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MINIMAL ECCENTRIC SEQUENCES WITH TWO VALUES

PAVEL HRNCIAR AND GABRIELA MONOSZOVA

ABSTRACT. An eccentric sequence is called minimal if it has no proper eccentric
subsequence with the same number of distinct eccentricities. A graph is said to be
a minimal graph if it realizes a minimal eccentric sequence. All minimal eccentric
sequences of type (4%, 55) are described and a conjecture about all minimal eccentric
sequences of type (r®, (r + 1)#) is proposed.

1. INTRODUCTION

Characterization of eccentric sequences is considered to be an important problem
in graph theory (see Problem 1 in [2]). It is very difficult. The authors of the
present paper guess that even finding all minimal eccentric sequences with the least
member 4 will probably require several years. In this paper all minimal eccentric
sequences of type (4%, 57%) are described and a conjecture on all minimal eccentric
sequences of type (r,(r 4+ 1)?) is proposed (o # 0 and 3 # 0). It is known
that there are exactly six minimal eccentric sequences with the least eccentricity at
most two ([1], Theorem 9.5) and there are exactly 13 minimal eccentric sequences
with the least eccentricity three (see [4]). In [5] some minimal graphs and some
minimal eccentric sequences with the least eccentricity r are described (e.g. r?" are
all minimal eccentric sequences with one value).

We consider undirected connected finite graphs without loops and multiple edges.
We will use standard notations of the graph theory (see for example [3]). We recall
some of them. The vertex set of a graph G is denoted by V(G), while the edge set
is denoted by FE(G). A cycle of length m is denoted by C,,. The subgraph of G
induced by the edges of a path or a cycle is also referred to as a path or a cycle of G.
The circumference of G (denoted by ¢(G)) is the length of any longest cycle of G.
We denote by dg(u,v) the distance between vertices u,v € V(G’) in the subgraph
G’ of the graph G. The distance between a vertex u € V(G) and a subgraph G’ of
G will be denoted by dg(v,G’), i.e. dg(v,G") = min{dg(v,x);x € V(G)}.

Denote the degree of a vertex u € V(G) by degq(u) and the eccentricity of a
vertex u € V(G) by eg(u). Recall that

eq(u) = max{dg(u,v); v € V(G)}.
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We denote it briefly by e(u) when no confusion can arise. We will use the symbol
rad G to denote the radius of the graph G (i.e. the minimum of eccentricities of
vertices of G). The symbol diam G is used for the diameter of G (i.e. the maximum
of eccentricities of its vertices). We write simply r and d when there is no confusion.

The eccentric sequence of a graph G is a list of the eccentricities of its ver-
tices in nondecreasing order. Since often there are some vertices having the same
eccentricity we will denote it simply

e(G) = (e]"™,e3, ..., el"™)

where e; are eccentricities for which e; < e;41 and m; is the multiplicity of e;. A
sequence of positive integers is called eccentric if there is a graph which realizes
the considered sequence. L. Lesniak showed that a sequence S of positive integers
is eccentric if and only if some subsequence S’ of S with the same number of
distinct values is eccentric (see [6]). An eccentric sequence is called minimal if it
has no proper eccentric subsequence with the same number of distinct eccentricities.
Throughout the paper, any graph which realizes a minimal eccentric sequence is
said to be a minimal graph.

We recall terminology which were defined in [5]. A cycle C in a graph G is called
a geodesic cycle if for each two vertices z, y of C' it holds do(x,y) = da(z,y). A
vertex of the cycle C of length 2k or 2k + 1 is said to be C-ezcited (in the graph
G) if its eccentricity is larger than k. The number of the C-excited vertices of G
will be denoted by exc,(C). A graph G is said to be a sun-graph if it is unicyclic
(i.e. it has exactly one cycle C), degqs(u) < 3 for u € V(C) and degq(u) < 2 for
ueV(G)—-V(C).

By [5] the following statement holds.

Lemma 1.1. Let C be a cycle of a graph G and |V(G)| — |V (C)| = m. Then

a) exc,(C) < 2m — 1 if length of C is even and m > 1,

b) exc,(C) < 2m if length of C is odd,

c) exc,(C) < 2m —n if C is an even cycle and there are at least n vertices from
V(G) = V(C) such that each of them is adjacent to at least one vertex of C.

2. THE MAIN RESULTS

Theorem 2.1. Let r >3 and e(G) = (r®, (r + 1)%). Then

a) there exists a block B of G which contains all cut-vertices of G and moreover
with the property that for every u € V(G) — V(B) it holds dg(u, B) =1,
b) for circumference of G and for the block B from the previous case it holds
«(G) > e(B) > 2r - 3,
c) if «(G) < 2r then a > 2r — 2,
d) if [V(G)| < 3r —2 then ¢(G) > ¢(B) > 2r.

Proof. a) The statement evidently holds if there is no cut-vertex of G. Let us denote
by A the set of all cut-vertices of G, A = {u1,us,...,u,}. Let G} be a component of
graph G —w; which contains the vertex vy such that dg(u1,v1) > r. Then obviously
dg(u1,v1) =7 (and so eg(u1) = r) and for every vertex x € V(G) — V(GY}) it holds
inequality dg(z,u1) < 1. Let us denote by G the subgraph of G induced by the
vertex set V(G)U{u1} (ie. Gy = (V(G])U{u1})g). Then uy is not a cut-vertex of
G1 and G; has the cut-vertices ug, us ..., u, (if n >1). If n =1, i.e. u; is the only
cut-vertex of GG then we have B = (G;. If n > 1 then us is the cut-vertex of G; and
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ec(uz) = r. Let dg, (uz2,v2) = r and let us denote by G4 the component of graph
G1 — {uz} which contains the vertex vy. Let G2 = (V(G%) U {uz2})s. Obviously,
A C V(G3) and uy, ug are not the cut-vertices of G3. If n = 2 then B = Go. If
n > 2 then ug is the cut-vertex of Gy and we can repeat the previous steps. It is
clear that we get the block B with the claimed properties after finite number of
steps.

