
Acta Universitatis Matthiae Belii, series Mathematics
Volume 20 (2012), 32–45, ISSN 1338-7111

Online version, http://actamath.savbb.sk

Generalized sequence spaces
over n-normed spaces

Kuldip Raj
School of Mathematics Shri Mata Vaishno Devi University, Katra-182320, J & K, India

kuldeepraj68@rediffmaill.com, kuldipraj68@gmail.com

Sunil K. Sharma
School of Mathematics Shri Mata Vaishno Devi University, Katra-182320, J & K, India

sunilksharma42@yahoo.co.in

Anil Kumar
School of Mathematics Shri Mata Vaishno Devi University, Katra-182320, J & K, India

Abstract
In the present paper we introduce generalized sequence spaces over a n-normed space defined by Musielak-
Orlicz function M = (Mk).
Received December 8, 2011
Revised April 25, 2012
Accepted in final form October 29, 2012
Communicated with Marián Grendár.
Keywords Orlicz function, Musielak-Orlicz function, paranorm space, sequence space, n-normed spaces.
MSC(2000) 40A05, 46A45, 46E30.

1 Introduction and Preliminaries

The concept of 2-normed spaces was initially developed by Gähler [4] in the mid of 1960’s,
while that of n-normed spaces one can see in Misiak [11]. Since then, many others have
studied this concept and obtained various results, see Gunawan [5, 6] and Gunawan and
Mashadi [7]. Let n ∈ N and X be a linear space over the field K, where K is field of real
or complex numbers of dimension d, where d ≥ n ≥ 2. A real valued function ||·, · · · , ·||
on Xn satisfying the following four conditions:

1. ||x1, x2, · · · , xn|| = 0 if and only if x1, x2, · · · , xn are linearly dependent in X;

2. ||x1, x2, · · · , xn|| is invariant under permutation;

3. ||αx1, x2, · · · , xn|| = |α| ||x1, x2, · · · , xn|| for any α ∈ K, and

4. ||x+ x′, x2, · · · , xn|| ≤ ||x, x2, · · · , xn||+ ||x′, x2, · · · , xn||

is called a n-norm on X, and the pair (X, ||·, · · · , ·||) is called a n-normed space over the
field K.
For example, we may take X = Rn being equipped with the n-norm ||x1, x2, · · · , xn||E
= the volume of the n-dimensional parallelopiped spanned by the vectors x1, x2, · · · , xn
which may be given explicitly by the formula

||x1, x2, · · · , xn||E = |det(xij)|,
Copyright c© 2012 Matej Bel University
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where xi = (xi1, xi2, · · · , xin) ∈ Rn for each i = 1, 2, · · · , n. Let (X, ||·, · · · , ·||) be a
n-normed space of dimension d ≥ n ≥ 2 and {a1, a2, · · · , an} be linearly independent set
in X. Then the following function ||·, · · · , ·||∞ on Xn−1 defined by

||x1, x2, · · · , xn||∞ = max{||x1, x2, · · · , xn−1, ai|| : i = 1, 2, · · · , n}

defines an (n− 1)-norm on X with respect to {a1, a2, · · · , an}.
A sequence (xk) in a n-normed space (X, ||·, · · · , ·||) is said to converge to some L ∈ X if

lim
k→∞

||xk − L, z1, · · · , zn−1|| = 0 for every z1, · · · , zn−1 ∈ X.

A sequence (xk) in a n-normed space (X, ||·, · · · , ·||) is said to be Cauchy if

lim
k,p→∞

||xk − xp, z1, · · · , zn−1|| = 0 for every z1, · · · , zn−1 ∈ X.

