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Abstract

In this paper we first study the problem of uniform ultimate boundedness of a certain third order
nonlinear differential equation with delay. Further the existence of periodic solutions for the considered
equation are also given, as a consequence of uniform ultimate boundedness results. Finally, some criteria
to guarantee the uniform asymptotic stability are derived via the Lyapunov’s second method. We also
give an example to illustrate our results.
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1 Introduction

Nonlinear differential equations of higher order have been extensively studied with high
degree of generality. In particular, boundedness, uniform boundedness, ultimate bound-
edness, uniform ultimate boundedness and asymptotic behavior of solutions have in the
past and also recently been discussed. See for instance Reissig et al. [13], Rouche et al.
[19], Yoshizawa [22] and [23]. Tt is well known that the ultimate boundedness is a very
important problem in the theory and applications of differential equations. An effective
method for studying the ultimate boundedness of nonlinear differential equations is still
the Lyapunov’s direct method.

Because of their applications, the existence of periodic solutions of third order differ-
ential equations has been also investigated by many researchers in recent years. Besides
it is worth-mentioning that there are a few results on the same topic for third order delay
differential equations, for example, Chukwu [6], Gui[10], Tung [21] and Zhu[21].
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In 1992, Zhu[24], established some sufficient conditions to ensure the stability, bound-
edness, ultimate boundedness of the solutions of the following third order non-linear delay
differential equation

2" +ax” + b’ + f(z(t—7r)) = e(t). (1.1)

The existence of periodic solutions was also discussed in the case where e(t) is a periodic
function.

Recently, in [8], the authors extend results obtained in [24] to the following third order
non autonomous differential equation with delay

[g(x(®)a’ )] + (A(x(0)2 (1)) + p(a(t)a’(t) + f(a(t — 1)) = e(t), (1.2)

In this paper, we are concerned with the third order delay differential equation

<q(t) (g(m(t))w’(t))’) +a(t) (h(x(t)2' (1)) + b(t)p(x(t)2’ () + ct) f(x(t — 1)) = e(t),

(1.3)
where r > 0 is a fixed delay and a, b, ¢, e, f, g, h, and ¢ are continuous functions and
depend only on the arguments shown explicitly; f(0) =0; f'(z), ¢'(z), h'(x), and ¢'(x)
exist and are continuous for all . Our objective here is to extend results obtained in []
to (1.3). The paper is organized as follows. In section 3 we study the problems of the
boundedness and ultimate boundedness of solutions when e(t) # 0. The assumptions
will also give us an opportunity to discuss the existence of periodic solutions of the same
equation when a, b, ¢, e, g, are periodic functions. Finally we investigate the asymptotic
stability of the zero solution of the delay differential equation (1.3) with e(t) = 0. We
give an example to illustrate the effectiveness of main results obtained in Section 3.
Clearly the equation discussed by Zhu in [24] is a special case of equation (1.3) when
g(z) = h(z) = p(z) =1, a(x) = a, and b(t) = b, also (1.2) is a special case of (1.3) with
q(t) =1.

2 Preliminaries

To describe the main result of this paper, we include some preliminary knowledge on
the stability and ultimate boundedness for a general class of nonlinear delay differential
system

¥ = f(t,x), x(0)==z(t+0), —-r<0<0, t>0, (2.1)

where f : Cy — R™ is a continuous mapping, f(0) = 0, Cy = {¢ € (C[-r,0], R") :
llo|| < H}, and for Hy < H, there exists L(Hy) > 0, with | f(¢)| < L(H;) when ||¢|| < H;.

Lemma 1. [12] If there is a continuous functional V(t,¢) : [0, +oo[xChx — [0, +00[
locally Lipschitz in ¢ and wedges W; such that:
(@) IWi(lol) <Vt ¢), V(t0) =0 and V() (¢ ¢) <O0.

Then, the zero solution of (2.1) is stable. If in addition V(t,¢) < Wa(||¢|l). Then, the
zero solution of (2.1) is uniformly stable.