Now we prove the cases b), ¢) and d). Since » > 3 we have B # K. Let
¢(B) =m and C is a cycle of length m in B .

b) The inequality ¢(G) > ¢(B) is obvious. If m < 2r — 2 we get eq(v) <r —1
for every vertex v € V(B) (according to the previous case and the fact that every
two vertices of B lie on a common cycle, see Theorem 1.6 in [1]), a contradiction.

¢) If m < 2r then m € {2r — 2,2r — 1}, by the case b). According to the case
a) no vertex of B (and obviously of C, too) has the eccentricity r + 1, therefore
a>m > 2r—2.

d) If m < 2r then m € {2r —2,2r — 1}. If m = 2r — 1 and |[V(G)| < 3r — 2 then
excg(C) < 2r—2 by Lemma 1.1b, a contradiction. If m = 2r—2 and |V(G)| < 3r—3
then excg(C) < 2(r —1) —1 = 2r — 3 by Lemma 1.1a, a contradiction again.

Now we can assume that m = 2r — 2 and |V(G)| = 3r — 2.
If G contains some of the graphs in Figure 2.1 (for simplicity, the vertices of C
with degree two are not marked because their position on C' is not relevant; this
simplification will be used throughout the paper) then excq(C) < 2r—3 (see Lemma
1.1a,c), a contradiction. So, we can suppose that none of the graphs in Figure 2.1

is a subgraph of G.

OIROING

Figure 2.1

If n = |{v € V(G);dg(v,C) = 1}| then we have two possibilities:

(i) n=1
If dg(v,C) = 1 then v is a cut-vertex of G. By the case a) v € B and so,
we get eq(v) < r — 1, a contradiction.

(i) n =2
In this case G contains a graph H; in Figure 2.2.
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H1 : H2 . H3 :
U1 uo

Figure 2.2

Firstly, we suppose that G has a subgraph Hs too. Since G does not
contain any of the graphs in Figure 2.1, V(G) = V(H3) = V(B), a con-
tradiction (rad B < r). Hence G does not contain Hs and according to
Theorem 2.1a both vertices w1, us cannot be cut-vertices of G (otherwise
rad G < r, a contradiction). Therefore G has a subgraph Hs (Figure 2.2)
and now we can easily to see that excg(C) < 2r — 3, a contradiction.

O

Corollary. Let e(G) = (4%,5°), a+ 3 < 14 and B be a block with the properties
from Theorem 2.1. Then

a) each cycle of G with length at least 8 is a subgraph of B,
b) if G has a subgraph in Figure 2.3 such that k > 8 and dg(u,Cy) = 2 then
the vertex w is not a cut-vertex of G.

Proof. a) The statement is evidently true if G has no cut-vertex (B = G). So,
let us suppose that Ci, k > 8 be a cycle of a block B’ which is different from B.
Then |V(B')] > 8 and according to Theorem 2.1a for each vertex y € V(B') it
holds dg(B,y) < 1. Further evidently |V(B)| < 7 and |V(B)| > 6 (see Theorem
2.1b) and so G has at most two cut-vertices. If x is the only cut-vertex of G then
ec(x) < 3 (every two vertices of B lie on a common cycle, see Theorem 1.6 in
[1]), a contradiction. If G has exactly two cut-vertices z, y then |V(B)| = 6 and
da(z,y) < 3 (since diam G = 5). Then there exists a vertex z € V(B) such that
dg(z,z) < 2 and dg(y, z) < 2. So we have eg(z) < 3, a contradiction again.

b) The statement is obvious according to the previous case a) and Theorem
2.1a. O

Figure 2.3 Figure 2.4

Remark. In the corollary the upper bound in the assumption a+ 3 < 14 is the best
possible, see Figure 2.4.

Theorem 2.2. There are exactly seven minimal eccentric sequences of type (4%, 5°),
namely,
(47,52), (48, 5%), (4%, 55), (44, 5%), (4, 5%), (42, 5'2), (4, 5'),
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The proof of Theorem 2.2 is rather difficult and long. We will give it in the third
section. In Figure 2.5 there are depicted the graphs (not all) which realize minimal
eccentric sequences from Theorem 2.2. Note that in most of the cases these graphs
are not uniquely given.

G1:

e(G1) = (47,5%)

tbd

G%: G ; | i

SHED

D) =e(G?) =e(G}) = e(G] 44 58
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Gs : Gt -

e(Gs) = (43,59) e(Gs) = (4%,5")

Co o (9

EE

e(G7) = e(G7) = (4,5')

Figure 2.5

Concerning all minimal eccentric sequences of type (r®, (r + 1)?) we propose the
following

Conjecture. For r > 3 there are exactly 2r — 1 minimal eccentric sequences of
type (r, (r +1)P), namely,

(

(==, _
by) (r 2 (r41)%), i =2,3,.. . [ 2,
ba) (r?7% (r+1)%712), 0 =2,3,..., [ & ],
¢ (r,(r+ 1)), i=1,2,..., [¥]

The above mentioned sequences are eccentric (see Figures 2.6a, by), ba) and c¢)).

