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Abstract
The objective of this paper is to obtain sharp upper bound for the second Hankel functional associ-

ated with the k* root transform [f(zk)] ¥ of normalized analytic function f(z) when it belongs to
bounded turning functions, defined on the open unit disc in the complex plane, with the help of Toeplitz
determinants.
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1 Introduction

Let A denote the class of analytic functions f of the form
f2) =2+ anz" (1.1)
n=2

defined in the open unit disc E = {z : |z] < 1}, satisfying the conditions that f(0) =0
and f'(0) = 1. Let S be the subclass of A consisting of univalent functions. In 1985, Louis
de Branges de Bourcia proved the Bieberbach conjecture, i.e., for a univalent function,
its n'* Taylor coefficient is bounded by n (see [2]). The bounds for the coefficients of
these functions give the information about their geometric properties. In particular, the
growth and distortion properties of a normalized univalent function are determined by
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the bound of its second coefficient. The k' root transform for the function f given in
(1.1) is defined as

-

F(z) = [f(")]F =2+ bpgaz™ . (1.2)

Now, we introduce the Hankel determinant for the k** root transform for the function f,
for g,n,k € N={1,2,3,...}, defined as

bin bkn+1 e bi(ntq—2)+1
bkn+1 be(nan)+1 0 Dk(ngg—1)41
[H,y(n)]* = . . _ ! (b = 1).
be(ntq-2)+1  bk(nig—1)+1 Dkint2(g—1)-1]+1

In particular for £k = 1, the above determinant reduces to the Hankel determinant
defined by Pommerenke [9] for the function f given in (1.1). For the values ¢ =2,n =1
and ¢ = 2,n = 2, the above Hankel determinant simplifies respectively to

1 by, br+1
H 1 k =
[H(1)] be+1 bagt1

2
= bapy1 — by

= barbaks1 — b1 (1.3)

b b
4 H(E —| b2 b2
o [H2(2)] bok+1  b3k+1

Ali et al. [1] obtained sharp bounds for the Fekete-Szegé functional denoted by |bog11 —
1
pb? | associated with the k' root transform [f(z¥)]* of the function f given in (1.1)

and belonging to certain subclasses of S. We refer to [HQ(Q)]% as the second Hankel
determinant for the k** root transform associated with the function f. In the present
paper, we consider the Hankel determinant given by [H5(2)]* and obtain sharp upper
bound to the functional |bgy1bsg+1 — b§k+1| for the k" root transform of the function
f when it belongs to certain subclass denoted by R of S, consisting of functions whose
derivative has a positive real part, defined as follows.

Definition 1. Let f be given by (1.1). Then f € R, if it satisfies the condition
Ref'(z) > 0, Vz e E.

The subclass & was introduced by Alexander in 1915 and a systematic study of prop-
erties of these functions was conducted by MacGregor [7] in 1962, who indeed referred to
numerous earlier investigations involving functions whose derivative has a positive real
part (also called Bounded turning functions).

Some preliminary Lemmas required for proving our result are as follows:

2 Preliminary Results

Let P denote the class of functions consisting of p such that
plz) =1+ cnz", (2.1)
n=1

which are analytic (regular) in the open unit disc E and satisfy Rep(z) > 0, for any
z € E. Here p(z) is called a Carathedédory function [3].



Acta Univ. M. Belii, ser. Math. Online (2017), 77-82 79

Lemma 2 ([8], [L0]). Ifp € P, then |ck| < 2, for each k > 1 and the inequality is sharp

1+
for the function {%=.

Lemma 3 ([1]). The power series for p(z) =1+ 2 | ¢p,2" given in (2.1) converges in
the open unit disc E to a function in P if and only if the Toeplitz determinants

2 c1 Co e Cn
C_1 2 C1 cee Cn—1
D, =|¢2 ¢ 2 2| p=1,2,3....
C—n C_p4y1 Copi2 - 2

and c_g = ¢, are all non-negative. They are strictly positive except for
p(2) = S0y pepo(e ), it pr = 1, i, real and ty, # t;, for k # j, where po(z) = 112;
in this case Dy, >0 forn < (m —1) and D,, =0 for n > m.

This necessary and sufficient condition found in (see [4]) is due to Caratheddory and
Toeplitz. Without loss of generality, in view of Lemma 2, we consider ¢; > 0. On using
Lemma 3, for n = 2 and n = 3 respectively, we have

2 C1 C2
Dy=|¢ 2
cy €1 2

On expanding the determinant, we get
Dy =[8+42Re{cica} —2 | co|>—4|c1 2] >0,

Applying the fundamental principles of complex numbers, the above expression is equiv-
alent to
2cy = ¢ +y(4 — ¢}), for some complex value of y with |y| < 1. (2.2)

2 Ci1 C2 C3
1 2 ¢ e

and D3 = 62 61 9 e .
C3 Cy ¢1 2
Then D3 > 0 is equivalent to
|(4cs — derea +c3) (4 — ) 4 c1(2c0 — ¢3)?] < 2(4 — ¢2)? — 2|(2¢2 — ¢2)]2. (2.3)

Simplifying the relations (2.2) and (2.3), we obtain

des = {c] + 204 — Ny — al@d - Dy + 214 — )1~ ) (24

for some complex values y and ¢ with |y| <1 and |¢| < 1 respectively.
To obtain our main result, we refer to the classical method developed by Libera and
Zlotkiewicz [6], which has been used widely (see [11, 12, 13, 14, 15]).

