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CHARACTERIZATION OF UNIVERSAL
QUASIGROUP IDENTITIES OF CANONICAL TYPE

GABRIELA MONOSZOVA

ABSTRACT. Quasigroup identities of canonical type are defined. Conditions
which are necessary and sufficient for such identities to be universal are
found.

In 1968 Belousov [1] posed the conjecture that the variety of quasigroups
is invariant under the isotopies if and only if it can be characterized by equal-
ities whose coresponding diagrams satisfy the following two conditions:

(1) they can contain only forks of the following three types

(2) if the numbers 1, 2 and 3 are assigned to the tops of the forks as
indicated below
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then whenever an element x has a position i, i = 1,2,3 in a fork
then the element = has the same position 4 in any fork containing z.

In the present paper necessary and sufficient conditions for a class of
quasigroup identities to be invariant under the isotopies are given.

Let (Q; A) be a quasigroup. The right or the left inverse operation to
the operation A will be denoted by "A or ' A, respectively. Using the unary
functors r and I, we can assign the set ¥4 = {A4,7A,TA AT A T AL to
the quasigroup (Q;A). Here ™A := "('A) and similarly for A and ™" A.
Denote by ¢ the identity map. Since r?> = [?> = ¢ and rlr = Irl, the set
Y = {y,r,l,rl,lr,rlr} with the composition is a group isomorphic to the
group of all permutations of a three-element set. Hence for every o € ¥,
A(z,y) = z if and only if “A(oz,0y) = 0z.

Throughout the paper X is a countable set of variables, T'(X 4) is the set
of all terms of the language ¥ 4 over X and R(X 4) is the set of all identities
of the language ¥ 4 over X. For w € R(X 4) let W, be the set of all variables
contained in w and V,, the variety characterized by the identity w.

To every quasigroup identity w € R(X4) a diagram can be assigned such
that to every operation from Y4 a vertex coresponds as shown in Fig.1.

VVVV VY

"Alz,y)  lAz,y) MA(z,y) TA(z,y) TA(z,y)

Fig.1

Moreover, to every variable occuring in the identity w we can assign one
of the numbers 1, 2 and 3 according to Fig.2 (note that here the notation
of vertices plays an important role).
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Fig.2

We give an example. Consider the identity

((z2) xy) "()z = (2\y)(2/2)

where (4) = (), ("4) = (\), *4) = (/), (""" A) = (x) (i.e., the multiplicative
notation is used). Then the diagram assigned to w is that in Fig.3.
zx Y oz x Y z T

N2 1 /1

| *

Fig.3
Definition 1. Every quasigroup identity w € R(X4) of the form

Az, Az, T ARy Teg) ) = o

where n € N, z,,21,...,Zp41 € X, 01,09,...,0, € X will be called an
identity of canonical type.

Definition 2. An identity w € R(X4) of canonical type will be called
optimal, if it satisfies the following three conditions

(i) w contains no terms of the forms
B(z,"B(x, 1)),
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'B(z,"B(y, x)),

where B € X4, t € T(X4), x,y € Wy;
(ii) for every i, j with 2 < i < j < n there exists a quasigroup @ € V,,
in which the identity

Ai(xiaAi+1($i+17 - ,An(xn,a:n+1)) .. ) =

= Aj(zj, Ajy1(Tjra, - An(Tn, Tnga)) - )

does not hold;
(iii) for every 7 with 2 <i < n there exists @ € V,, in which the identity

Ai(@i, Aigr, - An(Tns Tpgr)) -2 ) = Tnpa

does not hold.

An optimal quasigroup identity will be called nontrivial if it contains
no isolated variable, i.e., if every variable x € W,, occurs at least twice in
the identity w. In the sequel only nontrivial quasigroup identities will be
considered.

Let (Q1,B) and (Q2, A) be quasigroups. An ordered triple T' = (a, 3,7)
of bijections of the set @)1 onto the set @) is called an isotopy of the quasi-
group (@1, B) onto the quasigroup (@2, A) provided the following diagram
commutes

Q1 x @y L Q1

axﬂl ’Yl

Q2% Qs —25 Qs
The quasigroup (Q2; A) is also called an isotope of the quasigroup (Q1; B).
Let T'(¢1, p2, ¢3) be an isotopy of a quasigroup (@); B) onto (Q; A), (with-

out loss of generality we can assume that Q)1 = Q2 =: @, since Q1 = Q).
An identity w € R(X4) of the form

(W) JIA(mlaozA(mQ:"'70nA(mn7mn+l))"') = Zo

is called universal [2], if it is invariant under every quasigroup isotopy. In
other words, w is an universal identity if it holds in some quasigroup (Q; A)

48



if and only if for any isotopy T = (g1, p2,¢3) onto quasigroup (@, A), the
identity

(Tw)

UlA((pUllwla3001290;21302’4(90021172: vy (pun_12g0;71130"A(g00n11'n, ¢0n2xn+1)) .. )

= Pg13To
also holds in (Q; A).