G1: Gs .
027‘ CQT
e(Gr) = (r=1 (r+1)?) e(Ga) = (r*=2, (r +1)%)
Figure 2.6a
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deg(vs;) =
j = 1’ 27 . b 27‘;1
e(G’) — (T2T72i+1, (T + 1)31’)7 ;= 2r3+1
ar - var S ed w3
3)2r
. . deg(vsj—1) = deg(v2rta-35) = 3,
 Corg1 = O3y i=12,...,z%
W
_ 2r—2i+1 31 - 2r
e(G") = (r i+ 1)), i=F
e U1
Vor U3
3|(2r — 1)
; ; deg(vgj) = deg(vgr,gj) = deg(vgr) = 37
$ Corq1 = Chpya ! ji=1,2 %

4

Ur

e(G”’) — (TQT_QH_I, (7, + 1)31’)7 i = 27‘3—1

Figure 2.60,

To find a graph which realizes the given sequence in the case by) it is sufficient
to choose a subgraph of one of the graphs in Figure 2.6b; (depending on whether
2r+1 =3k, 2r+1=3k+1or 2r+1 = 3k +2). The subgraph has to be a
sun-graph with the required number of vertices.
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H :
U1 V4
3[2r +1
deg(vzr11) = deg(vzj—2) = deg(vart2-35) = 3,
Corp1 =Csr i=12...,5%

¢

Ur

€(HI) — (7,,27‘—21', (7" + 1)372-&—2)7 i = 27‘3—2

uv
H// .
U1
U4 3|2r

deg(var+1) = deg(vr—2) = deg(vsj—2) = deg(va,—3;) = 3,
: Corg1 = Cspqr 7=12, 51

ey

.

Ur

e(HN) — (7,2r72i, (7, + 1)3i+2)7 2r—3

.

uv

H/// .

1 vy

)

312r —1

deg(vsjt1) = deg(vary1-35) = 3,
i Copg1 = Capg2 j:O,l,Q,...,Tg2

4

Ur

€(H”I) _ (7,2r—2i7 (T + 1)31’-‘,—2), i = 2'r3—1

Figure 2.6b,

Analogously to the case b1) to find a graph which realizes the given sequence in
the case bs) it is sufficient to choose a subgraph of one of the graphs in Figure 2.6b2
(depending on whether 2r +1 = 3k, 2r+1 =3k + 1 or 2r +1 = 3k + 2). The

subgraph has to be a sun-graph with the required number of vertices containing
the vertices u, v.
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uz,

Figure 2.6¢

It is known that the conjecture holds for » = 3 (see [4]), for r = 4 (see the Section
3 in this paper) and for the sequences in the cases a), b1) and b2) (see [5]). So, to
show that the conjecture is true it is sufficient to prove that the sequences in the
case ¢) are minimal.

In the Figure 2. 7 as illustration, supposed minimal graphs with eccentric se-

quences (1%, (r +1)?) for r = 9 are depicted.
= (917,102) = (916,10%)

= = = (9%,10°)

[o1670)

e(G}) = e(G3) = e(G3) = e(G) = (91,108)
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U1

Ty

3\ — 6 G4 (913 109

= e(G)
Gl : G2 I i G3 1 i

— 912 1011

G%: GQ' j 7:

e(GY) = e(G?2) = e(G3) = e(G2) = (911,10'2)

Gl a3 Ii G ‘i

910 1014
G} - G2 i i i i Gs -
e(Gh) = = - = (99,10'5)



@ i

e(Gro) = (98,10'7) e(G11) = (97,10%)
e(G1a2) = (9%,10%%) e(G13) = (9°,10%) e(G1a) = (9%,10%8)
e(Gis) = (93,103) e(Gie) = (9%,10%2) e(Gi7) = (9,10%%)
Figure 2.7

3. MINIMAL ECCENTRIC SEQUENCES OF TYPE (4%, 5%)
Firstly, we give some usefull lemmas which we will need to prove Theorem 2.2.
Lemma 3.1. Let e(G) = (4%,5%) and u be a cut-vertex of G. Then ec(u) = 4.
Proof. If eg(u) # 4 then eg(u) = 5. Hence diam G > 6, a contradiction. [

Lemma 3.2. For graphs Hy and Hy in Figure 3.1 it holds excy,(Cy) < 1 and
excy, (Cy) < 3.

Hy : Hy :

>

Figure 3.1

Proof. The proof is straightforward. [
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Lemma 3.3. Let rad G = 4 and G contain a geodesic cycle Cy, of length m = 10
orm = 11. Let H be a component of the graph G — Cp, = (V(G) — V(Ci))a
containing a vertexr with eccentricity 4 in G. Then for each path of C,, of length 3
it holds that at least one of its vertices is adjacent to a vertex of H.

Proof. Since C,, is a geodesic cycle of length at least 10, eg(x) > 5 for every
vertex © € V(Cp,). Let u € V(G) — V(Cy,) be a vertex for which eq(u) = 4.
Suppose contrary to our claim that there is a path (v1,va, vs, v4, v5, vg) of Cy, such
that none of its vertices va, v3, vy, v5 is adjacent to a vertex of the component H of
graph G — C,,, containing the vertex u. Since C,, is a geodesic cycle, each cycle of G
which contains the vertices vy, vs, ..., vg has the length at least 10. It follows easily
that dg(u,v;) > 5 for some i € {2,3,4,5}. Hence eg(u) > 5, a contradiction. [

By Lemma 3.3 it is easy to verify that the next lemma holds.

Lemma 3.4. Let rad G = 4, G contain a geodesic cycle Cy, with length m =
10 or m = 11 and let H be a component of G — C), containing a vertexr with
eccentricity 4 in G. Then there exist vertices ui,uz,us € V(H) (not necessarily
distinct) and vertices vy, v2,vs € V(Cp,) such that u;v; € E(G) fori € {1,2,3} and
d(vi,v2) + d(v2,v3) + d(vs,v1) = m.

