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ON ALMOST COMPLEX STRUCTURES ON FIBRE BUNDLES

ANTON DEKRET

ABSTRACT. If o is an almost complex structure on a manifold M then there is not a con-
nection on M induced by «. In this paper the problem of connections on a fibre bundle
m:Y — M, dim M = dim of fibres, which can be constructed from a given almost complex
structure a on M only is explored.

INTRODUCTION

Let « be an almost complex structure (ACS) on a manifold M, dimM = 2m, « is a
(1,1)-tensor field on M such that a? = —Idra. It is known, see [3], [4], that there is
no connection on M, linear connection on the tangent bundle pps : TM — M, which
is canonically induced by «. If a is an ACS on a fibre bundle 7 : ¥ — M, dim M is
the dimension of fibres, then the question of connections on Y entirely determined by «
arises. Examples of such fibre bundles are pps : TM — M and the cotangent bundle
m:T*M — M. In this paper we construct connections from the given (1,1)-tensor field «
on Y with emphasis on the ACS-case. If Y = T'M then there are some special geometric
objects on T'M which are in interesting relations to our topic. We have discussed them in
[2]. In this paper all maps and manifolds are supossed to be smooth.

CONNECTIONS AND ALMOST COMPLEX STRUCTURES ON Y

Let (2%, 4*) be a local fibre chart on a fibre bundle 7 : Y — M, dim M is the dimension
of fibres.

Let us recall that a connection I' on TY can be considered as a (1,1)-tensor field hp
(horizontal form of I'), such that Twhy = Tw, hp(VY) = 0, where T'r is the tangent
map of the map m and VY is the vector bundle of all vertical vectors on Y, hr =
= dz'* ® 9/9x" + F; (z,y)dr? ® 0/0y*. Then hr(TY) = HI is the so-called horizontal
subbundle of T'; (2%, y?, dx?, dy*) € HT if and only if dy® = I’ jdz7, F; (z,y) are said to be
the functions of I'.

Let o = (a(,y)da? + bi(z,y)dy’) @ 9/0x" + (c(,y)dax? + hi(z,y)dy’) ® d/dy" be a
(1,1)-tensor field on Y. It is called vertical if (VYY) C VY.

Denote B : Tnalyy = b;dyj ® 0/0x".

It means that B can be considered as a vector bundle morphism VY — TM over 7 or
VY — YayTM over Id|y, i.e. as a section Y — V*Y @y TM.
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Lemma 1. A (1,1)-tensor field « is vertical iff B = 0.
Proof is evident from the local form of o and B.

Remark 1. If B is regular, i.e. if it is an isomorphism, then we get the inverse vector
bundle isomorphism B! : Yap, TM — VY over Id|y, i.e. a section B~1:Y — T*M ®
®yVY, B! = Eg-dxj ® 0/0yi, E}Cb;“ = (5;., i.e. a semibasic (1,1)-vector form with values in
VY.

We will consider two cases.

1. B#0,ie. (VYY) VY, ie. «a is not vertical.
Let I', dy* = F;'-d:r:j, be a connection on Y. Let X = 1°0/0y" be an arbitrary vertical vector
on Y. Then a(X) = bin/0/0z" + hin?9/dy" is T-horizontal, i.e. a(X) € HT, if and only
if Tbhn7 = hinf. Tt means that a(VY) C HT iff
(1) TbY = hl.
It immediately gives

Proposition 1. If and only if B is regular there is a unique connection I'2 on Y such
that HT'2 = a(VY).

The relation (1) induces that if B is regular then the functions of the connection I'? are

i = hi bk
j N

We will construct another connections on Y when B is regular. Let X =
§'9/dx" +1'0/dy" be a vector on Y. Then al(X) = (a’&7 +b5n?)d/dx" + (57 +hin? )0/ dy*
is vertical if and only if
(2) a;fj + bznj = 0.