Definition 3. We will say that the diagram of a quasigroup identity sat-

isfies the condition if all forks contained in the diagram are of the
following form (see Fig. 4):

<

Fig. 4
Here \/ denotes any of the vertices \/ or \9/
Here \/ denotes any of the vertices \v/ or W
Here \/ denotes any of the vertices \@/ or %/

Definition 4. We will say that the diagram of a quasigroup identity sat-

isfies the condition if every variable occuring at a top of the diagram
has the same position in each of its occurences (see Fig.2).

Theorem 5. Let an identity w € R(X 4) be nontrivial. If the diagram of

the identity w satisfies the conditions and then w is invariant
under the isotopies of quasigroups.

Proof. Let w € R(X4)
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(W) 01A(£1702‘4($2:"'7URA('rn7In+1))"') = Zo

holds in a quasigroup (Q;X4) and let T = (¢1, @2, 3) be an isotopy onto
the qausigroup (Q;X4). We are going to prove that also the identity

(Tw)

JlA(thllmlv(PU12<10;21302A((P021$27 (RN @an,12¢;j30n14-(800n11'n7 @oann+1)) ce.

= @013$0

holds in the quasigroup (Q;X4).
Write the identity Tw in the following more convenient form

(Tw)
ol 1 Pool 1 2 )
Po12¥Ps,3 Pon-12¥s, 3
1A (24, 2 A (22, ..., on A (Tny Tpy1)) ...)=

Here the coefficients (i.e., the bijections) from the isotopy T'(¢1,¥2,¥3)
corresponding to the variables occuring in the identity are written in the
first row. The second row contains the coefficients (i.e. compositions of two
bijections from the isotopy T'(p1, 2, ¢3)) corresponding to the symbols of
binary operations.

By the assumption the diagram of the identity w satisfies the condition
. Thus every variable has the same position in each of its occurences.
Therefore we can omit the first row and write the identity w using only two
rows.

Since the diagram of the identity w satisfies also the condition , we
have ps,2 = @Yo, .3, i€ <p0k2<p;k1+13 = for any k € {1,2,...,n — 1}.
Therefore also the second row can be omitted. Then the identities Tw and
w have the same form and so it is obvious that 7w holds in a quasigroup if
and only if w holds in it.

Theorem 6. Let w € R(X4) be a nontrivial identity. If the diagram of the
identity w satisfies the condition and does not satisfy the condition
then w is not a universal identity.

Proof. Let w € R(X4) be a nontrivial identity and let T = (p1, 2, ¢3)
be an isotopy onto a quasigroup (@Q; A). Write the identities w and Tw as
follows:
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(w) TVA(z1, 2 A(z2, .., T ATy Tpg1)) - o) =T

(Tw)
Poil Poal Do, 1 Po,2

9001290;213 Saﬂn—l?(p;nlB
A (1, 72A (w2, ..o, A (Tns  Tpt1)) ...) =

Choose T' = (¢1,¢2,¢3) = (1,6,t). The diagram of the identity w satis-
fies the condition . For the same reasons as in the proof of Theorem 1
we can omit the first row in T'w to get

ﬁﬂ ﬁfz . /857»
(Tw) <”1A (21, A (22 . A (Tnasr)) o) = :c>
Heree; =0 and ¢; € {—1,0,1} for i € {2,...,n}.

The ordered n-tuple < €;1,¢€s,...,€, > is said to be the signature of the
identity Tw and every pair < &j,&;4,m > with j,m € {1,2,...,n — 1},
Jj +m < n a sign change in the signature provided €j.€j4m = —1 and
simultaneously €41 = €j42 =+ - = €j4m—1 = 0.