Lemma 3.5. Let the graph in Figure 3.2 be a subgraph of G, e(G) = (4%,5%) and
a+ B =14. Then G contains a cycle Cs or Cy.

v
Uyg W4
us 3
U2 w2
U1 wq
U
Figure 3.2

Proof. Let G contain neither Cg nor Cg. Then degs(u) = dege(v) = 3 and
degs(u1) = degp(v1) = dega(wy) = dege(ug) = dege(vy) = dege(wy) = 2. If
degg(uz) = degq(us) = 2 or degg(v2) = degg(vs) = 2 or degg(w2) = degg(ws) =
2 then we get a contradiction by Lemma 3.3. In the opposite case, there is a ver-
tex of G with the eccentricity less than 4 (since G does not contain Cg or Cy), a
contradiction again. [

Lemma 3.6. Let G contain neither a cycle Cg nor a cycle Cy, e(G) = (4%,5)
and o+ 3 < 14. Then G does not contain a geodesic cycle of length at least 10.

Proof. Let G contain a geodesic cycle C), for m > 10. If m > 12 then for each
vertex u € V(Cyy,) holds eg(u) > 6, a contradiction. Let m € {10,11}. By Lemma
3.4 there exist vertices v;,v; € {v1,v2,v3} such that dg(vi,v;) > [3] = 4. So, it
is sufficient to consider two cases only:

a) dG(“i;”j) =4
Since |V(G — Cy,)| <4, G contains Cg or Cy, a contradiction.

b) dg(’lji,vj) =5
Since C,, is a geodesic cycle we get m = 10. Hence the graph in Figure 3.2 is a
subgraph of G and we have a contradiction by Lemma 3.5. O
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Lemma 3.7.

a) Let all vertices of a graph H belong to a cycle Cip and |E(H)| = 11. Then
any path of Cio of length 4 has at most two vertices with eccentricity 5 (in

b) Let all vertices of a graph H belong to a cycle C11 and H contain a cycle
Cy for some k € {7,8,9}. Then any path of C11 of length 4 has at most 3
vertices with eccentricity 5.

c) Let all vertices of a graph H belong to a cycle Ci2, |E(H)| = 13 and H
contain a cycle Cy, for some k € {7,8,9} Then any path of C12 of length 5
has at most 4 vertices with eccentricity greater than 4.

d) Let a connected graph H with 11 vertices contain a cycle C19 and the sub-
graph of H induced by V(C1o) have at least 11 edges. Then any path of Cio
of length 4 has at most 8 vertices with eccentricity greater than 4.

e) Any path of length 4 in each graph in Figure 3.8 has at most 3 vertices with
eccentricity 5.

RN

Figure 3.3

Proof. A straightforward verification of cases a) - e) shows that the statements are
true. O

Lemma 3.8. Let the graph in Figure 8.4 be a subgraph of G, e(G) = (4%,5%) and
a+ B =14. Then a > 2.

Proof. Tf dege(u;) > 2 for some ¢ € {2,3,4} then by Lemma 3.7a,b there are at
least 2 vertices of Clg with eccentricity at most 4 in G, i.e. a > 2. Let degg(u;) = 2,
i =2,3,4. By Lemma 3.7a,b we can also suppose that the degree of at least one of
the vertices u; and us is also 2. Hence we get (by Lemma 3.3) that Cyg (see Figure
3.4) is not a geodesic cycle and it follows that G contains a cycle C of length at
most 9 such that u; € V(C) for each i € {1,2,3,4,5}. According to Lemma 3.7a we
can suppose that at least 2 vertices of C belong to Cy ( Figure 3.4). It follows that
the eccentricities of these vertices are at most 4 (in G) and so we have o > 2. [

V6 Us

Vs V4

U7 Vg

vg v7

U1

v
V9 Ug !

Figure 3.4 Figure 3.5
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Lemma 3.9. Let the graph in Figure 8.5 be a subgraph of G, e(G) = (4%,5%) and
a+ B =14. Then a > 2.

Proof. Let a = 1. According to Lemma 3.7a,c we can suppose that degq(us) =
deg (ug) = 2. Further we can suppose (by Lemma 3.7a,c again) that if deg(us) >
2 then usvs € E(G) and in this case we have degq(u1) = degy(u2) = 2 (otherwise
ec(vg) <4, eq(v7) < 4, which contradicts our assumption or we get a contradiction
by Lemma 3.7a,c). Analogously, we get that if degg(u2) > 2 then degq(us) =
degq(ug) = 2. Therefore Cyg (see Figure 3.5) is not a geodesic cycle by Lemma 3.3.
Hence G contains a cycle C' of length at most 9 such that wue, us,us,us € V(C).
Further it is sufficient to consider two cases only:
(i) U1, U € V(C)
According to Lemma 3.7a,c we can suppose that C' contains at least 2
vertices from Cg. Therefore G has at least 2 vertices with eccentricities at
most 4, a contradiction.
(ii) w1 ¢ V(C) or ug ¢ V(C)
Without loss of generality we can suppose that ug ¢ V(C). It was shown
above that then usvs € E(C) and uq,v1 € V(C). Hence we get eg(vs) <4
and eg(v1) < 4, a contradiction. [

Lemma 3.10. Let the graph in Figure 3.6 be a subgraph of G, e(G) = (4%,5°) and
a+ B =14. Then a > 2.

