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STRONGLY IRREDUCIBLE STRINGS

BOHUSLAV SIVAK

ABSTRACT. The ”strong irreducibility” of strings is defined and it is proved that certain
special strings of 0’s and 1’s are strongly irreducible. This fact has found an application (see
[1]) in the study of discrete dynamic systems by the methods of the symbolic dynamics.

1. Introduction

Let T be a finite set of symbols. The string over T is a finite sequence of symbols
from the set T'. The length of the string w is the number of symbols in the string w, this
number will be denoted by |w|. For example, |abac| = 4. The empty string will be denoted
by e. Trivially, |e| = 0. The concatenation of the strings u and v will be denoted by u - v
or by uv. For example, the concatenation of the strings u = 001, v = 10 is the string
uv = 00110. The concatenation of several identical strings will be written in the form of
the formal power: u? = ¢, u! = u, u? = uu, etc.

Definition. Let B be a string over T'. The string B is called reducible iff it can be written
in the form
B =Wk, k> 2.

The string B is called irreducible iff it is not reducible. The string B is called
strongly irreducible iff the following two conditions are satisfied:

(1) - the string B is irreducible,
(2) - the string A™ B is irreducible for every m > 2 and every irreducible string A # B.

Examples. Put 7"= {0,1}. Following strings over 7" are reducible:
e, 00, 11, 000, 111, 0000, 0101, 1010, 1111.

Following strings are irreducible:
0, 1, 01, 10, 001, 010, 011, 100, 101, 0010.

It is easy to see that the string 01 is strongly irreducible. The string 1001 is irre-
ducible but not strongly irreducible. In fact,
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(010)% - 1001 = (01001)2.

Similarly, the string 10101011 is irreducible but not strongly irreducible. In fact,
(01)3- 10101011 = (0101011)2.

This example can be generalized: for every integer m > 2, the string (10)™ - 11 is
irreducible but not strongly irreducible.

Definition. Let U be a string of the length > k. The string Prefy(U) is the prefix of the
length k. Similarly, the string Post fi(U) is the postfix of the length k.

Examples. The string 011010 has the following prefixes:
e, 0, 01, 011, 0110, 01101, 011010.

The same string has the following postfixes:
e, 0, 10, 010, 1010, 11010, 011010.

We leave to the reader the verification that the prefixes and the postfixes of the
string 1111 are idenical.

Lemma 1.1. Let D, F be arbitrary strings and let =, y be positive integers such that
D* = EY. Then there exist positive integers i, 3 and a string Z such that
D=7 E=27.

Remark. A common generalization of our Lemma 1.1, Lemma 1.2 and Lemma 1.3 is
proved in [2].

Proof of Lemma 1.1. We can assume that the strings D, E are nonempty. Let ¢ = (z,y)
be the greatest common divisor of the integers x,y. Then

z=c-j,y=c-i (i,j) =1

By the assumption of the lemma,

Dc-j:Ec-i,
¢-j-|D|=c-i-|B|,
j-|Dl=i-|El

By the last equality, there exists a positive integer A such that
|D|=h-i, |E]=h-j.

The string DI = E* can be uniquely written in the form
D) =FE"=7Zy-2Z5...2;;,
21| = 22| = -+ = |Zij| = h.
By these equalities,
D=7...7;,
D=1Zi1... 29,



Consequently, Z, = Z, whenever the difference of the indexes p, ¢ is a multiple of
1. Similarly,
E=17..2
E = Zj+1 e Z2-j7

and Z, = Z, whenever the difference of the indexes p, g is a multiple of j. We know
that (¢,7) = 1. It follows that all of the strings Z1, Zs,..., Z;.; are identical.

Lemma 1.2. Let D, E be irreducible strings and let x, y be positive integers such that
D?* = EY. Then
v=y, D=EF.

Proof. It suffices to apply Lemma 1.1.

Lemma 1.3. Let D, E be irreducible strings and let =, y be positive integers such that
D* .- EY=FEY-D* Then D =FE.

Proof. Suppose the assertion of this lemma is false. Then we can choose a counterexample

(D, E,z,y) such that the length of the string D” - EY is minimal. We can assume the

inequality |D| < |E| in this counterexample. Several powers of the string D can be prefixes

of the string F (trivially, D° is a prefix of the string E). Let ¢ be the maximal integer

such that the string D7 is a prefix of the string E. Then we can write E in the form
E=D1-F, D is not a prefix of F.

Substituting the last equation into the assumption of lemma, we obtain
D*.(D1-F)! = (D41-F)Y . D"
Put W = (D?- F)¥~'. Then we can write
D*te.F.W =D1-F-W - D?,
D* - (F-W)=(F-W)-D=>.
The string D is not a prefix of F', and so the string F' is a prefix of D. Now it is
easy to check that |F' - W| < |EY|. By our assumption of the minimality, the string F' - W
is a power of the string D:
F-(D1-FY'=D* 2>1,
EY=(D1-F)Y=D1.F -W = Di*,

contrary to Lemma 1.2.

Lemma 1.4. Let D, E be arbitrary strings such that the string DFE is irreducible and
DE = ED. Then exactly one of the strings D, E is empty.

Proof. It suffices to apply Lemma 1.3.
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2. The fundamental theorem

Lemma 2.1. Let A, C be irreducible strings and let B be arbitrary string such that
Am-B=CF, m>2, k>2 JA<I|C]<m-]|A.

Then there exist non-empty strings F', G and a non-negative integer s such that
A= (FG)™ . F, C=A""1.FG,
B=GF-A™2.FG.CF2,

Proof. The string A is a prefix of the string C' and the string C' is a prefix of the string
A™. Therefore we can write the string C' in the following form:
C=A"-D, 0<|D|<|4], 1<r<m.