(@) IfWilllel) < V(t o) < Wa(l[gl]) and Vi 1) (t @) < =Ws([|¢])-

Then, the zero solution of (2.1) is uniformly asymptotically stable.

Definition 2. [1] Solutions of (2.1) are uniform ultimate bounded for bound B at t =0
if for each A > 0 there is a K > 0 such that ¢ € Cu, ||¢|| < A, t > K imply that
x(t,0,0) < A.
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Lemma 3. [/] Let V(t,¢) : R x C — R be continous and locally Lipschitz in . If

i) Wollz@)) < V(E2) < Wi(le(®)]) + W2(/t, W(|z(t)])ds),
i) Vi) < =Was(lz(b)]) + M,

for some M > 0, where W;(i = 0,1,2,3) are wedges, then the solutions of (2.1) are
uniformly bounded and uniformly ultimately bounded for bound B.

If (2.1) is periodic system with period T, we have the following result:

Lemma 4. [20] Suppose that, for a > 0, there exists L(c) > 0 such that | f(t, )| < L(a),
fort € [-T,0] and ||x¢]] < a, and suppose that the solutions of (2.1) are equi-bounded
and equi-ultimately bounded for bound B, then there exists a periodic solution of (2.1) of
period T'.

3 Main Results

We shall give here some assumptions which will be used on the functions that appeared in
equation (1.3). Suppose that there are positive constants ag, a1, bg, b1, co, ¢1, go, g1, ko, 1,
Y0, ¥1,00,01, 1 and us such that the following conditions are satisfied:

i) 0< ag <q(t) <a(t)<a, 0<by <b(t) <by,0<co<e(t) <ey.

)
i) S22 (lg'(w)] + o ()] + [V (w)] + |¢’ (u)])du < oo
)
)

+
iii) 0 <go<g(x)<g1, 0<hy<h(z)<hy, 0<¢o<p@)<epr.
+

iv) J22 (g (] + |1 (u)] + ' (u)])du < oo

V) f(O):O,@260>0(x7é0), and |f/'(z)| < &, for all x.
4] h
vi) %<u1<a0 % and
bowo ai
292D
p2 =minq 1, 2Dy, — Jo1 , where
gl (2a1h1 =+ 2 =+ blgﬁl)
a b — 10 ho —
Dy — 0(M1 0%002 1 191) >0, Dy = apllo — f1a1 >0,
91 aigi

Before stating theorems, let us introduce the following notations:

0.(t) = 1(ﬁ)/,®2(t) 1<h(:c(t)))’, 05 (1) 1(4,0(x(t)))/’

B \g(a ~ Bu\g(a () B \g(a()
_ 1 Q(t) ! _ ’ / ’ /
0u0) = 5 (sh) > @0 = (¢@I+ 1O+ O] +1ew)),
]_ /
Os(t) = 5 (1) (3.1)

and

t 1 1
o - [ [|el<s>| +10:(5)] + 105(5)| + [04()] + (5 + 2)05(6) + |@6<s>]ds.
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Also,
a a arh b c
- max{ 1L a1 1 1301_’_1}7
290 2 90 290 2w
h 1 h b b
72 = max{l(MQ + + 2 1)7 al(ﬁla @7 P11 + Cla}, SU.Ch that o = %o 08007
go 2 9o 290 27 299 2 c191a1
1+ boh — )
Ds = ¢ybp— %JM = S0 0<p092 N1e10191 > 0.
0

Now, our main result on the boundedness and ultimate boundedness of (1.3) with e(t) #
0.

Theorem 5. If hypotheses (i)-(vi) hold true, and in addition the following conditions
are satisfied

vig) le(t)| < m,
viii) Dy > 0.