Proof. We distiguish two cases.

a) Let the subgraph of G induced by the set {u1,uz,...,us} have 5 edges.
By Lemma 3.7b we can suppose that degq(u3) = degs(ug) = 2 and the degree of
at most one of the vertices us, us is greater than 2. Without loss of generality we
can suppose that degq,(us) = 2. If degs(uz) > 2 then according to Lemma 3.7b
we get viug € E(G) and degq(ug) = 2. By Lemma 3.3 the vertices ug, us, ..., ug
cannot belong to a geodesic cycle of length at least 10. Hence these vertices belong
to a cycle C of length at most 9. Therefore by Lemma 3.7b we can suppose that
at least 2 vertices of C belong to Cg (see Figure 3.6) and so we get o > 2.

b) Let the subgraph of G induced by the set {ui,uo,...,us} have more than 5
edges.
By Lemma 3.7b we can suppose that wv ¢ E(G) for u € {uy,...,us} and v €
{v2, v3,v4,v6,v7,v8}. Hence G does not contain any geodesic cycle of length 10
(see Lemma 3.3). Now it is easy to check that the eccentricities of at least 2
vertices of Cg are at most 4 (in G) and so a > 2. O
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Figure 3.6 Figure 3.7

Lemma 3.11. Let the graph G’ in Figure 3.7 be a subgraph of G and e(G) =
(4%,57).

a) If a + 3 =13 then a > 3.

b) If a« + = 14 then a > 2.

Proof. a) If a subgraph of G induced by the set of vertices of a cycle of length 10
has at least 11 edges then G has at least 3 vertices with eccentricity 4 (Lemma
3.7a) and so a > 3. In the opposite case C1p (see Figure 3.7) is not a geodesic
cycle (by Lemma 3.3). Hence G contains a cycle C of length at most 9 such that
{v1,v5,u1, u2, ug, uq, us } CV(C). We get that 4 vertices of C belong to Cs and so
a > 4.

b) If a subgraph of G induced by the set of vertices of a cycle of length 10
contains at least 11 edges then G contains at least 2 vertices with eccentricity at
most 4 (see Lemma 3.7a,d and Lemma 1.1a), i.e. « > 2. Now we can suppose that
each edge of G from F(G)— E(G') is incident with the vertex v € V(G) —V(G’) or
it is an edge v;v; for i € {2,3,4}, j € {6,7,8}. Further we can suppose that none
of the graphs in Figure 3.3 is a subgraph of G (Lemma 3.7e). Hence if the vertex v
is adjacent to some vertex from the set {va, vs, v4, vg, v7, vs} then v is not adjacent
to any vertex from {us,us,us} and it is adjacent to at most one of the vertices u;
and us. By Lemma 3.3 G cannot contain a geodesic cycle of length 10. Therefore
there is a cycle C of length at most 9 in G with {uy, us, uz, us,us} C V(C). If
v € V(C) then C contains (according to Lemma 3.7) at least 3 vertices of Cg and
if v ¢ V(C) then C contains (according to Lemma 3.7) at least 4 vertices of Cs.
Therefore there are at least 2 vertices of Cs (see Lemma 1.1a,b) with eccentricity
at most 4 in G and so a > 2. [

Lemma 3.12. Let a graph H in Figure 3.8 for k > 3 be a subgraph of G, |V (G)| =
14 and e(G) = (4%,5°). Then a > 2.

Proof. Tt is easy to see (according to Lemmas 3.8 and 1.1a,b) that the statement
holds for k = 4,5. Let k = 3 and V(G) — V(H) = {u,v}. It is easy to verify that
at least 5 vertices of Cg have eccentricity 4 in H, i.e. excy(Co) < 4. If d(u,H) > 1
then v is a cut-vertex of G and so eg(v) = 4 by Lemma 3.1. Let wv € F(G) and
w e V(H). If w¢ V(Cy) then at least 2 vertices of Cg have eccentricity at most 4
in G, i.e. excg(Cy) <7 and we get a > 3. If w € V(Cy) then exca(Cy) < 8 (since
excy(Cy) < 4) and we get a > 2. What is left is to show that the statement holds
also for the case d(u, H) = d(v, H) = 1. If each of the vertices u, v is adjacent to
some vertex from the set {v1,v2,v3}, then exca(Cy) < 6. If uw is adjacent to some
vertex from {vy,vs,v3} and H = (V(H) U {u})¢g then excp: (Cy) < 5. It follows
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exca(Cy) < 7 and so a > 2. Let none of the vertices u, v be adjacent to a vertex
from {v1,v2,v3}. If the degree of at least one of the vertices u, v is greater than
1 then excg(Cy) < 7 (using Lemma 3.2 and the fact that excy(Cy) < 4). Let
deg,(u) = dega(v) = 1. If dg(u,v) = 2 then excg(Cy) < 6 (using Lemma 1.1b
and the fact that excy(Co) < 4). Hence we get a > 3. If dg(u,v) > 2 then two
vertices of Cy are cut-vertices of G and so we have o > 2. [

U1 U1
H : %) H: V2
Uk Vk—1 Vg Vk—1

Figure 3.8 Figure 3.9

Lemma 3.13. Let a graph H in Figure 3.9 for k > 3 be a subgraph of G, let G do
not contain Cy, |V (G)| = 14 and e(G) = (4%,5°). Then a > 2.

Proof. a) If we take Lemmas 3.9, 3.10 and 3.11 into account, the statement is easy
to verify for k = 5,6.

b) Let k =4 and V(G) — V(H) = {u,v}.
It is easy to check that at least 4 vertices of Cg have eccentricity at most 4 in H,
ie. excy(Cs) < 4. Ifdg(u,H) = dg(v, H) = 1 then excg(Cs) <6 (ie. o >2). If
de(u, H) = 2 then v is a cut-vertex of G, and so eg(v) = 4. Since excg(Cs) < 7
we get a > 2 again.

c)Let k=3 and V(G) — V(H) = {wy,wa, w3 }.
Evidently, excy(Cs) < 3. If dg(w;, H) = 1, i € {1,2,3} then excg(Cs) < 6
and we have a > 2. Now we suppose that dg(wi,H) = 1, dg(we, H) = 2 and
wiwe € E(G). If wy is a cut-vertex of G then eg(wy) = 4 and excg(Cs) < 7 (we
have excp/ (Cs) < 6, where H' = (V(H) U {wy,w2})g). If wy is not a cut-vertex of
G then excg(Cs) < 6 (it follows from the fact that excy(Cs) < 3). O

Lemma 3.14. If G is a graph with e(G) = (4,5'3) then H in Figure 3.10 is not a
subgraph of G.

