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(1,1)-FORMS AND CONNECTIONS ON A VECTOR BUNDLE TM

ANTON DEKRET

ABSTRACT. In this paper the subset of the space of the (1,1)-forms on 7'M on which there
exist natural operators over idpas transforming these forms into connections on TM and all
these operators are determined.

INTRODUCTION

Let (2',2%) be a local map on the tangent bundle p : TM — M. A connection I' on
TM can be determined by its horizontal form hr that is a (1,1)-form on T'M such that
Tp-hr =Ty, hr(Y) =0, Y € VTM, where T, denotes the tangent map of p and VI'M
is the vector bundle of all vertical vectors on T M. I’; are called the Christoffel’s functions
in coordinates hy = da' @ 8/3xi + F;(I,xl)dxj @ 3/3:%.

Let J = dz* ©® 8/0z} be the canonical (1,1)-form on TM. Grifone [1], 1972, defined a
connection on TM as a such (1,1)-form ¢ on TM that oJ = —J, Jp = J. Its local form
is ¢ = da' © 9/0x" + (pida? — da}) @ 0/0z. Evidently ¢ — (¢ + idrry) = hr is a
bijection between the Grifone forms and the horizontal forms of connections.

Let (1,1) = C*T*TM @ TTM or CTM be the space of all smooth (1,1) forms or of all
connections on T'M. In this paper we determine the domain of natural operators of zero
order from (1,1) into CTM and construct the list of these operators. We use the natural
bundle theory, see for example [2], [3].

OPERATORS OF ZERO ORDER FROM (1,1) INTO CTM

In the natural bundle theory the effort to determine all natural operators of zero order
from (1,1) into CTM over idyys is equivalent to the one to determine all smooth natural
transformations from the bundle T*TM @ TTM into CTM over Idrp;. As the natural
bundles T*TM @ TTM and CTM are associated to the principal fibre bundle H? M of
the frames of second order on M with the type fibres Sy = (T*TR™ @ TTR™ )y and

1991 Mathematics Subject Classification. 53C05, 58 A20.
Key words and phrases. tangent vector bundle, (1,1)-form, connection, natural operator.

3



Sy = (CTR™)p, in order to determine all above mentioned transformations we need to
find all L? - equivariant maps from S into Sy, where L?, is the differential group of the
second order.

Let ¥ = fi(z7) be a local diffeomorphism f : R™ — R™, f(0) = 0. Then TTf :
TTR™ — TTR™ is of the form.

7= fial), T = fixd, dTt = fide?, dT) = fialdel + fldo]

where f]’ = 2700 , f]lk = aag;a(gl. Then we find the action of L? on S; and on S5 as

follows; on Sy:

(1) Tl =
= flap - fNL R fy L B = Fib ﬁﬁzﬁ,
Eé‘ = (fiyiay —I_fkct)ft (fipxsbh ‘I'fkhk)f xy ]q ;
; = (f;isw'fbi —I'fkhﬁ) j o

. . . _l . k:,., . k‘~
(L’; :f;xiu P] :fllcsxlf]s +fllcrs ; ’

where (:L'],a],b;,c],h] ( ) are coordinates on 51 or on S5.

Let o = (a}da’ + b’dxl) ® 8/81} + (chda? + h'da /) @ 8/dz% be a (1,1)-form on TM.
Then JaJ = b;dzx] ® 8/811 s a Lm—tensor There are two cases

1. JaJ=0, ie bi=0.

We have two forms a := Ja = aid:tj ®8/0zt, h:=aJ = h;dxj ® 0/0zt. Denote Sy the
subspace of Sy of such (1, 1) forms a for which JaJ = 0.

Amap®:5, — Sy :7% = at, F’ = ¢ ( x{,al,cd, hl) is L}, -equivariant iff

(2) fksxlf +fk (xlvagvcguhg) = @} (x%aq C;InEZ)

where f%,ﬁg,Eg,E; are given by the equations (1). The equations (2) according to the
subgroup of homotheties f = (k(S; = }, f;k =0),k # 0, are of the form

@;(xg,aq el hl) = @;(kxl,aq el hl).

p>Tprp p>Tpp

Therefore @; are independent of (z{). Then the Ker {-equivariancy, where 7 : L? — L1,
is the subjet projection, gives

(3) flzjﬁf + P’ ((1270;1),}1%) q’;(“gv“q + uleap - hqfupTlv )

Remark 1. If o is semibasic with value in VI'M, i.e. if a = 0,h = 0 then (2) is not true.
Then there is not a natural operator of zero order from the space of semibasic (1,1)-forms
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with values in VT M into the space CTM. This coincides with the result of Janyska [2]
by which a (1,1)-form on M does not determine any linear connection.