This leads
Proposition 2. If and only if B is regular there is a unique connection T'} on Y such
that a(HT'L) = VY, i.e. with the functions F;- = —b};af.

Remark 2. Recall that if ¢ is a semibasic (1,1)-form on Y with values in VY, i.e. if ¢ is a
section Y — T* M ®y V'Y and hr is the horizontal form of a connection I on Y then hr+¢
is the other connection on Y. So if B is regular then hp: + cB~! and hr2 + cB7lceR,
are another connections on Y.

The (1,1)-tensor form « is a vector bundle morphism 7Y — T'Y over Id|pp;. Then

2 _ i .S 7 .S ] 11.8 718 j 7
a” = aa = [(agaj + bycj)dz? + (aghi + bshi)dy’ | ® 0/0x"+
+ [(csai + hici)dr? + (cibi + hgh?)dy’ ] ® 0/0y".
So ais an ACS on Y, i.e. o? = —Id|ry, iff
(3) agaj +bic; =65, agb] +bh; =0, cyaj+hic; =0, cbi+hihi=—0d;.

It is easy to see that if B is regular then the third and fourth equations of the relations
(3) are the consequence of the first and second ones.
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Proposition 3. Let a be a (1,1)-tensor field on Y such that B is regular. Then I'}, = T'2
if and only if o is vertical.

Proof. o2 is vertical iff the second equation of (3) is satisfied, i.e. iff a§- = b;h;l;;“ Then
T = —bla3 = hib¥ = 2T, Conversally, if T} = T'2 then —bla = hibs, ie. —albs = bihs3,
i.e. a? is vertical.

We will focus ourselves to the connections I' which are invariant according to «, i.e.
«(HT) C HT.

Let hp = do' ® 0/0xz" 4 Tidz? @ 0/0y" be an arbitrary connection on Y. Then

ahr = (a;'- + b};l“?)dxj ® 0/0z" + (c; + h};l“?)dmj ® 0/0y".

Let T be another connection given by the equation dy® = f;dxj. Then «(HT) C HT if
and only if
(4) T (ak + BETY) = ¢t + BiTH  or
(5) s =Thal — hi L% + TLoir% for T =T.

Consider the space VY ®y T*M of all semibasic VY-valued (1,1)-forms on Y. Let
v = vj-d:vj ® 0/0y* € T*M ®y VY. Denote

a” iy —ay= bi'yﬁd:pj ® 0/0x" + hi’y;fda:j ®d/0yt, T"M @y VY - T*M @ TY,

at iy = ya = (’y,ia?dxj + 'y,ib?dyj) ®0/0yt, T*"M @y VY = T*Y @ VY.

Note that if B is regular then o~ (B~') = hr> and a*(B~") is the vertical form vr =
= Idpy — hr: of the connection T'L.
Definition 1. Two (1,1)-tensor fields ay, a2 on Y will be called (4, —)-equivalent if a7 =
N
=y, a] =aj.

It is evident that the relations 1a;- = 2a§, lb;'- = Zb;'., 1h§- = 2h§- are the coordinate
conditions for ay, as to be (+, —)-equivalent.

The relation (4) immediately yields

Proposition 4. Let I', T be connections on Y. Then in every class of the (+, —)-equivalent
(1,1)-tensor fields on Y there exists a unique (1,1)-tensor field o ¢ such that o w(HT') C

C HT.
If T =T then we use the denotation ap instead of ar,r.

Proposition 5. Let o be such a (1,1)-tensor field on Y that B is regular. Then ar:1 = ar:
and ar: cannot be an almost complex structure on Y.

Proof. By the relation (5) in both cases of I'}, and T'2 we get i = hibtas. So ari =
= ar: = (ajda? + bidy’) ® 0/dx" + (hﬁg’;a;?dxj + hidy?) © 8/9y".
If ar: is an ACS then the first and second equations of (3) read
aiaj— + bihfi)ia? = —(5;-, Eiag- + hfj); = 0.
Then aia;? - bigfafcaé‘? = —5;-. It is not possible. So ar: cannot be an almost complex
structure on Y.



