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Abstract

In this paper, we introduce and investigate a new subclass of the function class ¥ of bi-univalent functions
defined in the open unit disk. Furthermore, we find estimates on the coefficients |a2| and |a3| for functions
in this new subclass.
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1 Introduction and Definitions

Let A denote the class of analytic functions in the unit disk
U={ze€C:|z| <1}
that have the form -
f(z) =2+ Zanz". (1.1)
n=2

Further, by S we shall denote the class of all functions in A which are univalent in U.

The Koebe one-quarter theorem [8] states that the image of U under every function
f from S contains a disk of radius i. Thus every such univalent function has an inverse
£~ which satisfies

FHf ) =2, (z€0)

and

] =

FU ) =w, (|w| <rolf) . ro(f) 2

).

Hw)=w —ayw?® + (2a% — ag) wd — (5a§ — basas + a4) wha...

where

*corresponding author.
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A function f (z) € A is said to be bi-univalent in U if both f (z) and f~!(2) are
univalent in U. Let ¥ denote the class of bi-univalent functions defined in the unit disk
U.

If the functions f and g are analytic in U, then f is said to be subordinate to g,
written as

f(z)=<9(2), (zeU)

if there exists a Schwarz function w (z), analytic in U, with

w(0)=0 and |w(z)] <1 (zeU)
such that
f(z) =g(w(z)) (z€l).
Lewin [15] studied the class of bi-univalent functions, obtaining the bound 1.51
for modulus of the second coefficient |az|. Subsequently, Netanyahu [17] showed that

maz |as| = 4 if f(z) € E. Brannan and Clunie [5] conjectured that |ag| < v/2 for f € .
Brannan and Taha [4] introduced certain subclasses of the bi-univalent function class ¥
similar to the familiar subclasses of univalent functions consisting of strongly starlike,
starlike and convex functions. They introduced bi-starlike functions and obtained esti-
mates on the initial coefficients. Bounds for the initial coefficients of several classes of
functions were also investigated in ([1], [3], [7], [9], [13], [14], [16], [19], [21], [22], [23]).
Not much is known about the bounds on the general coefficient |a,,| for n > 4. In the
literature, the only a few works determining the general coefficient bounds |a,,| for the

analytic bi-univalent functions ([2], [6], [10], [11], [12]). The coefficient estimate problem
for each of |a,| (n € N\ {1,2}; N={1,2,3,...}) is still an open problem.
Motivated by the earlier work of Sakaguchi [20] on the class of starlike functions with

respect to symmetric points denoted by Sg consisting of functions f € A satisfy the

condition Re (%) > 0, (z € U), we introduce a new subclass of the function

class ¥ of bi-univalent functions, and find estimates on the coeflicients |az| and |asz| for
functions in this new subclass.

Definition 1. Let h: U — C, be a convex univalent function such that ~(0) = 1 and
h(z) = h(z), for z € U and Re(h(z)) > 0. A function f € ¥ is said to be in the class
Sg (8, s,t,h) if the following conditions are satisfied:

1-X g
fex, €7 pl(s=)7] f()<h(z)cosﬂ+isinﬁ, zeU (1.2)

[f (s2) — f(t2)]'

and N
, —HuwP g
iolls =Dl g El_v))\ < h(w)cosB+isinf, weU (1.3)
g (sw) — g(tw)]
where g (w) = f~' (w), s,t e Cwiths#¢, |[t{ <1, e (—%,5) and XA > 0.
1+ A
Remark 2. If we set h(z) = 117';, —1 < B < A<1,in the class Sg (8,s,t,h), we
z
have S (ﬂ, s, t, iigi) and defined as

=X 4
fexn, €8 [(8 t)2] f<)<1+Azcosﬁ+iSinﬁ, zeU

[f (52) = f(t2)])' 1+ B2
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and

=X
s lls = t)v] sz 1+chos6+isin[3, welU

[g (sw) — g(tw)] 1+ Bw
where g (w) = f~ (w), s,t e Cwith s #¢, [t| <1, Be(-%5,%)and A > 0.

14+ (1—2a)z

Remark 3. If we set h(z) = 1
-z

have SE (8, s,t, ) and defined as

, 0<a<1,in the class S% (8,s,t,h), we

(s = )z]'"* f' (2)
[f (52) = f(e2))

f€X, Re {elﬂ }>ozcosﬁ7 zeU

and

Re eiﬂ[(s—t)w]lAg’(w} acosfB, weU
{ gow) gl | P

where g (w) = f~' (w), s,t e Cwith s #¢, [t| <1, Be(-5,5)and A > 0.
Lemma 4. (see [18]) Let the function ¢(z) given by

o0
= g B,z"
n=1

be convez in U. Suppose also that the function h(z) given by

z) = ihnz"
n=1

is holomorphic in U. If h(z) < ¢(2), z € U, then |h,| < |B1], n€e N={1,2,3,...}.
2 Coefficient Estimates