3 Main Result
Theorem 4. If f € R and F is the k'™ root transformation of f given by (1.2) then

4
2
[br+103k+1 — bag 1] < 02

and the inequality is sharp.
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Proof. For f € R, by virtue of Definition 1, we have
f'(z) = p(z), Vz€E. (3.1)
Using the series representation for f and p in (3.1), upon simplification, we obtain
Cn
n—+1’

Opt1 = n € N. (3.2)

For the function f given in (1.1), on computing, we have

1

1 > * 1 1 (1-k)
[fM)]F ="+ ;anz”k] =z+ Eagzkﬂ + {%ag 5z a%}zzk+1
1 (1—F) (1 =F)A = 2k) 3\ sk
+ {%a4 + o 0203 + T%}z + e (3.3)
From the equations (1.2) and (3.3), we get
1 (1-k)
brt1 = 702 bok+1 = 703 + 22 a3 ;
1 (1—k) (1—k)(1—2k) 4
bsg4+1 = ECM + 2 asas3 + e asy. (34)
Simplifying the expressions (3.2) and (3.4), we get
_ C1 . o Co (k’— 1) 2 .
bi+1 = T bok+1 = ok gz O
cs  (k—1) (k—=1)(2k—1) 4
b3k:+1 = E — 6k2 cic2 + 48]€3 Cq. (35)

Substituting the values of by11,bax+1 and bsgy1 from (3.5) in the functional |bg1b3k4+1 —
b, 411, which simplifies to give

1
|bk1b3k41 — b3jpn| = eord [(72c105 — 64¢3)k* + 3(k* — 1)c]] . (3.6)

Substituting co and cs values from (2.2) and (2.4) respectively, on the right-hand side of
the expression (3.6), we have

1.
576k* byt 1b3k11 — b3jiq| = | [72¢1 % Z{cf +2¢1(4 — Ay — c1(4 — cd)y?
1 2
+2(4 — })(1 — [y[*)¢} — 64 x 1{c% +y(d—c)} | K +3(k* — 1)cf|.

Then applying the triangle inequality and using the fact || < 1, will give

576k [by1bskr1 — b3y | < |(BF® — 3)c + 36k%c1(4 — ) + 4k*ci (4 — &)yl
+2(c1 +2)(c1 + 16)k*(4 — D) |y?|.  (3.7)

Choosing ¢; = ¢ € [0, 2], noting that (¢; + a)(c1 +b) > (¢1 — a)(c1 — b), where a,b > 0,
applying the triangle inequality and replacing |y| by u on the right-hand side of (3.7),
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we obtain
576k [bys1b3k1 — b3ppq| < {(51@2 —3)c* + 36k%c(4 — ) 4+ 4k (4 — A

+2(c—2)(c— 16)k2(4 — )2 }
= F(e,p), for 0 < p=1y| <1 (3.8)

Here F(c,p) =(5k* — 3)c* + 36k*c(4 — ) + 4k*c*(4 — *)p
+2(c—2)(c — 16)k*(4 — ). (3.9)

Next, we need to find the maximum value of the function F'(c, ) on the closed region
[0,2] %[0, 1]. For this, let us suppose that there exists a maximum value at any point (¢, i)
in the interior of the closed region [0,2] x [0, 1] for the function F(e, ). Differentiating
F(c, 1) in (3.9) partially with respect to u, we get

gi — {4+ (c— 2)(c— 16)u}(4 - ). (3.10)

For 0 < p < 1, for fixed ¢ with 0 < ¢ < 2, from (3.10), we observe that g—f: > 0. Therefore,
F(c, ) becomes an increasing function of p and hence it cannot have a maximum value
at any point (c, p) in the interior of the closed region [0,2] x [0, 1]. The maximum value
of F(c, ) occurs on the boundary only i.e., when y = 1. Therefore, for fixed ¢ € [0, 2],
we have

juax, F(e,n) = F(e,1) = G(e). (3.11)

In view of (3.11), replacing p by 1 in (3.9), we get
G(c) = —(k* + 3)c* — 40k*c* + 256K2, (3.12)

G'(c) = —4(k* + 3)c® — 80k*c. (3.13)

From the expression (3.13), we observe that G’(c) < 0 for all values of ¢ in the interval
[0,2] and for every k. Therefore, G(c) is a monotonically decreasing function of ¢ in the
interval [0,2] and hence it attains the maximum value at ¢ = 0 only. From (3.12), the
maximum value G(c) at ¢ = 0 is given by

max G(0) = 256k (3.14)

0<e<2
Simplifying the relations (3.8) and (3.14), we obtain

4
by 10311 — b3 | < 952 (3.15)

Choosing ¢; = ¢ = 0 and selecting y = 1 in (2.2) and (2.4), we find that c; = 2 and
cs = 0. Substituting the values co = 2 and ¢; = ¢3 = 0 in (3.5) and the obtained values
in (3.15), we see that equality is attained, which shows that our result is sharp. For these
values, from (2.1), we can derive

oo

L, 1422
plz) =1+2) 2 =T (3.16)

n=1
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Therefore, in this case the extremal function is
(o]
flz)=1+2 Z 22,
n=1

This completes the proof of our Theorem. O

Remark 5. By choosing & = 1 in (3.15), the result coincides with that of Janteng et
al. [5].
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