It follows from (2) that g?; are constant on the Ker 7#-orbits the local equations of
P

which are as follows:

B R A ik s TV g i i
(4) ZCl —.’.U17 Cl]‘ —a]‘7 C]‘ —C]—I_Fkaj _hst7 h] —h]7 Fk = fukxl

There are two cases:
la) The map # : (y*) = (6ak —hv6F)ys ie. y = ya—hy, on (R™)* @ R™ is regular.

Then it follows from (4) that aaij are independent of ¢f. Then

Bt = A (ab, hY)el + Bi(al, hY)

g P PP

and the equation of the Ker 7?-equivariancy of CI>; is of the form

T w/Sv k v ok s
F] - Ajv((ssau 7h35u)Fk ’

1

ie. (Aﬁ) are the coordinates of the map ~~'. It is easy to see that ® is L? -

equivariant iff x; = B;(ag, hg) is a L} -equivariant map from R™* @R™ x R™*@R™
into R™* @ R™.

Consider a map ~v on T*M @ T(TM) over idry defined by the rule v : z
za—az, y(zjde! ©9/dx' +nida! © 0)9x}) = (zlaf —alzi)da! @ 9)dx' 4 (—ciz) +

néajf — hinj)d;tj ® 0/0x}. When & is regular there is a unique horizontal form

2o = dz' @ 0/dx' + n}dxj © 0/0zt such that v(zo) = 0 in coordinates 77;- = A;‘f)cz
Denote by I'y the connection determined by z;. We have proved the following
proposition:

Proposition 1. All natural operators ® from the space of (1,1)-forms o on TM such that
JaJ = 0 and the map k4 is regular into the space of connections on TM over idry; are
of the form

® =T, + Bla,h)
where B is a natural operator of zero order from C®[(T*M @ VT M )xry (T*M @ VT M )]
into C®(T*M @ VTM) over idryy.

1b) Let & be singular. The equations E; = cé + (5§a§ — h;(gf)F,f of the Ker Wf—orbit can

be written in the form

e =c+ (8aj — hiS)FY -+ 4 (6l,a) — hi 01V F" + (8fal — hi63)F) + ...
(5) e (6,05 = RSN A (6,0 — hi, 8T, m = dim M

or shortly C =C + AF.
Let the rank of Kk be h = sm + k, kK < m,s < m. Suppose that the first h
columns of the matrix A are independent. Then the equations (5) are of the form

(6) C=C+AF' +.. . 4A,F"



where A1, ..., A, denote the first A columns of the matrix A,

FI:FI‘|‘t£n+1Fm+1+"'+tfn2—th2_h7 I:l,,h
F':=F, F*.=F . F" =F" C':=C!, ... C" =C"

m

and L are the coefficients of the linear combination of the column A, according
to the columns Aq, ..., Ap. Without loss of generality we suppose that the first h

rows of the matrix A are independent. Using the first h equations of (6) we get
FC=AYC" - C"), n, £=1,...,h

Then the last m? — h equations of (6) give

" =CPy ADASC —C"), B=h+1,..m"

Then the equations of the Ker 7f-orbits are of the form

' AlAScn = - AlASC, ab=dl, B =R

J g 'Yy J
This means that

0%

q
Ocy

- ¢j§(av7hvv Cﬁ 13 507))
FOI' Cg = Cﬂ we haNe

Then <I>§ = apjﬂ(a, h)Cﬁ—l—Lp;(a, h,C™m)if ;/J;/@ are independent of u” = Cﬁ—AgzZlgC"
and .

<I>; = G;(a,h,u) if 1/)}3 are dependent of u”. As % are dependent of a, h, u only,
there is ! = goég(a,h)CE. We conclude @' = c,o%(a, h)eh + Gi(a, h,u).

