o /,[/

It implies that average productivity of labour of less developed economies will
not achieve average productivity of labour of developed ones over time (Fig. 2).
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3. If £ — (n+0) (1 — ) < 0 then

tlggo (y1(t) —y2(t)) = 0.

In this case the difference between average productivity of labour of less deve-
loped economies and average productivity of labour of developed ones converges to
zero over time (Fig. 3).
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Fig. 3

On the basis of the above analysis we can formulate the following theorem.
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Theorem 1. Consider two groups of economies with the same marginal rate to
investment, 7, the same depreciation rate, §, the same growth rate of labour force, n,
but different initial levels of capital-labour ratio, ko1 < ko 2, within the augmented
Solow-Swan model given by the conditions (1) - (6), (16). Then:

L If £ — (n+6) (1 — a) = 0, then hm (y1 (1) —y2 (t)) = —o0.
2. If £ — (n+9) (1 —a) = 0, then h (yl(t) y2 (1)) < 0.
3. If £ —(n+0) (1 —a) <0, then hm (y1 (t) —y2 (t)) = 0.

HyPOTHESIS OF CONDITIONAL CONVERGENCE
OF AVERAGE PRODUCTIVITY OF LABOUR
AMONG ECONOMIES

Consider two groups of economies with the same depreciation rate, §, the same
growth rate of labour, n, but different marginal rate to investment, i; # i, and
the initial levels of capital-labour ratio, ko1 < k2. Then: if marginal rate to
investment, 41, in less developed economies exceeds marginal rate to investment, o,
in developed ones, average productivity of labour of less developed economies will
reach average productivity of labour of developed ones.

We have just stated hypothesis of conditional convergence of average productivity
of labour among economies. We will utilize the following denotations: G, = kzéflo‘ —

i1 (1—a) Go — kl—a o i2(l—a) H, = i1 (1—a) H, = i2(l1—a)
pt+(1—a)(n+0)’ 0,2 pr(I—a)(n+d)’ 1 7 ur(A-a)(ntd)’ pt+(1—a)(n+d)’
where G1, Go, H;, H; and Hs are positive constants. Applying these denotations

n (22) we obtain:
y1 (t) = e (Ge " + Hl)ﬁ ; (33)

Yo (t) = e (Gae™Ct 4 Hy) 7 (34)

We are going to count a limit tlim (y1 () — y2 (t)). We will distinguish two cases
—0Q
related to marginal rate to investment.

1. If iy > i2, then from (33) and (34) we have:

Hm (ya () =2 (1)) = oo (35)

Under the assumption that less developed economies invest more in relation
to production than developed ones (i1 > i2) according to (33) and (34) it holds:
Yo1 < Yo,2 and as a consequence of (35) average productivity of labour of less
developed economies must reach average productivity of labour of developed ones.
We will find a time ¢* when it happens. Equality y1 (t) = y2 (¢) is equivalent to

e 11—«
equality y; * (¢) =y5* (¢). Utilizing (33) and (34) in this equality we obtain:

1 koo™ — ks 1% 4 (iy — o) 2
= e R 0 Z ) (36)
(n+6)(1—a)+u (i1 —1i2) 2
where z denotes WM'
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Formula (36) determines a time, when average productivity of labour of less
developed economies reaches average productivity of labour of developed ones (Fig.
4).

2. If 41 < ig, then from (33) and (34) we obtain:

Jm (y1 () =2 (1) = —oo. (37)

If less developed economies invest less in relation to production than developed
ones (i; < ig), average productivity of labour of less developed economies will
not reach average productivity of labour of developed ones. Under assumptions:
k071 < k072, 11 < io, it holds: G; < GQ,Hl < Hs. ACCOI‘dng to (33), (34) we
find out that average productivity of labour of less developed economies is in every
moment lower than average productivity of labour of developed ones:

VE > 031 (8) <2 (t). (38)
According to (37) and (38) the difference between average productivity of labour

of less developed economies and average productivity of labour of developed ones
is an increasing function of time (Fig. 5).
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On the basis of the given analysis we can formulate the following theorem.

Theorem 2. Consider two groups of economies with the same depreciation rate,
0, the same growth rate of labour, n, but different marginal rate to investment,
i1 # i, and different initial levels of capital-labour ratio, ko1 < ko,2, within the
augmented Solow-Swan model given by the conditions (1) - (6), (16). Then:

1. If 44 > ig, then tlim (y1 (t) — y2 (t)) = oo and there exists a time ¢*, deter-
— 00

mined by (36), in which y; (t*) = y2 (t%).
2. If i1 < is, then tlim (yl (t) — Y2 (t)) = —0oQ.

CONCLUSION

First, we found out the sufficient condition for absolute convergence of the dif-
ference between average productivity of labour of less developed economies and
average productivity of labour of developed ones to zero (see Theorem 1, part 3.).
width Second, we found out a time, in which average productivity of labour of less
developed economies reaches average productivity of labour of developed ones which
proves conditional convergence of average productivity of labour among economies.
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