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A NOTE ON REGULAR LANGUAGES

BOHUSLAV SIVAK

ABSTRACT. In this paper there are constructed two non-regular languages
satisfying the well-known necessary condition for regular languages and there
is modified this necessary condition. It is not known if the new modification
of the necessary condition is sufficient.

1. Introduction.

We are going to show that the wel-known necessary condition for regular
languages (here: Theorem 2) can be replaced (without any change in the
method of the proof) by certain more strong necessary condition (here:
Theorem 3).

We shall use the following notations:

N ...the set of all non-negative integers
T* ...the set of all strings of the form z1xs...x with k € N, x; € T,
including the empty string e.
We shall assume that the set T is finite. The subsets of 7"
are called languages.
wiws . . -(the concatenation) if wy = 1 ... 2, and w2 =Yy - .. Y,
then wyws = X1 ...2kY1 ... Ym. (Special cases: ee = e,
ew = we = w.)
|w| ...the length of the string w (Je] =0.)

a™  ...the string aa...a (n-times, a® =e).
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Remark. The notion of regular language can be defined by many ways. More
precisely, there are many possible (pairwise non-equivalent) definitions of
regular grammars. However, all these definitions yield the same class of
languages.

2. Two conditions for regular languages.

Theorem 1. (An easy consequence of Theorem 3.1 in [4], resp. Theorem
1.3.3 in [5]. See also [1].) Let T' be a finite set and let L be a subset of the
set T*.
a) Put
Ry ={[z,y] | Ly = Ly}, where
L,={t]|ztelL}.
(Here z,y,z,t € T*.) If the language L is regular then Ry, is a right con-
gruence on T* such that L can be written in the form of the union of some
classes of the equivalence relation Ry and this equivalence relation has a
finite index.
b) If R is a right congruence on T* of a finite index and if the language
L can be written in the form of the union of some classes of R, then
L is regular.

Remark. For each finite set T, the set T* with the operation of concatena-
tion is a free monoid over the set T. The "right congruence” is an equiva-
lence relation R on the set T such that

xRy implies zyRyz (z,y,z € T").
The index of any equivalence relation R is the number of R-blocks.

Example 1. (by [5], Example 1.3.6.) Put T' = {a, b}, L = {a™b"|n > 0}.
Applying Theorem 1, we shall prove that the language L is not regular.

If L is an union of certain classes of a right congruence R on {a,b}* of a
finite index p, then at least two of the strings

a,a®,a®,..., aP.
are in the same class of R, say
a'Ra’,1<i<j<p+1.
Then (R is a right congruence!) it holds:
a'b*Ra’b?,
a contradiction (a’b’ € L but not a/b’ € L).
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Lemma 1. Put T = {a, b} and put
Ly = {a"b"|n > 1},
Ly = {wlw € T*, #a(w) = #4(w) > 0},
where #;(w) denotes the number of occurences of the symbol t in the string
w. Then it holds:
L, CLC Ly,= L is not regular.

Proof. Similarly as in Example 1, at least two of the strings a, as,as,...,
ap+1 are in the same block of the right congruence R, say

a'Ra’,1<i<j<p+]1.

Then it holds o
wi; = a'b'Ra’b' = wo,

a contradiction. (Here w; € L; but not ws € Lo.)

Theorem 2. (See [6], Theorem 3.6 with a fault in the last row.) Let L be
a regular language. Then there exists a constant p > 0 such that for every
w € L, |lw| > p, the string w can be written in the form

w = wiwaws,

where 0 < |[W»| < p and for all i € N, wyws'ws € L.

Remark. In Theorem 2, the case i = 0 is included. In the proof of this
Theorem there are used finite automata. The fundamental properties of
regular languages and finite automata can be found, for instance, in [1], [2],
[3]-

Example 2. Let Ly be a language from Lemma 1. We know that Ls is
not regular. However, the non regularity of this language can not be proved
by a direct application of Theorem 2. In fact, the necessary condition is
satisfied for p = 3. (Each string w € Lo, |w| > 3, contains a substring
identical to ”ab” or "ba” and this substring can be used in the role of ws in
Theorem 2.)

Remark. (See [5], Example 2.2.13.) It is known that the class of all regular

languages is closed to the operation of the intersection. Using this fact and

Theorem 2 we can easily prove the non-regularity of Lo. In fact, if we put
Ly = {a'v?]i > 1},

then LoN L3 = L; and the non-regularity of Ly can be proved by Theorem 2.
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3. A more strong condition of regular languages.

Theorem 3. Let L be a regular language. Then there exists a constant
p > 0 such that for every w € L, if |{w| > p and w is written in the form

w = T1uTs, [u] = p,
then the string v can be wrtitten in the form

u = Y10y, [v| > 0,
in such a way that for each i € N, x1y1v*ys22 € L.

Remark. Theorem 3 can be proved by the same method as Theorem 2. We
are going to show that the necessary condition in Theorem 3 is more strong
than the necessary condition in Theorem 2.

Example 3. Let us continue the Example 2. The language L is non-
regular but this fact can not be proved by a direct application of Theorem
2. On the other hand, it is possible to apply Theorem 3: it suffices to put

w=a’bP,x;1 =aP,u=0", 25 = e.
Remark. By the same argument it can be proved the non-regularity of the
language Ly (see Lemma 1).
Example 4. Put T = {a, b} and put
L= {a™(ab)’bF :m >k >0,7 >0}.

First we shall try to apply Theorem 2. However, the necessary condition

is satisfied for p = 3. In fact, assume that
w = a%(ab)b* m>k>0,j>0,m+2j+k>3.
There are 3 possibilities:
1) j > 1. Then it suffices to put

wy = a™,wy = ab,wz = (ab)jflbk.
2) j =1,k > 0. Then w = a™(ab)b*,m > k > 1 and it suffices to put
w1 = a™, wy = ab, wy = bF.
3) =1,k =0,m > 0. Then w = a™*'b,m > 1 and it suffices to put

w; = e, ws = a, w3 = ab.
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Therefore, it is impossible to prove the non-regularity of the language L by
a direct application of Theorem 2, but it suffices to apply Theorem 3 to the
strings

x1 = aP(ab),u = bP, zo = e, w = ap(ab)b®.

Remark. The language L from Example 4 is not regular but it is context-
free. In fact, it is generated by the following context-free grammar:

S — aSb|aS|R,

R — Rab | ab.
(Here S is the starting non-terminal symbol.) The author does not know if
the non-regularity of this language can be proved by a similar method as in
the remark after the Example 2.

4. Two open problems.

In [4] many unsolvable problems concerning context-free grammars and
languages can be found. For instance, it is unsolvable to decide if the
language generated by arbitrary context-free grammar is regular. Therefore,
at least one of the following two problems has the negative answer.

Problem 1. Is it possible (for an arbitary context-free grammar G) to
decide if the language generated by G satisfies the necessary condition from
the Theorem 37

Problem 2. Is it true that each context-free language satisfying the
necessary condition from Theorem 3 is regular?
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