Then all solutions of (1.3) are uniformly bounded and uniformly ultimately bounded pro-
vided r satisfies

< mi { 2Dy — pa  2D3 295Dy } (3.2)
r < min ) ) : .
drer 7 dier’ d1ea[go(2 4 p2) +ar(pa + ha) (1 + g3)]
Proof. We write the equation (1.3) as the following equivalent system
1
/
= —=Y,
9()
y, = 7%
"Gt M) (33)
, a x o(x
2 =——"——=z—a(t)O2(t)y — ——=—y —c(t) f(x) +e(t
+elt) / DO ra(s))ds,
t—r g(.’IT(S))
Note that the continuity of the functions a, b, ¢, e, f, g, h, @, f', ¢', b/, and ¢
guarantees the existence of the solutions of (1.3) ( see [7], pp.15). It is assumed that the
right hand side of the system (3.3) satisfies a Lipschitz condition in x(t),y(t), z(t), and
x(t—r). This assumption guarantees the uniqueness of solutions of (1.3) ( see [7], pp.15).

We shall use as a tool to prove our main results a Lyapunov function W = W (¢, 2, ys, 2¢)
defined by

W (t,xe, 41, 2¢) = e OV (tz,y0, 20) = e 2OV, (3.4)
where
0 st
V = Vi(t, e, ye, 2¢) + Valt, x4, yt, 2¢) + A[ /t+ y?(€)deds,
_ pag(t) ca()h(t) — pg(t) 1 pg(t) |2
Vi = wq@t)c(t)G(z,y) + 5 ( 20 ) 2+§(z+ o(2) y)
q(t) (p(®)b(t)  c(t)dry o

el g(z) 111 W 35)
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c? x a x 2
Voo = a(t)c(t)h(z)F(z) — Wf () + ; <z + (;)(Zg )y + u2x>
q(£)b(t)p(x) c(t)f(x)g(x) B
AR (o ) )
such that F(x fo uw)du and G(x,y) = (x)—l—if(x)y 2(22 y~. X is positive constant

which will be spec1ﬁed later in the proof. We easily rearrange the above functional V; as
follows

- a4 TN (e @el)\* _ a)Ee() ()
Vo= maedF@) + == 05 (‘“ b(0)p(z) ) 20(t) ()
1 p1q(t) o paq(t)(a(t)h(z) — piq(t)) o
+§@+-g@)y)+- 202 () ye (3.7)

Using (i), (iii) and (vi) we have

pg(t)(a(t)h(z) — mg(t)) o piao(acho — piar)

> > 0.
29°(x) 29%(x)
Thus there exists a positive constant ds such that
Loooma(®) o pma®)(a®)h(z) — ma)) o > 2
- > . .
2(z—|— 9(@) )° + 292 () Yy~ > 0oy~ + 002 (3.8)
On the other hand, using the assumptions (i), (iii), (v) and (vi) we obtain
q(t)c*(t)g(z) f2(x) /‘T g(x) f'(u)
p1q(t)e(®)F(x > piq(t)e(t 1-c flu)du
(et F(r) - LT b)) [ (1= ey L0 )
‘ g1c101
> aic 1———)f(u)du
Z MHay 1/0 ( M1b0900)f( )
> 53F(1’),
B g1€101 . o
where 03 = pajer (1 — T@) > 0. Hence, from the last inequality, (3.8) and (3.7),
HK100%0

Vi > 63F () + bay* + 5222 (3.9)
Clearly, using hypothesis (v) we have the following estimate

036,
Vi > %{E +52y + 522 (3.10)

By adding and subtracting some terms together with condition (i) we can estimate the
functional V5 above thus

2
Voo > q(t)e(t)H(z,y) + ;<z + Zg))y + uzx) + %Mz(l — pi2)z?
at) (b)p(z) 5
5 ( 9(@) (”>y ’

where

H(w,y) = ha)F(x) + fa)y + 50
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b(t)e(x)

From condition (vi) we have —ac(t) > 0,and 1 — py > 0, it follows that

But
« 1 2 1,
Hiry) = h@)F()+ 5+~ f@) - o ()
> W) o ()
> [ - sa

From condition (vi) H(x,y) > 0. Hence, by (i) we get

Vo > apcoH (2, y). (3.11)