We are going to show that there exist a permutation # and a quasigroup
@ such that the identity w holds in @ but the identity 7w where T' = (1, 5, ¢),
does not hold in . Denote the number of sign changes in the signature
< €1,..-,€n > of w by d and the number of non-zero elements of this
signature by p. Without loss of generality we can assume that, for example,

en==¢k, =1, en1=0, epo=¢p,_,=-1,...,e5=0, ea=¢ =1

the signature has p non-zero elements
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Then the following table can be assigned to the identity Tw

7 A@n, o) co T Ay, ™ A, P y))
2 A2, "1 A(Tn-1,1Y)) -
Bx Ly Py
Bl 2y
Tab.

Here in the first row we have the arguments of the permutation 3 and in
the second row the arguments of the permutation 8~!. The values of 3 or
B! at these arguments are written in the third or fourth row, respectively.
Since we want 3 to be a permutation, from the table we can see that all
the values in the first and fourth row must be mutually different. Hence
we get (5) conditions. Similarly we get other (£) conditions by taking
into consideration that all the values in the second and third row must
be mutually different. We are going to define 8 so that it satisfies all the

mentioned conditions and, moreover, the condition

UIA(m17ﬁ52 U2A(m2: .. '7ﬁ€n gnA(x’l’van-i-l)) t ) 7é To,
ie.

T A(x1,Py) # xo.

Exactly d conditions from all p(p-1)+1 ones have the following form

(qx) T A, P A ) ) #

Since the identity w is optimal, for every condition (gq¢), & € {1,...,d}
there is a quasigroup @y € Vi, and elements of this quasigroup for which
(gr) holds. By Birkhoff theorem, @ := Q1 X Q2 X -+ X Qg4 € V,,. Then it is
possible to define (we do not go into details) n+2 elements ay, as, ... ,apt1,
a, from the quasigroup ) and a permutation 3 on @ such that

B Ala, B2 72 Alag, . .., 77" Alan, Gny1)) - ) # Go.

So the identity w holds in the quasigroup @ = Q1 X Q2 X -+ - X @4, but the
identity Tw, T = (¢, 3,¢) does not hold in this quasigroup. Therefore w is
not universal.
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Theorem 7. Let w € R({A,"A,'A}) be a nontrivial identity. If the dia-
gram of the identity w satisfies the condition and simultaneously does
not satisfy the condition then w is not universal.

Proof. If the diagram of the identity
TV A(x1,72 Az, . .., TP A(Z, Tig1)) - - ) = T

satisfies the condition | B1], then for every o; € {1,7,1,} the following holds
- if o4 € {¢,7}, then op41 = rog, k=1,2, ... n-1;
-if o4 =1, then 09 =r and op41 = rog, k=2,3, ... n-1.
Depending on o7 and parity of the length I(w) of the identity w we obtain
six possible forms of w (the multiplicative notation will be used):
1) if 51 = ¢ and I(w) is an even number

(1) 21 @2\ @3 (1 .\ (o1 @ \Tn11)) - ) = 705
2) if 01 = ¢ and I(w) is an odd number
(w2) z1(za\(z3(2s\ .. \ (@1 \(@Zp-Tpg1)) ... ) = Tp;
3) if o1 = r and I(w) is an even number
(w3) i\ (@2(23\ ... (Tn_1\(Tn-Tnt1)) ...) = Xo;
4) if oy = r and l[(w) is an odd number
(w4) i \z2(23\ - N\ (@n-1 (T \Tnt1)) ) = To;
5) if o4 =1 and I(w) is an even number
(ws) w1/ (@2\(@3(2a\ . .\ (@1 (@p\Tn41)) - ) = 2o
6) if 01 = [ and l(w) is an odd number
(ws) z1/(z2\(z3(2s\ .. . (o1 \(Zp-Tpg1)) . ) = T
By using transformations which transform the identities fulfilled or not
fulfilled in a quasigroup into the identities which are fulfilled or not fulfilled,
respectively, in it, one can get the identity w; from ws and the identity wo
from wg. So it suffices to prove that the identities wy, ws, w3 and w, are

universal:
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la) If 41 # z,, then the diagram of the identity w; has the following
form:

Then there is at least one ¢ and at least one j, 7,5 € {1,2,...,n} such that
T; = Tpyy and z; = x,. Let, e.g., i=2 and j=3. Then
(Twy) azy(aws\(azs(axy ... (0xp_1\Y22))...) = YT3.

Choose a quasigroup () from the variety V,,, and elements a;,as,...,a,,b €
@ such that b # as # ag # b. After substituting these elements into the
identity w; we get

ay(az\(az(aq\ ... (an—1(ap\az2))...) = as.
Choose the isotopy T'(t,¢,7) onto the quasigroup @ with
vas =b, vb=a3, ~yxr ==z, forall z € Q- {as,b}.
Substitute these elements into
(Twy) zr(za\(z3(z4\ - .. (Tn—1(xn\Y22))...) = Y23
to get
ay(a2\(as(a4q\ ... (an—1(an\a2))...) = 0.
Clearly, the identity T'w; does not hold in ). Therefore w; is not universal.

