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ON DECOMPOSITIONS OF COMPLETE GRAPHS
INTO FACTORS WITH GIVEN DIAMETERS

PAVEL HRNCIAR

ABSTRACT. Let Fy,(d1,ds2,...,dm) be the least positive integer n such that
the complete graph K, can be decomposed into m factors with the diameters
dy,da,...,dmn. The estimations for Fi,(di,ds,...,dn) are found.

By a factor of a graph G we mean a subgraph of G containing all the
vertices of G. A system of factors of G such that every edge of G belongs to
exactly one of them is called a decomposition of G. The symbol K,, denotes
the complete graph with n vertices.

Let m,d;i,ds,...,d, be natural numbers. The symbol (see [1])
F, (dy,ds, ... ,dp) denotes the smallest natural number n such that the
complete graph K, can be decomposed into m factors with the diameters
dy,ds, ..., dp; if such a natural number does not exist then put F,(dy,ds, .. .,
dpy) = o0. Inthecased; = dy = - -+ = d,;, = d weshall write F},,(d,d, ...,d) =
fm(d). The significance of the function Fy,(dy,ds,...,dy,) resides in the va-
lidity of the following assertion (proved in [1]): K,, is decomposable into m
factors with diameters dy,ds, ..., d,, if and only if n > F,,(d1,ds, ..., dy)-

J. Bosék, A. Rosa and S. Znam ([1]) initiated the studies of decompo-
sitions of complete graphs into factors with given diameters. Many papers
deal with the problem of [1] or with its various modifications.

The following result is proved in [1]: Let m,d;,ds, ..., d, be natural
numbers > 3, then

Fm(dl:dQ:"'adm) Sd1+d2+"'+dm7m-

This result can be strengthened. For m = 3 this was done in [1] (if
min{dl,dg,d;g} Z 5, then F3(d1,d2,d3) S d1 + d2 + d3 - 8) and in [2]
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(lf min{dl,dg,dg} > 65, then F3(d1,d27d3) = d1 +d2 + d3 - 8) For m >3
the following theorem gives a better result than that mentioned above.

Theorem 1. Let m > 3, dy > dy > - > dp, > 6, d; > 2m — 1 and
ds > m — 1. Then

Fm(d17d27"' 7dm) S dl +dk—1 +dk +37
where k is the maximum natural number such that 3 < k < m and d >
m—1.

Proof. Tt is sufficient to show that the complete graph with d; + dp—1 +

dy, + 3 vertices is decomposable into m factors Fy, Fs, ..., Fy, with the di-
ameters do,ds,...,dk—2,dk+1,dps2, ..., dpy,d1,dp—1,dy, respectively. De-
note the vertices of the above mentioned graph by wui,us,...,uq,+1, 01,02,
ey Udg 41, W, W2, .., Wi 41 Let t = [%]

We shall consider the path P/ of the length dy for i =1,2,...,m —2

Uit 1 Ui Ui 2UG 1 Ui 3UG—2 « o U2 Ut Uj— 41

in the case that d; is an odd number or

Ui 1 Ui Ui 2U—1 Ui 43U —2 + « « Uit Uj—t 41 Uit 41

in the case that d; is an even number. The subscripts j of u; are taken as
the integers 1,2, ...,d; + 1 mod(d; +1). Now we are going to construct the
factors F; fori =1,2,...,m.

a) The factor F; for i =1,2,...,m — 3 consists of
1) a path P; with the following four properties
(i) the length of P; is equal to the diameter of the
factor Fj,
(if) we get P; from P/ by deleting ( if necessary) some
vertices at the beginning and the end of the path P/,
(iii) P; contains the vertices uz; 1 and uajta,
(iv) neither us;11 nor us;y» is one of the first two ver-
tices or one of the last two vertices of F;,
2) the edges
u2i+1vj7j = 17 27 L) dk—l + 17
Unjpowj,j =1,2,.. di + 1,
3) for any vertex u; which does not belong to P;
(i) the edge v;u; if j is an even number or
(ii) the edge wju; if j is an odd number.
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b) The factor F,,_» will contain the path P}, _, and the edges
Usm—305,) = 1,2,..., drp_1+1,
Usm—2wj,j =1,2,.. Ld + 1.
c) The factor F),_; will contain the path
V1V2Ud;,_1+103V4 .. . Vg, _ 1 —1Ud;,_4
and the edges

Vdp_ +1U25,7 = 1,2,...,¢,
Vdp_+1Wj, 7 =1,2,...,dp + 1,

| = — [dat2
wq u2j—1,J = 1,2,...,8, s= [IT] .