It is easily seen from (3.6) that

vV
@
—~
~
=
(o
—~
~~
=
>
~
S
<
|
—
8
<
|
Q
—~
o~
=
Q
[\v]
—~
~~
=
s
—~
8
N
~
[\v]
—
S
<

Vs

Y2
o
—~
N
—
)
(=)
>
o
T
—~
S
~

v

* ai1qg1c10
. / (aoho — M0 )
0

04 F' (),

v

aic19101

) > 0. Thus from (v) we obtain,
boo

where 54 = C1 (aoho —

by

5 z2 (3.12)

Clearly, from (3.12), (3.10) and the fact that the integral f_OT f;_s y2(£)déds is positive,
we deduce that

050,
V > 6oy® 4 8222 + %mz,

where 05 = d3 + d4. Further simplification of the last inequality gives

V > k(z? + % + 22), (3.13)
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where k = min{da; %} In view of the hypotheses (i)-(iv) we have
t 1 1
Q) = / 03()] + [02(5)| +18a(s)] + 04(5)] + (5 + )5 + [Ou(s)] |ds
0
o2(t) |,/ aa(t) | 7 ’
¢ Wrathm) (POW@L, L O KWL WL,
B oty 9%(w) B1 Jor () g(u)
1 O'Q(t) , 1 t ,
+— h'(u du—l——/ u)|du
5 /w ol du+ [l
1 1 K / i / /
+(*+*)/ (lg" ()] + la’(w)| + [0"(u)| + | (u)])du
Br o B2 Jo
(1+901+h1+a1)/+00 / 1 /+OO ! /
< u)| du + —— w)| + |k (u)] ) du
< st [ g ldus g [ () )
1 +ee / 1 Hoo !
+— |h' (w)] du + —— lg" (w)|du
B3 J oo 190 J—

1 1 oo / / / /
Hg+3) /OO (Ig/ ()] + la ()| + ¥ ()] + |/ () )du < N < o,

where o1(t) = min{z(0),z(¢)}, and o2(t) = max{x(0),z(t)}. Therefore we can find a
continuous function W1 (|®(0)]) with

Wi(|2(0))) >0 and  Wi(|®(0)]) < W(t, ®).

The existence of a continuous function Wa(]|¢||) which satisfies the inequality W (¢, ¢) <
Wa(|l9l]), is easily verified.

For the time derivative of the Lyapunov functional V (¢, z, y:, 2¢), along the trajectories
of the system (3.3), we have

t
Vi = Vi + Vi, + Arg? = A /t YA (E)de,
—-Tr

where

Vo = m(a(0c(0) 6oy + | DAL na O]

paalt) — o0h(@)] 2 malta®) )y o o
u |- e S e
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In view of conditions (i), (iii) and (v) we get

Vl/(:s.:s) < M1A65( )G(l‘, y) - D1y2 - DQZQ + 71@5(75):[/2

Jr,ulal hi

PRCLINp 214 Ly,
3 o 10101y + Ol + (arlyzl +mat(1+ )y ) 0:(0)

aq
+m|@4( Nzl + i lylm + [zim

pq(t) ‘ y(s)
et =+ 5850) [ ity e

where A = max {ay, ¢; }. Using the Schwartz inequality |uv| < 1 (u® 4 v?), we obtain

ai h a 1
’“21 L1610l + “LHOs(0)ly? + (arlyel + a3 (1 + 7 )1ex(0)

+p[Oa(®)lyz] <k |:|@1(t)| +10:2(t)] +193(8) + |@4(t)|} (y* +2%),

hy, 1 1
where k) = max{u (1+ = &), 5}

PR

From condition (v) and the Schwartz inequality, we obtain the following

0 [ < g et [ g

and

K y(s) () ds 51017"22 M ’ 2
) [ LS pa(s < 202+ 9 [ e

After some rearrangements we get

Vl/(:s.:s) u1A95(t)G(x,y) - |:-D1 - /J/la2151017":| y2 - |:D2 - 61§1T:| 22 (315)