If every Cauchy sequence in X converges to some L ∈ X, then X is said to be complete
with respect to the n-norm. Any complete n-normed space is said to be n-Banach space.
An Orlicz functionM is a function, which is continuous, non-decreasing and convex with
M(0) = 0, M(x) > 0 for x > 0 and M(x) −→∞ as x −→∞.
Lindenstrauss and Tzafriri [9] used the idea of Orlicz function to define the following
sequence space. Let w be the space of all real or complex sequences x = (xk), then

`M =
{
x ∈ w :

∞∑
k=1

M
( |xk|
ρ

)
<∞

}
which is called as an Orlicz sequence space. The space `M is a Banach space with the
norm

||x|| = inf
{
ρ > 0 :

∞∑
k=1

M
( |xk|
ρ

)
≤ 1
}
.

It is shown in [9] that every Orlicz sequence space `M contains a subspace isomorphic to
`p(p ≥ 1). The ∆2−condition is equivalent to M(Lx) ≤ kLM(x) for all values of x ≥ 0,
and for L > 1. A sequence M = (Mk) of Orlicz function is called a Musielak-Orlicz
function see [10, 13]. A sequence N = (Nk) is defined by

Nk(v) = sup{|v|u− (Mk) : u ≥ 0}, k = 1, 2, · · ·

is called the complementary function of a Musielak-Orlicz function M. For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space tM and its subspace
hM are defined as follows:

tM =
{
x ∈ w : IM(cx) <∞ for some c > 0

}
,

hM =
{
x ∈ w : IM(cx) <∞ for all c > 0

}
,

where IM is a convex modular defined by

IM(x) =
∞∑
k=1

Mk(xk), x = (xk) ∈ tM.
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We consider tM equipped with the Luxemburg norm

||x|| = inf
{
k > 0 : IM

(x
k

)
≤ 1
}

or equipped with the Orlicz norm

||x||0 = inf
{1
k

(
1 + IM(kx)

)
: k > 0

}
.

By w we denote the space of all real or complex valued sequences. If x ∈ w, then
we simply write x = (xk) instead of x = (xk)∞k=1. Also, we will use the conventions
that e = (1, 1, · · · ). Any vector subspace of w is called a sequence space. We will write
l∞, c and c0 for the sequence spaces of all bounded, convergent, and null sequences,
respectively. Further, by lp(1 ≤ p <∞), we denote the sequence space of all p-absolutely

convergent series, that is, lp =
{
x = (xk) ∈ w :

∞∑
k=0
|xk|p < ∞

}
for 1 ≤ p < ∞.

Throughout the article, w(X), l∞(X), and lp(X) denote, respectively, the spaces of all,
bounded, and p−absolutely summable sequences with the elements inX, where (X, q) is a
seminormed space. By θ = (0, 0, · · · ), we denote the zero element inX. Ps denotes the set
of all subsets of N, that do not contain more than s elements. With (ϕs), we will denote
a non-decreasing sequence of positive real numbers such that (s − 1)ϕs−1 ≤ (s − 1)ϕs
and ϕs → ∞, as s → ∞. The class of all the sequences (ϕs) satisfying this property is
denoted by ϕ.
In paper [12], the notion of λ-convergent and bounded sequences is introduced as follows:
let λ = (λk) be a strictly increasing sequence of positive reals tending to infinity, that is

0 < λ0 < λ1 < · · · , λk →∞ as k →∞.

We say that a sequence x = (xk) ∈ w is λ-convergent to the number l ∈ C, called as the
λ-limit of x, if Λn(x)→ l as n→∞, where

Λn(x) = 1
λn

n∑
k=0

(λk − λk−1)xk, n ∈ N.

In particular, we say that x is a λ-null sequence if Λn(x) → 0 as n → ∞. Further,
we say that x is λ-bounded if sup |Λn(x)| < ∞. Here and in the sequel, we will use
the convention that any term with a negative subscript is equal to naught, for example,
λ−1 = 0 and x−1 = 0. Now, it is well known in [12] that if lim

n
xn = a in the ordinary

sense of convergence, then

lim
n

( 1
λn

n∑
k=0

(λk − λk−1)|xk − a|
)

= 0.