Definition 2. Let (1,1)p denote the set of all (1,1)-tensor field & on Y such that B
is regular. We will say that two (1,1)-tensor field ay,as € (1,1)p are (+)-equivalent if

af =aof.
In coordinates, a; and g are (+)-equivalent iff 1a§ = 2a§-, 1b§- = 2b§-, detlbé- # 0,
det?bt # 0.

Proposition 6. In every class of all (4)-equivalent (1,1)-tensor fields there is a unique
almost complex structure on Y.

Proof in coordinates. A class of all (+)-equivalent (1,1)-tensor fields is given by the local

functions aJ, b;, det b1 # 0. By the first and second equations of the relation (3) a tensor

field of this class is an ACS iff c; = —bz b’ k aj, hz = —I;ia,scb;‘?. It completes our proof.
Remark 3. The same can be said for the class of (—)-equivalent tensor fields.
Remark 4. 1f o is an ACS on Y then « is vertical and so '}, = T'2.

Proposition 7. Let I' be a connection on Y. lLet B : ¥ — V*Y y TM, B =
= bidy! ® 9/dx*, be a vector bundle isomorphism VY — TM over 7. Then there ex-
ists a unique almost complex structure o on Y such that Tra|yy = B and T, =T =T2.

Proof. Let I‘; be the functions of I'. Let o be an arbitrary (1,1)-tensor field on Y such that
Tralyy = Band T, =T =T2. Then F; = —bia F’ = hi bk ie. aJ = —bél“;, hg- = Fib;
and the second equation of (3) is satisfied. By the ﬁrst equatlon of (3) a is an ACS iff
cj- = b FbeLF;‘ So such an ACS locally exists and is unique.

We are turning to the second case of «.

2. Let B=Tralyy =0, ie. a(VY)C VY. We have

a= aé-dxj ® 0/0x" + (cj-d:rj + h;-dyj) ® /0y’
A :=Tro = ads’ ® 0/0x"
H := a|vy = h;dyj X 8/8y1
So A is a section Y — T*M ®y T'M determining a vector bundle morphism TY —

TM over m : Y - M or Yoy ITM — Yz, TM over Idy and H is a section ¥ —
— V*Y ® VY determining a vector bundle morphism VY — VY over Idy.

Let I',T be two connections on Y with the local functions F;,f;-. When B = 0 the
equations (4) and (5) read

= Fka — hi %,
= I'yal — hIY.

Proposition 4 can be reformulated as follows
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Proposition 8. Let H: Y = V*Y®VY, A:Y = T*"M®y TM be two sections. Let I, I
be two connections on Y. Then there is a unique vertical (1,1)-tensor field (A, H,T',T')
on Y such that ayy = H, Tra = A, «(HT') C HT.

If I' =T we use the denotation a(A, H,T') instead of a(A, H,T',T).
In the case of a vertical (1,1)-tensor field « the coordinate conditions (3) for « to be an
ACS are of the form

) 8 __ 7 i S i85 __ TS ]
(3" agaj = —0;, cyaj +hic; =0, hihy ==}

Preserving the above denotations we have the following vector bundle morphism on
T*M ®y VY over Idy:

H :v— Hy= h}'c'y;-cd:cj ®9/0yt, yeT*M @y VY, so H™ = a™,
At iy o yA =yjakd’ @ 0/0y", so AT =,

H:AY — H™ iy — (via) — hiyy)da? @ 0/0y",

H=AT+H :v— (’y,ia? + hi’y}“)d:vj ®0/0y".

The relation (5’) immediately gives

Proposition 9. Let a be a such vertical (1,1)-tensor field on Y that the map H is a vector
bundle isomorphism on T*M ®y VY over Idy. Then there is a unique connection I' on
Y such that o(HT) C HT.