90

O (0 + ks [ 01(0)] + 102(1)| + (05 ()] + |@4<t>|] W + )

t
a
+u1—|y|m+\z|+ “<1+’“ 1)/ Y2 (€)de.
g Jo t—r

In addition,

Viey = (@) Ho)F(@) + (@(0c(0) f@y + a0 F (@) + i " 02
OOL 0) — oMIEI , ()00) 22
O 00157 — pac(tha (@) + ) + X0 ye(t) + ze(t)

H 02 (a4 v+ alt) S P) + 5 (0)a(0) Z 2
relt e+ =+ DOy [ YO 1)
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We can now proceed analogously to (3.14)

Hadicar o - padicy /t 9
x”+ Y~ (§)d¢,
2 293 t—r ( )

=
[ V)

o
—~
=

8

T
T
=
=
-
5
—~

V)
N—

jsH
IA

. t
a(t)e®h(z) / g(y(s) f,(x(s))dsg51“;;’“”y2+“”;;?“ / y*(&)de,
t—r 0 e

and

5161?” 5161
722 + —

2
Ry ARAGLS

o(t)z /ti Y0S)  p100(5))ds <

These estimates and Schwartz inequality imply the following

/

Vi < [(a(t)e(t)) —(q<t>c<t>>’}h<x>F<x>+(g(t)o(t))’mx,y)

+a(t)e(t)Os (1) F () — i [5 - <1+b<2t>so<t>>] 2

q(t)e(t) [ (x)g(x) — a(®)bt)h(z)p(x) o

M 9*(x) /

s (24 ML) + 2a(h(o) )57

+22 M0 6,07 + (ot + 201Dy 412
+d/(t) zég (p2wy + yz + a(t)Zg)y?) + ;(b(t)q(t))'sgp((jj))y2
-5 (a(e®)'y? + “2556”1:2 + 51“;;hlry2 + 61§1Tz2
+621;§(u2 + a;gl +1) /t;yz@)d&-

It is easy to check that by (i), (iii) and (v) we have

h1261 332

IN

(a(D)e(t))’ — (q<t>c<t>)’} h(a)F(z) [|(a<t>c<t>)’ F(a®e)|

h161B

=~ 9 @5(t)$2,

such that B = max {2a1,¢;}. By conditions (i), (iii) and (v) we have

q(D)c(t) f'(x)g(z) — a®)bB)h(z)p(x) _  arc18191 — aobohoro
g*() - 9%

<0.
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Using condition (i) and (iii) again we get

hlélB

V2/<3v3) O5(t)x* + AO5(t)H (2,y) + a1c1|Og(t)| F (x) — pa Dy’

b
- [D4 _ (2 +bip1 + 2a1h1>]y2 + 22y L‘L1|93(75)|92

292 27 T

h
a; ! ly| + [2])m + Y205 (t) (z? + y* + 2°) (3.16)
0

H2d1e1r o drarcihir o dier 5 6icq athy /t 9
z° + Yo+ z° 4+ + +1 y (&)dE.
2 290 2 293 (k2 90 ) tr ©

Combining (3.16), (3.15) and condition (vi) we get

Visgy < AOs(t)(uG(x,y) + H(z,y)) + a1c1|O ()| F(z)

[ dicir dra1c dia1cih
1t Ds — 1C1 :|x2_ [D4—r(/\+ 1a1C1 41 + 1a1C1 1)]:1/2
L 2 290 290

+(p2|z| +

+

5 — — —

p2  oier
_Ip aar
[ 2 2

hy +
}«2 + pafel + g4 2z
0

o | 102(0)] 4 102(1)] + [€5(1)] + [0a(1)| + @5<t>] (& + 4% + )

b 2+ p2) + +h t
+< e [go u22>gg a1 (i 1)])\) /Hy%f)dg,

h101B 1
where ko :max{71 + 72, %, ki + }

2
61c1[go(2 + p2) + ar(p1 + h)]
293
(viii) respectively, there is > 0 such that
Vg < AG51)(1nG(z,y) + H(z,y)) + aic1|O6 (1) F(2)
—n(z® +y* + 2%) + M (|z] + |2| + [y])
+ha2 (101(1)] + [©2(8)] + |03(t)] +[04(t)] + O5(1)) (2° + v + 2%),(3.17)