H: p H':

Figure 3.10

Proof. Let H be a subgraph of G. Since excg(Cy) < 8, no cut-vertex of G belongs
to G — Cy. According to Lemma 3.12 G contains a graph H' in Figure 3.10 and
each vertex of G — H' is adjacent to a vertex of Cy. Evidently, excy/(Co) < 3 and
so excg(Cy) < 7, a contradiction. [J
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Lemma 3.15. Let G contain neither Cg nor Co and e(G) = (4%,5%).

a) If G contains Cio which is not a geodesic cycle then at least one of the
graphs Hy, Hs, Hs in Figure 8.11 (the vertices are numbered with their
eccentricities) is a subgraph of G.

Figure 3.11

b) If G does not contain Cig and it contains C11 which is not a geodesic cycle
then Hy in Figure 3.12 is a subgraph of G.

¢) If G contains neither C1g nor C11 and it contains Cia then Hs in Figure
8.12 is a subgraph of G.

Figure 3.12

Proof. The statements are evident in the cases a), b). In the case c) it is sufficient
to realize that Cyo cannot be a geodesic cycle (diam G < 6). O

The proof of Theorem 2.2.

All sequences from Theorem 2.2 are eccentric (see Figure 2.5).

a) We show that the sequence (47,52) is a minimal eccentric sequence.
It is sufficient to show that a graph with eccentric sequence neither (4¢,52) nor
(47,5) exists. Suppose on the contrary that G is such a graph. By Theorem 2.1d
G contains a cycle Cs. Hence diam G < 5, a contradiction.

b) We show that the sequence (4%, 5%) is a minimal eccentric sequence.
It is sufficient to show that a graph with eccentric sequence neither (4°,5%) nor
(4%,53) exists. Suppose on the contrary that G is such a graph. By Theorem 2.1d
G contains a cycle Cg or Cy. If G contains Cy then diam G < 5, a contradiction. If
G contains Cg then exce(Cs) < 1. Hence G has at least 7 vertices with eccentricity
at most 4, a contradiction.

¢) We show that (45,5%) is a minimal eccentric sequence.
Suppose analogously to the previous cases that there is a graph with eccentric
sequence either (44,5%) or (4°,5%). By Theorem 2.1d G contains a cycle of length
at least 8.
Let G contain Cs. If dg(u,Cs) < 1 for each vertex u € V(G) then excg(Cs) < 2
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(Lemma 1.1c). Hence G contains at least 6 vertices with eccentricity at most 4, a
contradiction. If for u € V(G) it holds dg(u,Cs) = 2 then the vertex v adjacent
to u is a cut-vertex of G and so eg(v) = 4. Since excg(Cs) < 3 (Lemma 1.3a), at
least 5 vertices of Cg have eccentricity at most 4, a contradiction.
If G contains Cy then excg(Cy) < 2. Hence G contains at least 7 vertices with
eccentricity at most 4, a contradiction.
It is left the case that G contains Cjo and it contains neither Cs nor Cy. If |E(G)| =
10 then e(G) = (5'°), a contradiction. If |E(G)| > 10 then G has a vertex with
eccentricity at most 3, and we have a contradiction again.

d) We show that (4%,5%) and (43,5%) are minimal eccentric sequences.
It is sufficient to show that a graph G with eccentric sequence neither (43, 58%),
(4*,57) nor (42,5%) exists. Suppose on the contrary that G is a graph with eccentric
sequence e(G) = (4%,5172) o € {2,3,4}. By Theorem 2.1c G contains a cycle of
length at least 8. We distinguish several cases.

d1) G contains Cy.
If d(v,Cs) < 1 for each vertex v € V(G) then exce(Cs) < 3. Hence a > 5,
a contradiction. The same conclusion is easy to verify in the case that G
contains a graph H in Figure 3.9 for k = 3.
Obviously, G does not contain a vertex u such that d(u,Cg) = 3 (see The-
orem 2.1a). It is left the case that G has a subgraph H in Figure 2.3 for
k =8, dg(u,Cs) = 2 and w is not a cut-vertex (see Corollary b) of The-
orem 2.1). We can suppose that v is a cut-vertex of G and the vertex
x € V(G) — V(H) is adjacent to a vertex from V(Cg) U {v}. Therefore
eq(v) =4, excg(Cs) < 4 and so a > 5, a contradiction.

d2) G contains Cy.
In this case excg(Cy) < 4 (Lemma 1.1b), a contradiction.

ds) G contains C1p and neither Cyg nor Cy.
Obviously, C1g cannot be a geodesic cycle. Hence at least one of the graphs
in Figure 3.11 is a subgraph of G. So, we get rad G < 3, a contradiction.

d4) G contains Cy; and neither Cg, Cg nor Cyg.
Since C; cannot be a geodesic cycle, H4 in Figure 3.12 is a subgraph of G
and we have rad G < 3, a contradiction again.

e) We prove that (42,5'2) is a minimal eccentric sequence. It is sufficient to show
that a graph G with eccentric sequence neither (4, 5'2) nor (42, 511) exists. Suppose
on the contrary that G is a graph with eccentric sequence (4%, 513-%) o € {1,2}.
By Theorem 2.1c G contains a cycle of length at least 8. Further we distinguish
several cases.

e1) G contains Cs.