This implies that

lim
n
|Λn(x)− a| = lim

n

∣∣∣ 1
λn

n∑
k=0

(λk − λk−1)(xk − a)
∣∣∣ = 0,

which yields that lim
n

Λn(x) = a and hence x is λ-convergent to a. We therefore deduce
that the ordinary convergence implies the λ-convergence to the same limit. The notion
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of difference sequence spaces was introduced by Kızmaz [8], who studied the difference
sequence spaces l∞(∆), c(∆) and co(∆). The notion was further generalized by Et and
Çolak [3] by introducing the spaces l∞(∆n), c(∆n) and co(∆n).
Let m, n be non-negative integers, then for Z a given sequence space, we have

Z(∆n
m) = {x = (xk) ∈ w : (∆n

mxk) ∈ Z}

for Z = c, c0 and l∞ where ∆n
mx = (∆n

mxk) = (∆n−1
m xk −∆n−1

m xk+m) and ∆0
mxk = xk

for all k ∈ N, which is equivalent to the following binomial representation

∆n
mxk =

n∑
v=0

(−1)v
(
n
v

)
xk+mv.

Taking m = 1, we get the spaces l∞(∆n), c(∆n) and co(∆n) studied by Et and Çolak
[3]. Taking m = n = 1, we get the spaces l∞(∆), c(∆) and co(∆) introduced and studied
by Kızmaz [8]. For more details about sequence spaces see [2, 14, 15, 16] and references
therein.

The space m(φ) introduced and studied by Sargent [17] is defined as follows:

m(φ) =
{
x = (xk) ∈ s : ‖x‖m(φ) = sup

s≥1,σ∈Ps

1
φs

∑
k∈σ

|xk| <∞
}
.

Let M be an Orlicz function, then Tripathy and Mahanta [18] defined and studied the
following sequence space:

m(M,ϕ) =
{
x = (xk) ∈ s : sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

M
( |xk|
ρ

) <∞, for some ρ > 0
}
.

Recently, Altun and Bilgin [1] defined and studied the following sequence spaces:

m(M,A,ϕ, p) =
{
x = (xk) ∈ s : sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

M
( |Aix|

ρ
)pk <∞, for some ρ > 0

}
.

We define the following sequence spaces which we shall discuss in the second section of
the present paper:
m
(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)

={
x = (xk) ∈ w : lim

k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

= 0, for some ρ > 0
}
.

If we take Mk(x) = x, we get
m
(
ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)

=
{
x = (xk) ∈ w : lim

k

1
ϕs

∑
k∈σ,σ∈Ps

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

= 0, for some ρ > 0
}
.

If we take p = (pk) = 1, we get
m
(
M, ϕ, q,Λ,∆n

m, ||., · · · , .||
)

=
{
x = (xk) ∈ w : lim

k

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))

= 0, for some ρ > 0
}
.
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The following inequality will be used throughout the paper. If 0 ≤ pk ≤ sup pk = H,
K = max(1, 2H−1) then

|ak + bk|pk ≤ K{|ak|pk + |bk|pk} (1.1)

for all k and ak, bk ∈ C. Also |a|pk ≤ max(1, |a|H) for all a ∈ C.
In this paper we study some topological properties and inclusion relation between

spaces m
(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
which we have defined above and the spaces

m(M, A, ϕ,∆n
m, p, ||., · · · , .||) which we shall discuss in the third section of the paper.

2 Sequence spaces defined by Musielak-Orlicz function

In this section we study some toplogical properties and inclusion relation between the
spaces m

(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
.

Theorem 1. Let M = (Mk) be Musielak-Orlicz function and p = (pk) be a sequence
of strictly positive real number, the sequence space m

(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)

is a
linear space over the set of complex number C.

Proof. Let x = (xk) and y = (yk) ∈ m
(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
and α, β ∈ C. Then

there exist positive real numbers ρ1 and ρ2 such that

lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ1

, z1, · · · , zn−1||
))pk

= 0

and
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

myk
ρ2

, z1, · · · , zn−1||
))pk

= 0.