Choosing = ), since r and D3 satisfy (3.2) and condition

where
. 51(1101,ul draicihy drerr H2 drear
= Dy —7r(X Dy — —— —-=_
0 = min{Dy—pn DY DUAI) p, DT p, L D
h
M = mmaX{Z, ﬁ, ,ug}.
n gJo

The above inequality may be written as

Vg < A0s5t) (G, y) + H(z,y)) + ai1c1]O6(t)| F(z)

— 2@+ 37 +2) + ka(101(0)] + [©2(0)] + [©3()] + [O4(8)]) (v + 2°)
2w = MY+ (y = MY+ (s = M)+ S
< A05(t) (1 Gz, y) + H(z,y)) + ar¢1|O6(t)| F () — g(:c2 2+ 22)

+ka(101(1)] + [O2(t)] + [O3 ()] + [O4(t)] + O5(t)) (2 + y* + 22) + %M?
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It is easily verified that

Wiy = 0|V, - (|@ ()] +102(0)] + [05(t)] + ()]
(2t S)est) + |6 <t>|)v
81 Do K 6
Using the fact that
1) 1
Gx,y) = F<x>+2—/j%(y+§—llf<x>)2—ﬁ 2(2)

> F(o)- 55 @)

- /I (1- %lu))f(u)duz 0,

(=)

f'(u)
01

since 1 —

that

> 0. It can be followed from (3.5) and (iii) that there exist dg > 0 such

Vi > mapcoG(x, y) + Sy + 662> (3.18)

Combining (3.9) and (3.12) we have
0460 2
Vi > 03F (1) + day® + 8227 and Va > -

From (3.11) and (3.18) we get
V > mageoG(a,y) + dey” + 062” + agco H (2, ).

Hence, by (3.13) and the last inequalities we have the following estimate

W(/&:s) < e %0

Visg) — (’4?( ©1(8)] + [©2(8)] + ©3(2)] + [©a(t))]

OO 4

+ﬁ2 O5(t) (H1aocoG(z,y)d6y” + d62° + apcoH (z,y))

+106(t)[ (53 F (z) + 621> + 0227 +54260 2))]

k 0:
So choosing 1 = —, B2 = 909 ind B3 = —3_ this reduces to
ko A aycy
PN 2) <L —g(xz—i— 2—1—22)—1—3—772 for some L >0
3.3\ Tt Yty 2t) = 9 Y R .

Hence the conclusions of Theorem 5 can be followed from Lemma 3, this completes the
proof of Theorem 5 O

The following Theorem being a consequence of Theorem 5 and Lemma 4
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Theorem 6. If hypotheses of Theorem 5 be satisfied and a, b, ¢, e, q are periodic
functions of period T, then there exists at the east periodic solution of system (1.3) with
the period T'.

Proof. 1t only remains to verify using the assumptions of Theorem 5 that the conditions
of Lemma 4 follow easily. O