By Lemma 3.11a the graph in Figure 3.7 is not a subgraph of G. It is easy
to check that if G contains one of the graphs in Figure 3.9 for £k = 4 or
k =5 (except the graph in Figure 3.7) then o > 3, a contradiction.

Let G contain a graph H in Figure 3.9 for kK = 3. We have excy(Cs) <
3. If each of the two vertices of G — H is adjacent to a vertex of V(H)
then excg(Cs) < 5 and so a > 3, a contradiction. If dg(u, H) = 2 then
dego(u) = 1 and the vertex v adjacent to w is a cut-vertex of G and it
follows eg(v) = 4. It is easy to see that excg(Cs) < 6 and so o > 3, a
contradiction again.

If dg(u,Cs) < 1 for each vertex u € V(G) then excg(Cs) < 5 (Lemma
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e3)

1.1¢), a contradiction. So, let for some vertex u € V(@) hold dg(u,Cg) = 2
and the graph H in Figure 2.3 for £ = 8 is a subgraph of G. The vertex w
is not a cut-vertex of G (Corollary b) of Theorem 2.1) and we can suppose
that none of the graphs represented by Figure 3.9 for £ > 3 is a subgraph
of G. It follows that v is a cut-vertex of G. Now it is easy to check that
a > 3 (really, if there is another cut-vertex outside Cys then excq(Cg) < T7;
otherwise excg(Cs) < 6), a contradiction.

G contains Cy.

It is easy to check that if G contains at least one of the graphs in Figures
3.13, 3.14 and 3.8 for £ > 3 then excg(Cy) < 6, so we have o > 3, a
contradiction. Further we suppose that G does not contain any of these
graphs.

Figure 3.13 Figure 3.14 Figure 3.15

Firstly we assume that there is a vertex u € V(G) such that dg(u, Co) =
2. Hence the graph in Figure 2.3 for £k = 9 is a subgraph of G and v is
a cut-vertex of G. By Corollary b) of Theorem 2.1 the vertex w is not a
cut-vertex of G and consequently a graph in Figure 3.15 is a subgraph of
G. Obviously, excg(Cy) < 7 and since eg(v) = 4, v ¢ V(Cy), we have a
contradiction (a > 3).

What is left is to consider the case dg(u,Cy) < 1 for every vertex u €
V(G). Let H =G —Cy. Since the graph in Figure 3.13 is not a subgraph of
G, each component of H has at most 2 vertices. Now it is easy to see that
exci(Cy) < 6, a contradiction. Really, it is sufficient to take into account
Lemma 3.2 and the fact that if a vertex with degree 1 is adjacent to the
vertex v then eg(v) =4 (and so, v is not a Cg-excited vertex).

G contains C1g and it contains neither Cg nor Cy.

By Lemma 3.6 C1g is not a geodesic cycle and by Lemma 3.15a G contains
at least one of the graphs Hy, Hs and Hj in Figure 3.11. If dg(z, H;) < 1
for each vertex x of GG then it is easy to check that there are at least 3
vertices of G with the eccentricity at most 4, a contradiction. If G has a
subgraph in Figure 3.16 then there is a path of Cyy of length 4 such that
the distance of each of its vertices from every vertex vy, va, vz is at most 4.
We have a > 3 (see Figure 3.11), a contradiction. Let none of the graphs
represented by Figure 3.16 be a subgraph of G and u € V(G) be a vertex
such that dg(u, H;) = 2. Therefore the graph H in Figure 2.3 for & = 10
is a subgraph of G, w is not a cut-vertex and v is a cut-vertex of G. Since
there are at least 2 vertices of Cyg with the eccentricity at most 4 in G (see
Figure 3.11) and eg(v) = 4, we get a contradiction.
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V2

Figure 3.16

e4) G contains C17 and it contains neither Cs, Cg nor Chp.
By Lemma 3.6 C'1; is not a geodesic cycle. Hence the graph Hy in Figure
3.12 is a subgraph of G. Let V(G) — V(H4) = {u,v}. If we distinguish
two cases d(u, Hy) = d(v,Hs) = 1 or d(u, Hy) = 2 then it is easily seen
that there are at least 3 vertices of G with the eccentricity at most 4, a
contradiction.

e5) G contains Ci2 and it does not contain Cy, for k € {8,9,10,11}.
By Lemma 3.15 the graph Hjy in Figure 3.12 is a subgraph of G and it
evidently leads to a contradiction (rad G < 4 or a > 3).

e¢) G contains C13 and it does not contain Cj, for k € {8,9,...,12}.
Obviously, E(G) = E(C13) and so e(G) = (6!3), a contradiction.

f) We prove that (4,5) is a minimal eccentric sequence.
It is sufficient to show that a graph G such that e(G) = (4,5') does not exist.
Suppose on the contrary that G is such a graph. By Theorem 2.1c G contains a
cycle of length at least 8. We distinguish several cases.

f1) G contains Cy.

(i) If G contains the graph H in Figure 2.3 for k = 9 and dg(u,Cy) = 2
then the vertex w is not a cut-vertex of G. By Lemma 3.12 G does not
contain a graph H in Figure 3.8 for £k > 3. Hence v is a cut-vertex of G
and so eg(v) = 4. If G contains the graph in Figure 3.13 or 3.14 then
excg(Cy) < 8. Hence at least one vertex of Cg has eccentricity 4 in G
(e¢(v) = 4, too). We get o > 2, a contradiction. So, we can suppose that
none of the graphs in Figures 3.13 and 3.14 is a subgraph of G. Since G
cannot have two cut-vertices, it holds dg(z,Cy) = 1 and degq(z) > 1 for
each vertex ¢ € V(G) — V(H). According to Lemma 3.2 we get excg(Cy) <
8, a contradiction again.