Define ρ3 = max(2|α|ρ1, 2|β|ρ2). Since ‖., ..., .‖ is a n-norm on X and Mk are non-
decreasing and convex function so by using inequality (1.1), we have

limk
1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

m(αxk + βyk)
ρ3

, z1, · · · , zn−1||
))pk

≤ lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

[(
q
(
||Λk∆n

m(αxk)
ρ3

, z1, · · · , zn−1||
))

+
(
q
(
||Λk∆n

m(βyk)
ρ3

, z1, · · · , zn−1||
))]pk

≤ K lim
k

1
ϕs

∑
k∈σ,σ∈Ps

1
2pk

Mk

(
q
(
||Λk∆n

mxk
ρ1

, z1, · · · , zn−1||
))pk

+ K lim
k

1
ϕs

∑
k∈σ,σ∈Ps

1
2pk

Mk

(
q
(
||Λk∆n

myk
ρ2

, z1, · · · , zn−1||
))pk

= 0

Thus, we have αx+ βy ∈ m
(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
. Hence

m
(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
is a linear space.
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Theorem 2. For any Musielak Orlicz function M = (Mk) and a bounded sequence
p = (pk) of strictly positive real numbers m

(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)

is a topological
linear space paranormed by

g(x) = inf
{
ρ

pr
M :

(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

) 1
M
≤ 1, r = 1, 2, 3, · · ·

}
,

where M = max(1, sup
k
pk <∞).

Proof. Clearly g(x) ≥ 0 for x = (xk) ∈ m
(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
.

Since Mk(0) = 0, we get g(0) = 0. Again, if g(x) = 0, then

g(x) = inf
{
ρ

pr
M :

(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

) 1
M ≤ 1

}
= 0.

This implies that for a given ε > 0, there exist some ρε(0 < ρε < ε) such that

(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρε

, z1, · · · , zn−1||
))pk

) 1
M ≤ 1.

Thus(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ε

, z1, · · · , zn−1||
))pk

) 1
M

≤
(

lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρε

, z1, · · · , zn−1||
))pk

) 1
M

≤ 1,

Suppose that xk 6= 0 for each k ∈ N. this implies that Λk∆n
mxk 6= 0 for each k ∈ N. Let

ε→ 0, then ‖Λk∆n
mxk

ε , z1, ..., zn−1‖ → ∞. It follows that(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ε

, z1, · · · , zn−1||
))pk

) 1
M →∞

Which is a contradiction. Therefore Λn∆n
mxk = 0 for each k and thus xk = 0 for each

k ∈ N. Let ρ1 > 0 and ρ2 > 0 be such that(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ1

, z1, · · · , zn−1||
))pk

) 1
M ≤ 1

and (
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

myk
ρ2

, z1, · · · , zn−1||
))pk

) 1
M ≤ 1.

Let ρ = ρ1 + ρ2. Then by Minkowski’s inequality, we have
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limk

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

) 1
M

≤
(

lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

m(xk + yk)
ρ1 + ρ2

, z1, · · · , zn−1||
))pk

) 1
M

≤
(

lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
ρ1

ρ1 + ρ2
‖Λk∆n

mxk
ρ1

, z1, ..., zn−1‖+ ρ2

ρ1 + ρ2
||Λk∆n

myk
ρ2

, z1, ..., zn−1‖
))pk

) 1
M

≤
( ρ1

ρ1 + ρ2

)(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ1

, z1, · · · , zn−1||
))pk

) 1
M

+
( ρ2

ρ1 + ρ2

)(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

myk
ρ2

, z1, · · · , zn−1||
))pk

) 1
M

≤ 1.

Since ρ′s are non-negative, so we have

g(x+ y) = inf
{
ρ

pr
M :

(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

m(xk + yk)
ρ

, z1, · · · , zn−1||
))pk

) 1
M
≤ 1
}

≤ inf
{
ρ

pr
M
1 :

(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ1

, z1, · · · , zn−1||
))pk

) 1
M
≤ 1
}

+ inf
{
ρ

pr
M
2 :

(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

myk
ρ2

, z1, · · · , zn−1||
))pk

) 1
M
≤ 1
}
.