Now, the Ker 7?-equivariancy leads to the equations
F} = ¢5i(a,h)[67ay — hIS{1F;

from which it follows that x must be regular. We have proved the following:

Proposition 2. If JaJ = 0 and k is singular then there is no connection on TM which
is determined by the natural operator of zero order from the space of (1,1)-forms « that
JaJ =0 and k is singular into the space of connections on T M.



Example. In the case of a Grifone form a = 51 hi = 7(51 JaJ =0, £ = 2id and so

P} = %c] are the Christoffel’s functions of the connectlon T,

2) Let JaJ # 0. There are two cases:

2a) Let JaJ be regular, det(b}) # 0. Consider Jo = (a}dxj + b;dx{) @ 8/83:}1. Denote
by 'y the connection the horizontal distribution of which is spanned on vectors
X, Ja(X) =0, ie. I“ —lN)Za are the Christoffel’s functions of T'y. Then any
conection I' on T'M is of the form I'y + ¢, where ¢ = ¢ tdxd © 0/0x! is a semibasic
(1,1)-form on TM with values in VI'M. Now we ﬁnd all natural operators ¢ of
zero order form C*°(T*TM @ TTM) into C>®(T*M @ VT M), i.e. we find all L? -
equivariant maps from (T*TR™ @ T(TR™))o = Sy into (T*R™ @ VI R™)y = Ss.

In coordinates, we find all functions c,o;-(a, b, ¢, h) which satisfy:
(7) f;csp (CL, b,C,d) N]S = 9‘5;(6757573)7
where @,b,¢,d are determined by (1). In the case of the Ker n?-equivariancy the

equations (7) are of the form L,o;(a,b, e, h) = L,o;-(ﬁ, b,%2,h). Therefore functions Lp?
are constant on the Ker n}-orbits, the equations of which are

al = a; — b FF, @ = Fla} + ¢} — (Fiby + hy,)F
(8) hi = Fib? + I, b]:b}

bSE’“ + @bk = bphk + a;bk
—Thhal =t —hibia

of the Ker wf-orbits. This means that the functions L,o; are constant on the Ker
ni-orbits iff they are of the form

Pl =t (b0, bIRL + afbl, ! — hibjak).

t¥p>

It is easy to see that these functions are L? -equivariant iff they are L! -equivariant.
Calculating

Ja*J = (aib; + bih;)d:cj ® /0,
a—ab ! Ta = (c; - higiaf)dxj © 9]0z}

we can conclude:



Lemma 1. All natural operators of zero order from the space of the (1,1)-forms on TM
such that JoJ is regular into the space of the semibasic (1,1)-forms with values in VI'M
are of the form ¢(JaJ,Ja?J,a — a3 *Tra) where ¢ is an operator of zero order from

Co(T*M @ VITM)xryT*M @ VI MaryT*M @ VI M)) into C(T*M @ VTM).
It immediately gives:

Proposition 3. All natural operators of zero order from the space of the (1,1)-forms on
TM such that JaJ is regular into the space of connections on T M are of the form

Lo+ o(Jad Ja*J,a — af ' Tryp)

where @ is the operator described in Lemma 1.

2b) Let JoJ be singular, det(b}) = 0. We find all L? -equivariant maps
I‘; = @;(xf, ad,bl, cl ki) from Sy into Sa. It follows from the homothety subgroup
equivariancy that CI>; are independent of z¥. The condition of the subgroup Ker
ni-equivariancy is of the form

t ? o Fif=q 71 =q¢ 79
F]- + @j(ag,bg,cg,hg) = Cﬁj(ag,bp,cg,hp)

where Eg,EZ,Eg,EZ are determined by the equations (8) which are the equations of

¢

Ker 7T]2—orbits on S7. It is easy to see that the functions Zcfc{ are constant on the
3 P

Ker 72-orbits. The equations (8) can be arranged in the form

gl — g9 — pIF"
ay = ay — bLF,

B = e, alh, + 000y = albk + bihs = HY

s p.:

be(esby + hyhy) + alH) = bl (c5bl + hihl) + ol HY

By the analogous procedure as in the case 1b) based on the equations a? =

P
ag — b‘}FpT we can deduce

Proposition 4. If a (1,1)-form is such that Ja.J # 0 but singular then there is no con-
nection on T'M which is determined by the natural operator of zero order from the space

of such (1,1)-forms o on TM that JaJ # 0 but singular, into CTM.
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