(ii) What is left is to consider the case that for each vertex z € V(G) it
holds dg(z,Cy) < 1. If the graph in Figure 3.17 is a subgraph of G then
exci(Cy) < 6, and so a > 3, a contradiction. Let G; = G — Cy. Now
according to Lemma 3.14 we can suppose that there are at most 2 vertices
in every component of G.
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f2)

f3)

Figure 3.17

Firstly, let each component of G; be K;. If at least 3 vertices of G; have
degree at least 2 in G then excg(Cy) < 7 (by Lemma 3.2), a contradiction.
So, at least 3 vertices of G; have degree 1 in G. It follows excg(Cy) < 7
(the graph in Figure 3.17 is a subgraph of G or at least two vertices of Cy
are cut-vertices of ), a contradiction.

Let one of the components of G; be K5 and the left three ones be K;. If
the degree of at least two vertices with degree 0 in G1 is at least 2 in G then
excg(Cy) < 7 (Lemma 3.2), a contradiction. If two vertices with degree 0
in G have degree 1 in G then excg(Cy) < 7 again (the graph in Figure 3.14
is a subgraph of G or G has 2 cut-vertices).

If G1 has two components K5 then obviously excg(Cg) < 8 and the equality
holds if and only if G is the graph in Figure 3.18. In this case G has a vertex
with eccentricity 6, a contradiction.

G:

Figure 3.18

G contains Cy and it does not contain Cy.
If H in Figure 2.3 for k = 8 is a subgraph of G and dg(u, Cs) = 2 then the
vertex w is not a cut-vertex of G. By Lemma 3.13 G does not contain a graph
H in Figure 3.9 for k > 3. Hence v is a cut-vertex of G and so eg(v) = 4.
Since G cannot contain 2 cut-vertices, for each vertex x € V(G) — V(H) it
holds d¢(x,Cs) =1 or zv € E(G). Hence excg(Cs) < 7 and we get o > 2,
a contradiction.
If d(x,Cs) < 1 for each vertex x € V(G) then exce(Cs) < 6 (Lemma 1.1¢)
and we have o« > 2, a contradiction again.
G contains Cy¢ and neither Cg nor Cy.
By Lemma 3.6 C'y is not a geodesic cycle, whence at least one of the graphs
in Figure 3.11 is a subgraph of G. By Lemma 3.5 the graph in Figure 3.2
is not a subgraph of G.

(i) If G contains a graph in Figures 3.19 (different from the graph in

Figure 3.2) or 3.20 then there is a path of Cq¢ of length 3 such that
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the distance of each of its vertices from every vertex vi va, v3, v4
is at most 4. Since every path of length 3 in H;, ¢ = {1,2,3} (see
Figure 3.11) has at least 2 vertices with eccentricity at most 4 in G
(i.e. a > 2) we have a contradiction.

(ii) If G contains a graph in Figure 3.16, V(G) — V(C1o) = {v1, v2, v3,v4}
and dg(vg, C1p) = 1 then there is a path of Cig of length 4 such that
the distance of each of its vertices from every vertex vy, veo, vs is at
most 4. Now it is easily seen that G has at least two vertices with the
eccentricity at most 4 (see Figure 3.11), a contradiction.

(iii) If G contains a graph in Figure 3.21 (and none of the previous cases
takes place) then degs(v4) = 1 and so we have eg(v2) = 4. Since
there is a path of Cig of length 2 such that the distance of each of
its vertices from every vertex vy, va, v3, vs is at most 4 we have a
contradiction again (see Figure 3.11).

Vg
%] U3 Vo U4

U2

Figure 3.19 Figure 3.20 Figure 3.21

(iv) Let dg(v, H;) < 1,4 € {1,2,3} for each v € V(G) (see Figure 3.11).
Then vertices of eccentricity 3 in H; have eccentricity at most 4 in G,
a contradiction.

(v) Let none of the previous cases hold. We get that G contains the graph
H in Figure 2.3 for k = 10, dg(u,C1o) = 2 and v is a cut-vertex of
G. Hence by Lemma 3.1 eg(v) = 4. Then v is the only cut-vertex of
G and so every vertex x € V(G) — V(H) is adjacent to the vertex v
or to a vertex of Cyg. It follows that there is a vertex x of Cio9 with
e, (x) = 3, ¢ € {1,2,3} (see Figure 3.11) for which eg(z) < 4, a
contradiction.
f4) G contains C1; and neither Cg, Cy nor Cig.
By Lemma 3.6 C'1; is not a geodesic cycle. Hence the graph Hy in Figure
3.12 is a subgraph of G. If G contains a graph in Figure 3.22 then there
is a path of C1; of length 4 such that the distance of each of its vertices
from every vertex vy, ve, vs is at most 4, and we get a contradiction (see
H, in Figure 3.12). In the other case G contains the graph in Figure 2.3
for k = 11, dg(u,C11) = 2 and v is a cut-vertex of G. Then there is a
vertex « € V(C11) for which eg(z) < 4, (see Figure 3.12). We have a > 2,
a contradiction.
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6.

V2

Figure 3.22

f5) G contains C12 and it does not contain Cy, for k € {8,9,10,11}.
By Lemma 3.15c the graph Hs in Figure 3.12 is a subgraph of G. It is easy
to see that there are at least two vertices of Ci5 such that their eccentricities
are at most 4 in G, a contradiction.

f6) G contains Cy3 and it does not contain Cy, for k € {8,9,10,11,12}.
('3 is a geodesic cycle. Hence diam G > 6, a contradiction.

f7) G contains C14 and it does not contain Cy, for k € {8,9,10,11,12,13}.
We have |E(G)| = 14 and then diam G = 7, a contradiction.

O
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