Therefore, g(x+ y) ≤ g(x) + g(y)
Finally, we prove that the scalar multiplication is continuous. Let µ be any complex
number. By definition,

g(µx) = inf
{
ρ

pr
M :

(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||µΛk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

) 1
M ≤ 1

}
.

Then

g(µx) = inf
{

(|µ|t)
pr
M :

(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||µΛk∆n

mxk
t

, z1, · · · , zn−1||
))pk

) 1
M
}
,

where t = ρ
|µ| . Since |µ|

pr ≤ max(1, |µ| sup pr), we have

g(µx) = max(1, |µ| sup pr) inf
{

(t)
pr
M :

(
lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
t

, z1, · · · , zn−1||
))pk

) 1
M
≤ 1
}

So, the fact that scalar multiplication is continuous follows from the above inequality.
This completes the proof of the theorem.

Theorem 3. If M = (Mk) be any Musielak Orlicz function. Then

m
(
M, ϕ∗, q,Λ,∆n

m, p, ||., · · · , .||
)
⊂ m

(
M, ϕ∗∗, q,Λ,∆n

m, p, ||., · · · , .||
)

if and only if sup
s≥1

ϕ∗s
ϕ∗∗s

<∞.
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Proof. Let x ∈ m
(
M, ϕ∗, q,Λ,∆n

m, p, ||., · · · , .||
)
and N = sup

s≥1

ϕ∗s
ϕ∗∗s

<∞. Then we get

1
ϕ∗∗

s

∑
n∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

≤ sup
s≥1

ϕ∗s
ϕ∗∗s

1
ϕ∗s

∑
n∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

= N
1
ϕ∗s

∑
n∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

= 0.

Thus x ∈ m
(
M, ϕ∗∗, q,Λ,∆n

m, p, ||., · · · , .||
)
. Conversely, suppose that

m
(
M, ϕ∗, q,Λ,∆n

m, p, ||., · · · , .||
)
⊂ m

(
M, ϕ∗∗, q,Λ,∆n

m, p, ||., · · · , .||
)

and x ∈ m
(
M, ϕ∗, q,Λ,∆n

m, p, ||., · · · , .||
)
. Then there exists a ρ > 0 such that

1
ϕ∗s

∑
n∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

< ε,

for every ε > 0. Suppose that sup
s≥1

ϕ∗s
ϕ∗∗s

= ∞, then there exists a sequence of numbers

(sj) such that lim
j→∞

ϕ∗sj

ϕ∗∗sj

=∞. Hence, we have

1
ϕ∗∗s

∑
n∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

≤ sup
j≥1

ϕ∗sj

ϕ∗∗s

1
ϕ∗sj

∑
n∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

=∞.

Therefore, x 6∈ m
(
M, ϕ∗∗, q,Λ,∆n

m, p, ||., · · · , .||
)
, which is a contradiction. This com-

pletes the proof of the theorem.

Corollary 4. If M = (Mk) be any Musielak Orlicz function. Then

m
(
M, ϕ∗, q,Λ,∆n

m, p, ||., · · · , .||
)

= m
(
M, ϕ∗∗, q,Λ,∆n

m, p, ||., · · · , .||
)

if and only if sup
s≥1

ϕ∗s
ϕ∗∗s

<∞, sup
s≥1

ϕ∗∗s
ϕ∗s

>∞.

Proof. It is easy to prove so we omit.

Theorem 5. For Musielak-Orlicz functions M = (Mk), M′ = (M ′k) and M′′ = (M ′′k )
which satisfy ∆2-condition and q, q1, q2 are seminorms. Then the following relation
holds:
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(i) m
(
M′, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
⊂ m

(
M◦M′, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)

(ii) m
(
M′, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
∩m

(
M′′, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)

⊂ m
(
M′ +M′′, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)

(iii) m
(
M, ϕ, q1,Λ,∆n

m, p, ||., · · · , .||
)
∩m

(
M, ϕ, q2,Λ,∆n

m, p, ||., · · · , .||
)
m

⊂
(
M, ϕ, q1 + q2,Λ,∆n

m, p, ||., · · · , .||
)
.