Example 7. We consider the following third order delay differential equation

cos(z) ' sinx + 3e® + 3e™*
In(3 + cost) [(1 T2 —1—4)35’(15)]’} + (2In(5 + 2 cost) i x’(t))/
+(3In(2 + cost) + 1)( ili(ig +11)a’(¢)
+(lln(4+cost)) x(t—r)—l—L_r) =3sint+5 (3.19)
2 L+a2(t—7r)| ' '
It can be seen that
4sint
2in3 = ag < a(t) = 2In(5+ 2cost) < 2n7, d'(t) = —————
n3 = ag < a(t) n(5+ 2cost) < 2In7, a'(t) 5t 2cost’
1="bg <b(t)=3In(2+cost) +1<1+3In3,V(t) = — st
T N - ’ "2+ cost’
In3 1 Inb 1 sint
— =¢p < c(t) = =In(4 )< —, <d(t)=c——
g sl =gttty 55 <o) = 55 oep
In2 < q(t) = In(3+ cost) < 2In2,< ’(t)——ﬂ
== - = T T st
50 < 1@ _ 50 with 2 £ 0, |f/(z)| <01 =2, t >0
— T 1+x2 ) — 9 — )
Moreover,
2 <e(t)=3sint+5<8, 3<g(z)= ioi(zg+4g5,
sin(x) 5 sinz +3e” +3e™* 7
10 < = 11 <12, - < h(z) = < —.
0790(1.) 1—|—$2+ D N (.’E) et + e 7 -2
] h 1 b
Also, 0.80 = S0 9000 41 and 50 = 6 > — P2 4783,
bowo a Co
It is straightforward to verify that
too oo sinu 2u cosu
"(w)du < d
/,oo glwldu < /m [1+u2 ‘(1+u2)2} ’
< w42
Similarly,
oo oo cosu 2usinu
"(u)|du < d
[wwe < [ [T +‘<1+u2)2} !
< 7+2.

(e + e “)cosu — (e* —e ) sinu
(e +ev)?

1 U
+ e —e ™) | du=m.
(eu +eu (eu + e_u)2 ( ))

[T wa =

IN

—+o0
/.
—+o0
|
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+o0 400 : +o0
1
[ wwla = [ s [
oo —oo 3 +cosu —oo 3+cosu

7r).

= /571 du—ltcm_l(—
a _z 2+u? V2 2v2

+oo oo 4sinu Foo 4
/
= _— < _—
/ o ()] du / |5—|—2005u|du_/_00 5+2cosudu

tToog 16 ., m/3
Fdu = tan™" ( ).
7+ 3u V21 20/7

+oo +oo : +oo 1
/ W) du = 3/ |ﬂ|dug3/ S
2+ cosu oo 3t cosu

3/+; U gu= Lian1(-™)
= u = an
—z 2+u? V3 2V/3
400 400 : +oo
1 1 1
/ Idw)|du = = |ﬂ|du§f/ o
oo 2 )_o 4+4cosu 2 J)_o 4+4cosu

).

3 1 2 1 7T\/§
Sdu = tan™ (——=
5+ 3u V15 2v/5

Thus all the assumptions of Theorem 5. hold, this shows that every solution of (3.19) is
uniformly bounded and uniformly ultimately bounded. Since a, b, ¢, e, ¢ are periodic
functions of period 2w, then there exists a periodic solution of (3.19) of period 2.

us
2

For the case e(t) = 0, the equation (1.3) is equivalent to the system

L
yl_ TN
q(t)
,_ aht) O Y L R
= s = a(0@u(ty — “AEy — 1) (@) + clt) /f_rg(x(s))fu();c;)

The following result is introduced.

Corollary 8. One assumes that all the assumptions (i)-(vi) and (vii) hold. Then the
zero solution of equation (1.3) is uniformly asymptotically stable.

Proof. If e(t) = 0, similarly to above proof, the inequality (3.17) becomes
Vibooy < AB5(t)(1nG(x,y) + H(z,y)) + ar1c1|06(1)| F(z) — n(z? + y* + 2%)
s (101(8)] + [02(0)] + 103(8)] + 04(8)] + ©5(1) (52 + y* + 2,
Hence
Wis 00y (t, e, yt, 2¢) < L [—n(z* +y* +2%)], for some L >0.

Thus, all the conditions of Lemma 1 are satisfied. This shows that the zero solution of
equation (1.3) is uniformly asymptotically stable. O
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4 Conclusions

Liapunov’s method has proved to be a popular and useful technique in the study of the
stability and boundedness of solutions of higher order non-linear differential equations.
In this paper we examine the boundedness and ultimate boundedness of solutions for
certain third order non-linear non-autonomous differential equations with delay. Suffi-
cient conditions were obtained for the existence of at least one periodic solution of the
equation. Finally, we investigate the asymptotic stability of the zero solution of the same
equation for the case e(t) = 0.
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