Theorem 5. Let f given by (1.1) be in the class Sg (8,s,t,h). Then

2|B1| cos 8
jaz| < \/|2()\1)(s+t)[2+(>\1)(s+t)]+2[()\1)(32+st+t2)+3])\()\1)(5+t)2|’ (2.1)

and
2|By|cos 3 (2 2)
[2(A=1) (s+8) [24+(A—1) (s+8)]+2[(A—1) (2 +5t+12)+3] - A(A—1) (s+1)?| " )

las| <

Proof. Let f € Sg (B,s,t,h), g be the analytic extension of f~! to U and s,t € C with
s#t, |t| <1land A > 0. It follows from (1.2) and (1.3) that there exists p,q € P such

that Lo o
fﬁ ?]< ;(i=pQNwﬁ+wmﬂ’ (z€U) 23)
and
giols = tju)' I (wycosB+ising,  (weD) (2.4)

g (sw) = g(tw)]"
where p (z) < h(z) and ¢ (w) < h (w) have the forms

p(2) =1+piz+pe2®+--
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and
q(w) =14 quw+quw’+---,
respectively. It follows from (2.3) and (2.4), we deduce

ePI(N=1)(s+1t)+ 2] ag = p1 cos 3, (2.5)

L[ =1) (2 + 12+ 5t) + 3] ag = 2070 (s )23 + (A = ) (s + D) [2+ (A= 1)(s + 1)] a3

= p2 cos f3,
(2.6)
and
—ePAN=1)(s+1)+2lay = q1 cos j, (2.7)

¢ih {2 [A=1) (2 + 2+ st) +3] = 28D (54124 A= 1) (s+8) 2+ (A — 1)(s+t)]}a§
—eP [(A=1) (s* + 12 + st) + 3] a3 = g2 cos 3.
(2.8)
From (2.5) and (2.7) we obtain
P11 = —4q1,
By adding (2.6) to (2.8), we get

eiﬂ{Q(A—l)(s+t)[2+()\—1)(s+t)]+2[(A—l)(32+st+t2)+3] —/\(A—l)(s+t)2}ag

= (p2 + q2) cos 5.

(2.9)
Since p,q € h(U), applying Lemma 4, we have
(m) (o
Ipm|=‘p ,( )‘<Bll, meN (2.10)
m!
and -
™0
|gm| = qm,()‘él&l, m e N. (2.11)

Applying (2.10), (2.11) and Lemma 4 for the coefficients p1, p2, g1 and ga, we readily get

2|B;|cos B
|a2| < 20
[2(A=1)(s+)[24+(A—1) (s+)]+2[(A—1) (s2+st+2)+3] - A(A—1) (s+1)?]

Subtracting (2.8) from (2.6) we have
P L2[(N=1)(s® + 2+ st) + 3] az — 2 [(A = 1)(s® + * + st) + 3] a3} = (p2 — g2) cos B.

(2.12)
or, equivalently
e — e” P (p2+qz) cos B + e~ (p2—ga) cos B
3 T 20 D) DT =1 (s +2[(A—1) (s2+ st E2) 13— A(A—1)(s+8)% | 2[(A—1)(s2+¢2Fst)+3]"

Applying (2.10), (2.11) and Lemma 4 once again for the coeflicients py,ps, g1 and g2, we
readily get

2|B1| cos 3
[200=1)(s+8)[2+(A—1) (s+1)]+2[(A—1) (2 +st+£2) +3] - A(A—1) (s+1)?|

las| <

This completes the proof of Theorem 5. O



84 Sahsene Altinkaya, Sibel Yalgin

3 Corollaries and Consequences

Corollary 6. Let f given by (1.1) be in the class Sg (ﬁ,snj, %igi) Then

|CL2| < 2(A—B)cos B
- |2()\—1)(s+t)[2+(/\—1)(s+t)}+2[(>\—1)(32+st+t2)+3]—)\()\—1)(s+t)2|

and
|a‘ | < 2(A—B) cosf3
3l = [2(A=1)(s+8)[24+(A—1) (s+)]+2[(A—1) (s2+st+2)+3] = A(A—1) (s+1)?|
where —1< B <AL, s,tcCwiths#t, [t|<1andfBec(-%,%), A>0.

Corollary 7. Let f given by (1.1) be in the class S (B, s,t, ). Then

|a | < 4(1—a) cos B
2l = [2(0=1) (s+t)[2+(A—1) (s+1)]+2[(A—1) (2 +st+£2) +3] - A(A—1) (s+1)?|’
and

4(1—a) cos B
[2(A=1)(s+8)[24+(A—1) (s+)]+2[(A—1) (s2+st+2)+3] - A(A—1) (s+1)?|

where 0 < a <1, s,t € Cwiths #t, |t| <1 and B € (=3, F).

las| <

If we get A =0 in Theorem 5,
Corollary 8. Let f given by (1.1) be in the class S% (B, s,t,h). Then

0] < |B1| cos
|3 — 25 — 2t + st|’

| By cos 8
|3 —2s — 2t + st|

and

las| <

If we get A =0 in Corollary 6,

Corollary 9. Let f given by (1.1) be in the class S% (ﬁ,snj 1+A§). Then

' 1+B
las| < (A—=B)cosp
2 13— 25— 2t + st

(A— B)cosp
13— 25 — 2t + st|
where —1 < B <A<, s,teCwiths#t, [t|<1andpe (-3, 5%).

and

las| <

If we get A = 0 in Corollary 7,
Corollary 10. Let f given by (1.1) be in the class S% (B, s,t,c). Then

las| < a) cos 3
a
2 \3 25—2t—|—st|

2(1 — a)cosf
|3 — 25 — 2t + st|’
where 0 < a <1, s,t € Cwiths #t, [t| <1 and B € (=3, F).

and

lag| <
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