Proof. The proof of theorem along the same lines as the proof of the Theorem 2.5 of [1].

Corollary 6. IfM = (Mk) be any Musielak Orlicz function which satisfy ∆2- condition.
Then m

(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
⊂ m

(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)

.

Theorem 7. If M = (Mk) be any Musielak Orlicz function. Then the sequence space
m
(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)

is solid.

Proof. Let x ∈ m
(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
. Then there exists ρ > 0 such that

lim
k

1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ1

, z1, · · · , zn−1||
))pk

< ε,

for every ε > 0. Let (αn) be a sequence of scalars with |αk| ≤ 1 for all n ∈ N. Then, we
have
1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

m(αkxk)
ρ

, z1, · · · , zn−1||
))pk

≤ 1
ϕs

∑
k∈σ,σ∈Ps

|αk|Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

≤ 1
ϕs

∑
k∈σ,σ∈Ps

Mk

(
q
(
||Λk∆n

mxk
ρ

, z1, · · · , zn−1||
))pk

,

which proves that m
(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
is solid space.

Corollary 8. If M = (Mk) be any Musielak Orlicz function. The sequence space
m
(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)

is monotone.

Proof. It is obvious.

3 Generalized sequence spaces

Let A = (aik) be an infinite matrix of complex numbers. Then, we have

A(x) = (Ai(x)) if Ai(x) =
∞∑
k=1

aikxk
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converges for each i. For more details see [1].
In this section we introduce the following sequence spaces which are actually the

generalizations of sequence spaces defined by Altun and Bilgin [1]. Thus we have the
spaces:

m(M, A, ϕ,∆n
m, p, ||., · · · , .||) =

{
x = (xk) ∈ s : sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρ

, z1, · · · , zn−1||
)pk

<∞, for some ρ > 0
}
.

If Mk(x) = x, we have

m(A,ϕ,∆n
m, p, ||., · · · , .||) =

{
x = (xk) ∈ s : sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

(
||Ak∆n

mxk
ρ

, z1, · · · , zn−1||
)pk

<∞, for some ρ > 0
}
.

In this section of the present paper we shall also study some topological properties
and inclusion relations between the spaces m(M, A, ϕ,∆n

m, p, ||., · · · , .||).

Theorem 9. For Musielak-Orlicz functions M = (Mk). Then the sequence space
m(M, A, ϕ,∆n

m, p, ||., · · · , .||) is a linear space over the set of complex number C.

Proof. Let x = (xk) and y = (yk) ∈ m(M, A, ϕ,∆n
m, p, ||., · · · , .||) and α, β ∈ C. Then

there exist positive real numbers ρ1 and ρ2 such that

sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρ1

, z1, · · · , zn−1||
)pk

<∞

and
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

myk
ρ

, z1, · · · , zn−1||
)pk

<∞.

Define ρ3 = max(2|α|ρ1, 2|β|ρ2). Since ‖., ..., .‖ is a n-norm on X and (Mk) are non-
decreasing and convex function so by using inequality (1.1), we have

sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

m(αxk + βyk)
ρ3

, z1, · · · , zn−1||
)pk

≤ sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

[(
||Ak∆n

m(αxk)
ρ3

, z1, · · · , zn−1||
)

+
(
||Ak∆n

m(βyk)
ρ3

, z1, · · · , zn−1||
)]pk

≤ K sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

1
2pk

Mk

(
||Ak∆n

mxk
ρ1

, z1, · · · , zn−1||
)pk

+ K sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

1
2pk

Mk

(
q
(
||Ak∆n

myk
ρ2

, z1, · · · , zn−1||
))pk

< ∞.