Lemma 2. If a vertical (1,1)-tensor field « is an almost complex structure on 'Y then the
maps H and H are not isomorphisms on T*M @y VY.

Proof. The map (H™ + AT)H = H H + ATH : v — (hinial — hihi~F) + (viajak —
—hi'y,f:a;?) is a vector bundle morphism on T*Y ®y VY. If a is on ACS on Y then by
(3’) we get (H- + AT)H = 0. If H is regular then H- + AT = 0. But the equation
H~vy = —~vA is satisfied for all y € T*M ®y VY if and only if H = k- Id = —A, k € R
Then RjhY = k?0%, ie. k> = —1. It is contrary with k € R. Analogously the supposition
"H is regular” leads to contradiction.

Remark 5. If o is a vertical ACS on Y then according to (5’) such a connection I' that
a(HT') C HT can but not have to exist. If it exists then it does not need to be unique.

Remark 6. Let A: Y — T*M ®y TM be an ACSon Yoy, TM. Let H:Y - V*Y VY
be an ACS on VY. In view of the relation (3’) there exists a vertical ACS « on Y such
that Tra = A, alyy = H and is not unique.

Proposition 10. Let A : Y — T*M ®y TM be an ACS on Yoy TM. Let H : Y —
— V*Y ® VY be an ACS on VY. Let I' be a connection on Y. Then the vertical (1,1)-
tensor field a(A, H,T") described in Proposition 8 is an almost complex structure.

Proof. By Proposition 8, a(A, H,T') is the unique vertical (1,1)-tensor field on Y such
that a(A, H,T')|lyy = H, Tna(A, H,T') = A and (A, H,T")(HT) C HT. If A = aédxj ®
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®0/0xt, H = h;dyj ® 0/0y" and F; are the functions of I' then the coordinates c;'- of
a(A, H,T) are determined by (5°). So a(A, H,T) = aida? @ 9/0x* + [(T},a% — hjT¥)da’ +
+h%dy’] ® 9/dy*. The functions af, h} satisfy the first and third equations of (37). Then
cia;? + hi,c;? = (I'iak— h}'c]?’;)a; + hi(T5 ;?— hZF;‘?) = 0. So a(A, H,T') satisfies the relations
3 and is an almost complex structure.

Remark 7. Let m : Y — M be a vector fibre bundle. Let o be a V B-(1,1)-tensor field,
i.e. a(X) is a linear projectable vector field on Y for all linear projectable vector fields
X on Y. In a local fibre chart a = a}(z)dz’ ® 0/0x" + [c}y(x)y*da’ + hi(z)dy’] ®
®0/0y*, see [1]. In this case a|yy = H is a vector bundle morphism on Y over Idy,
with the coordinate expression: ¢ = z?, 7§’ = h%(x)y?. These equations with the added

following ones dz* = da’, dy’ = hiy?da* + hidy’, where we use 5% := f;, determine the
tangent map TH. Let I', I'; (z,y) = Iy, be a linear connection on Y. Then it is easy
to deduce that the equations

T hy — hiD%, = hij
are the coordinate conditions under which TH(HT') C HI. The solution I‘;-S of these
equations can but not has to exist. Let o(HI') ¢ HI'. Then by (5): c};j = Tija; —

—hifij. If I' is without torsion then the conditions TH(HI') C HI', a(HT') C HT lead to

(6) T, (hy — a) = hiy; — ch.
If H — A has sense (for instance in the case of y = T'M) and if H — A is regular then
there is a unique solution T, of (6). For example if A = —H, and H is regular then

I‘;-S = %(h};s — C}Cs)il,’; In view of Proposition 10 we can say that if a is a symmetric V B-
almost complex structure on T'M such that A = —H, then there exists a unique symmetric
linear connection such that TH(HT') C HT,

a(HT) C HT. We will deal in detail with such an almost complex structure in our other

paper.
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