d) The factor F,, will contain the path
W1W2Wd,),4+1W3W4 . . . W, —1Wd,,
and the edges

wdk+1u2j—17j = 1727' -8 8= [dlzi] 5
wdk+1vj,j = 1,2,...,dk_1,

Udk_1u2j;j = 17 7"'at7

U1Vdj_1+1-

Now consider all the edges which so far we have not included into any
of the factors Fy, Fy,...,Fy,. Let those of them which are of the types
VW, V305, Wiw;j OI uiuj, u;w; or u;vj belong to the factors Fy,_o or Fp—q
or F,, respectively. It is easy to verify that the factors Fy, Fs, ..., Fp, have
the desired diameters and they form a decomposition of the complete graph
with dy + di—1 + dy + 3 vertices. Q.E.D.

In [1] a lower bound for f5(d) was found :

4
. 3+2\/§d7 5+2\/§.

fs(d)

For m > 3 the following theorem holds.
Theorem 2. Ifm >3 and d > 2m — 1, then

m++vm . m+/m(2m—1)
fuld) > TS motmEm ),

Proof. The maximum number of edges in a graph with n vertices and with
the diameter d is ([1], Lemma 1)

d+3n—d—1)+ (n_d_l);n_d_m.
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The necessary condition for the existence of a decomposition of the complete
graph K, into m factors with diameter d is the inequality ([1], Theorem 2)

mld+3(n—d—1)+ (n—d- 1);”_(1_2)] > n(n2— 1)
or, equivalently
(1) (m —1)n* + 3m — 2md + )n +m(d* —d — 4) > 0.

In the following we shall use the idea from the proof of Lemma 6 in [1].
The quadratic function of the variable n defined by the left hand side of (1)
takes negative values for n; = d and for ny = m;ﬁd— m+\/g£21m71) (with
the exception of the case d = 2m — 1, when it takes the value 0). Since
this function is convex and a graph with the diameter d has at least d + 1
vertices, the theorem is proved.

Remark. For d = 2m — 1 the estimation in Theorem 2 is the best possible.
In fact, in this case the right hand side of the inequality of Theorem 2 gives
the value 2m and and by [3] (Theorem 3) f,,(d) = 2m for m > 3 and
3<d<2m—1.

Theorem 3. Ifd > 2m and m > 3 then

fnld) < 2d+3

Proof. We shall confine ourselves to the case when d is an odd number (in
the case when d is an even number we can proceed in a similar way). It is
sufficient to show that the complete graph with 5'12—+5 vertices is decompos-
able into m factors with the diameter d. Denote the vertices of this complete
graph by symbols uy,us, ... usg,v1,02,. .., 0, W1, Wa, ..., Wk, t1,t2, ..., Ig,
where k = %.

a) The factor F; for i =1,2,...,m — 3 will contain the path
Uit 1 Ui 2Ui—1Ui-3U—2 -« - Uitk Ui— 41,
where the subscripts j of wu; are taken as the integers
1,2,...,2k(mod2k) and the edges
u2i+1vj,u%+1wj,j = 1, 2, ey k,

U2i+2t]',j = 1,2, .. .,k‘.
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b) The factor F,,_» will contain the path
V1V .. VW Wy . . . W
and the edges
vaug;, v3tj, tpuzi—1, J=1,2,...,k.

¢) The factor F,,,—; will contain
1) the edges

t3u2j—17 viu2;, .7 = 172;"'7k7
t3’l}j, .] = 1)2)4757"'7k(j #3)7
V1V3

2) and the path
(i) tite ... trwiws . .. wWp_1wawy . .. wy, if k is even or
(11) tita .. .tkw1w3 L WEWWye - WE—1 if k£ is odd.

d) The factor F, will contain
1) the edges
t1u2j,1,t1wj, wiu2j, ] = ]., 2, ey k

2) and the path
(1) V3Vs5...V0—_1V204 .. .UkU1t1t3 .. .tk,1t2t4 . tk if k is
even or
(11) V3V5 ... VUV ... Vp—1V1b1t3 .. . Tptaty .. . T_q if kis
odd.

Now consider the edges which so far we have not included into any
of the factors Fi, Fs,...,F,,. Let those of them which are of the types
viwy, Uitj, wit]-, ViVj, Wiwsj, titj or uitj, UjUj Or U;V; Or U;W; belong to the
factor Fy or Fy,, o or Fp,_1 or Fy,, respectively. It is easy to check that the
factors Fy, Fs,..., F, have the diameter d and they form a decomposition
of the complete graph with %i vertices.
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