Thus, we have αx+βy ∈ m(M, A, φ,∆n
m, p, ||., · · · , .||). Hencem(M, A, φ,∆n

m, p, ||., · · · , .||)
is a linear space.
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Theorem 10. For any Musielak Orlicz function M = (Mk) and a bounded sequence
p = (pk) of strictly positive real numbers, the space m

(
M, ϕ,A,∆n

m, p, ||., · · · , .||
)

is a
topological linear space paranormed by

g(x) = inf
{
ρ

pr
M :

(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρ

, z1, · · · , zn−1||
)pk
) 1

M ≤ 1, r = 1, 2, 3, · · ·
}
,

where M = max(1, sup
k
pk <∞).

Proof. Clearly g(x) ≥ 0 for x = (xk) ∈ m
(
M, ϕ,A,∆n

m, p, ||., · · · , .||
)
. Since Mk(0) = 0,

we get g(0) = 0. Again, if g(x) = 0, then

g(x) = inf
{
ρ

pr
M :

(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρ

, z1, · · · , zn−1||
)pk
) 1

M ≤ 1
}

= 0.

This implies that for a given ε > 0, there exist some ρε(0 < ρε < ε) such that

(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρε

, z1, · · · , zn−1||
)pk
) 1

M ≤ 1.

Thus(
sups≥1,σ∈Ps

1
ϕs

∑
k∈σMk

(
||Ak∆n

mxk

ε , z1, · · · , zn−1||
)pk
) 1

M

≤
(

sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρε

, z1, · · · , zn−1||
)pk
) 1

M

≤ 1,

Suppose that xk 6= 0 for each k ∈ N. this implies that Ak∆n
mxk 6= 0 for each k ∈ N. Let

ε→ 0, then ‖Ak∆n
mxk

ε , z1, ..., zn−1‖ → ∞. It follows that

(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ε

, z1, · · · , zn−1||
)pk
) 1

M →∞

Which is a contradiction. Therefore, Ak∆n
mxk = 0 for each k and thus xk = 0 for each

k ∈ N. Let ρ1 > 0 and ρ2 > 0 be such that

(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρ1

, z1, · · · , zn−1||
)pk
) 1

M ≤ 1

and (
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

myk
ρ2

, z1, · · · , zn−1||
)pk
) 1

M ≤ 1.

Let ρ = ρ1 + ρ2. Then by Minkowski’s inequality, we have
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sups≥1,σ∈Ps

1
ϕs

∑
k∈σMk

(
||Ak∆n

mxk

ρ , z1, · · · , zn−1||
)pk
) 1

M

≤
(

sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρ1 + ρ2

, z1, · · · , zn−1||
)pk
) 1

M

≤
(

sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
ρ1

ρ1 + ρ2
‖Ak∆n

mxk
ρ1

, z1, ..., zn−1‖+ ρ2

ρ1 + ρ2
||Ak∆n

myk
ρ2

, z1, ..., zn−1‖
))pk

) 1
M

≤
( ρ1

ρ1 + ρ2

)(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
q
(
||Ak∆n

mxk
ρ1

, z1, · · · , zn−1||
))pk

) 1
M

+
( ρ2

ρ1 + ρ2

)(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
q
(
||Ak∆n

myk
ρ2

, z1, · · · , zn−1||
))pk

) 1
M

≤ 1.

Since ρ′s are non-negative, so we have

g(x+ y) = inf
{
ρ

pr
M :

(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

m(xk + yk)
ρ

, z1, · · · , zn−1||
)pk
) 1

M ≤ 1
}

≤ inf
{
ρ

pr
M
1 :

(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρ1

, z1, · · · , zn−1||
)pk
) 1

M ≤ 1
}

+ inf
{
ρ

pr
M
2 :

(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

myk
ρ2

, z1, · · · , zn−1||
)pk
) 1

M ≤ 1
}
.

Therefore, g(x+ y) ≤ g(x) + g(y)
Finally, we prove that the scalar multiplication is continuous. Let µ be any complex
number. By definition,

g(µx) = inf
{
ρ

pr
M :

(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρ

, z1, · · · , zn−1||
)pk
) 1

M ≤ 1
}
.