(The equality D = ¢ would contradict the irreducibility of C.) Substituting the
equality C = A" - D into the assumption of lemma, we obtain
A™. B = (A" D),
Am.B=A".D.(A". D),
Am=T.B=D-(A"-D)* ",

It follows immediately that the string D is a prefix of A:

A=D-E, |E|>0,
DE-(DE)"""'.B=D-(DE)"-D" ',
E-(DE)""'.B=(DE)" -D" !,

The inequality m —r —1 > 0 would contradict Lemma 1.4. It follows that r = m—1
and
m—1 k—1
E-B=(DE) -D .
Let s be the maximal integer such that the string D* is a prefix of the string F.
Then there exists a string F' such that
E=D°-F, D isnot a prefix of F.

The strings A, C, E - B can be written as follows:
A=D-E =D F,

C = Am=1.D,
e k—1
D -F-B=(D*+'-F)"'.D) .

From this we conclude that
F.-B=DF-(D*t". F)m—z .D-((D**!- F)m—l . D)

We know that the string D is not a prefix of F', and so the string F' is a (proper)
prefix of D:
D=F-G, 0<|G|<|D|.

Substituting this equality into the preceding ones, we complete the proof.
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Lemma 2.2. Let A, C be irreducible strings and let B be arbitrary string such that
Am.B=CF m>2 k>2, |C|>m-]A|

Then there exists a non-empty string D such that
C=A".D, B=D-Ck1,

Proof. The string A™ is a prefix of the string C. It follows that there exists a string D
such that C' = A™ - D. (The string D is non-empty because C'is irreducible.) Substituting
this equation into the assumption of lemma, we obtain
A™. B = (A™. D",
A™.B=A™.D.(A™. D)
B=D.(A™-D)*'=p.Cck1,

Theorem 2.1. Let A, C' be irreducible strings and let B be arbitrary string such that
Am.B=CF, m>2, k>2.

Then there is satisfied exactly one of the following three conditions:
(1) C=A, B=Akm
(2) there exist non-empty strings F', G and a non-negative integer s such that
A= (FG)**' . F, C=Am"1.FG,
B=GF -A"2.FG.-C+2,
(3) there exists a non-empty string D such that
C=Am™.D, B=D--Ck1

Proof. According to Lemma 2.1 and Lemma 2.2, we can suppose that
0<|C] <A

The string A is a prefix of the string C* and so it can be written in the form
A=C"-D, r>1, 0<|D|<]|C|.

Substituting this equality into the assumption of the lemma, we obtain
(C"-D)™ - B=C*k,
Cr-D-(C"-D)"".B=CF,

D-(Cr-DY" . B=Ck,
Therefore the string D is a proper prefix of the string C:
C=D-E, |E|l>0,
D-((DE)"-D)"""- B =(DE)"",
D-((DE)"-D)"'.B=DE-(DE)f ",

(DE)" -D)™ '.B=FE-(DE)" " .

Applying the prefix of the length |[DE|, we obtain DE = ED, contrary to Lemma
1.4.

Theorem 2.2. Let the string B be irreducible but not strongly irreducible. Then B can
be written in the form

B=G-F-H-F-G,
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where H is an arbitrary string and F', G are non-empty strings.
Proof. Apply Theorem 2.1.

Corollary. Every string of the length 3 containing at least two different symbols is
strongly irreducible.

Remark. The condition in Theorem 2.2 is necessary but not sufficient. For example, the
string 10101 is strongly irreducible and the string 11111 is not irreducible.

3. Applications to concrete strings

Put T = {0,1}. Every non-negative integer j < 2™ can be uniquely written in the
form of a string over T' of the length n. This string will be denoted by Cod(n,j). For
zeT, put

B(n,z) = Cod(n,0) - Cod(n,1)...Cod(n,2" — 1) - z.

Example. Put n = 3. Then

Cod(3,0) = 000, Cod(3,1) =001,
Cod(3,2) = 010, Cod(3,3) = 011,
Cod(3,4) = 100, Cod(3,5) = 101,
Cod(3,6) = 110, Cod(3,7) = 111,
B(3,0) = 0000010100111001011101110,
B(3,1) = 0000010100111001011101111.

Lemma 3.1. The string B(n, z) is irreducible.

Proof. For any string w over T, the number of the occurences of the symbols 2 in w is
usually denoted by #.(w). It is evident that

[#0(B(n,2)) = #1(B(n, 2))| = 1.

If the string B(n, z) would not be irreducible, we could write
B(n,z)=K™, m>2

and both numbers #((B(n, z)), #1(B(n, z)) would be multiples of m, a contradic-
tion.

Lemma 3.2. The string B(n, z) can not be written in the form
B(n,z)=G-F-H-F-G,

where H is an arbitrary string and F', G are non-empty strings.

86



Proof. Suppose, contrary to our claim, that the string B(n, z) can be written in the form
B(n,z)=G-F-H-F-G,

where H is an arbitrary string and F'; G are non-empty strings. Let us denote
d=|GF|=|FQ|.

The symbol 1 occurs in the strings GF and F'G. Consequently, d > 2n. Moreover,
it is obvious that
Prefon(B(n, 2)) = 0"~ -1,
Post fan1(B(n, 2)) € {1"~t01"0,1"~101"*1}

and the string 0?"~! has only one occurence in B(n, z) - in the role of the prefix.
The rest of this proof is left to the reader.

Theorem 3.1. For every positive integer n and every z € {0,1}, the string B(n,z) is
strongly irreducible.

Proof. It suffices to apply Theorem 2.2, Lemma 3.1 amd Lemma 3.2.
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