1b) If 2,41 = x, then we have the following diagram of the identity wq
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Since this diagram does not satisfy the condition , there is at least

one i € {1,2,...,n} with x; = 4. Let, e.g. 9 = x4 = zp41. Then
(wn) z1(z2\(z3\(z2(25\ . .. (T \22))...) = @2
(Twr) w1 (z2\(3\(z2(25\ - . - (T2 \772)) ... ) = 722

where vz =1y ¢ Wy, .

Denote the left-hand side of the identity w; by f and consider the free
quasigroup F' whose free generators are the elements of the set W, U {y}.
In the quotient quasigroup F ‘ ©<f,z.> (Where the relation © < f,zy > is
the smallest congruence containing the element [f, z3]) the identity w; holds
whereas T'w; does not hold in it. Therefore w; is not universal.

2) The following diagram corresponds to the identity ws
Ty T2 3 Xy Tp—1Tp Tntl

Lo

3
Consider quasigroup (Q;.,\,/) and take elements a,,a1,...,ap+1 € @ in
places of the variables z,, z1,. .., Zp4+1. Choose an isotopy T'(¢, ¢, y) onto the

quasigroup (@Q;.,\, /) such that the permutation v on @ has the property:
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ya, = b # a,. Then the identity Tw, does not hold in the quasigroup
(@;.,\,/) and so ws is not universal.

Analogously as in the case of the identity w; or ws one can prove that
the identity w3 or wy, respectively, is not universal.

Theorem 8. Let w € R(X4) be a nontrivial identity. If the diagram of the

identity w satisfies neither the condition nor the condition then
w is not universal.

Proof. Take w € R(X4)

(w) YAz, 2 A(z, .., T ATy Tpg1)) - -2 ) = T

By the assumption the diagram of the identity w does not satisfy the
condition . Then there is a variable z; € W,, which occurs in the dia-
gram in two different positions. Without loss of generality we may assume
that one of them is the position 2. Consider the variety V,, and choose a
suitable quasigroup @ € V,, (the choice will be specified later). Take an
isotopy T = (¢, 8,¢) onto @ (B will be specified later)

(Tw)
ﬂs’l ﬁa’z o /3’5:1 ﬁsiﬂrl /65;
ﬁ61 ﬁ62 . /8571

A (z1, A (z2, ..., A (T, Toy1)) )= T

where ¢} € {0,1} and ¢; € {-1,0,1},¢ =0,1,...,n+1,j =1,2,...,n.
Then n-tuple < &1,€9,...,&, > can be regarded as the signature of Tw.
Denote by p the number of non-zero elements of this signature and by d the
number of its sign changes. Now analogously as in the proof of Theorem
6 consider p(p-1)+1 conditions and substitute suitable chosen elements ay,
a2, ..., Gpy1, G from the quasigroup @ into the variables 1, 2, ... , Tpt1,
Zo.
Further, we get p(n+2) new conditions by requiring

tm 7 g, k=0,1,....n+1, m=12,...,p,

where t1, ta, ... ,t, are terms from the first and from the fourth row in
Tab. So together we have p := p(p — 1) + 1+ p(n + 2) conditions. Let d
of them have the (g;) form (see proof of Theorem 6). Then the wanted
quasigroup @ € V,, will be of the form @ := Q1 X -+ X Q7, where Q1,

. ,Q7 are suitable quasigroups chosen from V,, by using conditions (qz),

56



k=1,2,...,d. Now we are going to define a permutation 8 on Q. Take a
map 3 satisfying the above mentioned p conditions as well as the conditions
fBay = ay, k=0,1, ... ,n+1. Then extend (3 to be a permutation on ). Then
Tw is not fulfilled in the quasigroup ) though w is fulfilled in it. Therefore
w is not universal, which finishes the proof.

From Theorem 5 and Theorem 8 it follows that is a necessary con-
dition for a quasigroup identity w € R(X4) to be universal. Similarly, from
Theorem 6 and Theorem 7 we get that is a necessary condition for a
quasigroup identity w € R({A,"A4,'A}) to be universal.

Hence we have

Theorem 9. Let w € R({A,"A,'A)} be a nontrivial identity. Then the

diagram of the identity w satisfies the conditions and if and only
if the identity w is universal.

Recall that every quasigroup identity such that its length is at most 7
and neither it nor the identities obtained from it by any transformations
contain a square, can be transformed into an identity of canonical type
by using only transformations which do not change the universality of the
identities [3]. This fact enlarges the class of quasigroup identities for which
Theorem 8 gives a necessary and sufficient condition for the universality of
the quasigroup identities.
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