Then

g(µx) = inf
{

(|µ|t)
pr
M :

(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

m(µxk)
ρ3

, z1, · · · , zn−1||
)pk
) 1

M
}
,

where t = ρ
|µ| . Since |µ|

pr ≤ max(1, |µ| sup pr), we have

g(µx) = max(1, |µ| sup pr) inf
{

(t)
pr
M :

(
sup

s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
t

, z1, · · · , zn−1||
)pk
) 1

M
≤ 1
}

So, the fact that scalar multiplication is continuous follows from the above inequality.
This completes the proof of the theorem.

Theorem 11. If M = (Mk) be any Musielak Orlicz function. Then

m
(
M, ϕ∗, A,∆n

m, p, ||., · · · , .||
)
⊂ m

(
M, ϕ∗∗, A,∆n

m, p, ||., · · · , .||
)

if and only if sup
s≥1

ϕ∗s
ϕ∗∗s

<∞.



44 Kuldip Raj, Sunil K. Sharma, Anil Kumar

Proof. The proof is trivial so we omit it.

Corollary 12. If M = (Mk) be any Musielak Orlicz function. Then

m
(
M, ϕ∗, A,∆n

m, p, ||., · · · , .||
)

= m
(
M, ϕ∗∗, A,∆n

m, p, ||., · · · , .||
)

if and only if sup
s≥1

ϕ∗s
ϕ∗∗s

<∞, sup
s≥1

ϕ∗∗s
ϕ∗s

>∞.

Proof. It is easy to prove so we omit.

Theorem 13. For Musielak-Orlicz functions M = (Mk), M′ = (M ′k) and M′′ = (M ′′k )
which satisfy ∆2-condition. Then the following relation holds:
(i) m

(
M′, ϕ,A,∆n

m, p, ||., · · · , .||
)
⊂ m

(
M◦M′, ϕ,A,∆n

m, p, ||., · · · , .||
)

(ii) m
(
M′, ϕ,A,∆n

m, p, ||., · · · , .||
)
∩m

(
M′′, ϕ,A,∆n

m, p, ||., · · · , .||
)

⊂ m
(
M′ +M′′, ϕ,A,∆n

m, p, ||., · · · , .||
)
.

Proof. The proof is along the same lines as the proof of the Theorem 2.5 of [1].

Corollary 14. If M = (Mk) be any Musielak Orlicz function which satisfy ∆2- condi-
tion. Then m

(
M, ϕ, q,Λ,∆n

m, p, ||., · · · , .||
)
⊂ m

(
M, ϕ,A,∆n

m, p, ||., · · · , .||
)

.

Theorem 15. If M = (Mk) be any Musielak Orlicz function. Then the sequence space
m
(
M, ϕ,A,∆n

m, p, ||., · · · , .||
)

is solid.

Proof. Let x ∈ m
(
M, ϕ,A,∆n

m, p, ||., · · · , .||
)
. Then there exists ρ > 0 such that

sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρ

, z1, · · · , zn−1||
)pk

< ε,

for every ε > 0. Let (αk) be a sequence of scalars with |αk| ≤ 1 for all k ∈ N. Then, we
have

sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

m(αkxk)
ρ

, z1, · · · , zn−1||
)pk

≤ sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

|αk|Mk

(
||Ak∆n

mxk
ρ

, z1, · · · , zn−1||
)pk

≤ sup
s≥1,σ∈Ps

1
ϕs

∑
k∈σ

Mk

(
||Ak∆n

mxk
ρ

, z1, · · · , zn−1||
)pk

,

which proves that m
(
M, ϕ,A,∆n

m, p, ||., · · · , .||
)
is solid space.

Corollary 16. If M = (Mk) be any Musielak Orlicz function. Then the sequence space
m
(
M, ϕ,A,∆n

m, p, ||., · · · , .||
)

is monotone.

Proof. It is obvious.
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