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SPECIAL ALMOST R-PARACONTACT CONNECTIONS

ANDREW BUCKI

ABSTRACT. For an almost r-paracontact manifold M, with a structure ¥ and any linear
connection I' on My, all almost r-paracontact connections (making all structure tensors
parallel) have been found. Also, D-connections for which some distributions on M, are
parallel have been considered. Finally, pairs of connections compatible with a structure X
have been discussed.

1. Almost r-paracontact manifolds. An almost r-paracontact structure is the
generalization of an almost product structure on a differentiable manifold. The study of
almost r-paracontact structures (utilizing, in part, certain distributions of tangent bundles
of manifolds generated by these structures) and almost r-paracontact connections on man-
ifolds provides a foundation for the investigation of geometric and topological properties
of these manifolds.

In this section we recall the definition of an almost r-paracontact manifold [1] and present
some of their properties.

Definition 1.1. Let M,, be an n-dimensional differentiable manifold. If on M,, there ex-
ist: a tensor field ¢ of type (1,1), r vector fields &1, &a, ..., & (r < n), v 1-forms nt, n2,..., 0"
such that

(1.1) n*(€p) = 93, a,fe(r)=1,2,...,7
(1.2) ¢ =Id —n*®&,, where a®b, def Z a%bq,
(1.3) n%o¢=0, a€(r)

then ¥ = (¢, &, Ua)ae(w) is said to be an almost r-paracontact structure on M,,, and M,
is an almost r-paracontact manifold.

From (1.1), (1.2), and (1.3) we also have

(1'4) Qs(ga) =0, (OAS (T)
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There exists a positive Riemannian metric g on M, [1] such that

(1'5) TIQ(X) = g(X7 ga)a OAS (T)
(1.6) g(¢X, YY) = g(X,Y) =Y n*(X)n*(Y).

«

Then, ¥ = (¢,£a: 1, 9)ac(r) is called a metric almost r-paracontact structure on M, and
g is said to be compatible Riemannian metric.
From (1.1) through (1.6) we get

(1.7) 9(¢X,Y) = g(X, 9Y).

Remark 1.1. On an almost r-paracontact manifold M,, with the structure ¥ = (¢, {a, 1) ae(r)
the tensor ¢ has constant eigenvalues 1, —1, and 0. Let p, ¢, and 7 be their multiplicities,
respectively, with p + ¢ +r = n = dim M,,. M, is said to be of type (p, q).

Proposition 1.1 [1]. An almost r-paracontact manifold M,, admits the following com-
plementary distributions

(1.8) Dt ={X; ¢X =X}
(1.9) D™ ={X; ¢X =-X}
(1.8) D’ ={X; ¢X =0}

with dim Dt =p, dimD~ =¢q, dimD° =r, and p+q+17r =n.

Theorem 1.1. A necessary and sufficient condition for M, to admit an almost r-pa-
racontact structure is that there exist three complementary distributions Dy, Do, and D3
of dimensions p, q, and r, respectively, with p+q+r =n.

Proof. The necessary condition follows immediately from Proposition 1.1. Now, let
D1, D5, and D3 be three complementary distributions of dimensions p, ¢, and 7, re-
spectively, with p + ¢+ r = n. For any p € M, we have T,M, = D1, ® Doy © Ds3p.

Let {e1,...,€p€pt1,--s€ptqspiqgr1 = E15.-.,6n = &} be a basis for T,M,,, and let
el e Pl Pt ePTath — pl e = 5"} be the dual basis for the cotangent
space Ty My, i.e., e'(ej) = 07, i,j € (n). Hence, we get " Req+ P @epir+ N R, =
Id, a€ (p)Ae (g, (r) Let ¢ = e?® e, + P ®eprn, € = 1. Then, the

structure (¢, £4,n%) is an almost r-paracontact structure on M,,. O

Definition 1.2. If M, is an almost r-paracontact manifold with the structure X =
(¢, €arN™)ac(r), then X is said to be normal if an almost product structure F' defined on
M, x R" by F(X, f* dta) (pX + f*a, n"(X)dtia) is integrable, i.e., its Nijenhuis tensor
field Ng vanishes.

Theorem 1.2 [1]. An almost r-paracontact structure 3> on M, is normal if and only if
N(X,Y) = Ny(X,Y) — 2dn*(X,Y)én = 0, where Ny is the Nijenhuis tensor for ¢.
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2. Projection operators on almost r-paracontact manifolds. In this section
various projection operators on an almost r-paracontact manifold are defined.

Definition 2.1. A multilinear operator ® on an appropriate space is said to be a
projection operator if ®% = ®.

Definition 2.2. A set of operators {®;} is said to be the set of complementary projec-
tion operators it Y. ®; =1d, ®? =&;, ®;; =0, i#j.
Proposition 2.1 [3]. If ® is a projection operator and V = Id — ®, then ® and V¥ are

complementary projection operators and all solutions of the equation ®x = y are of the
form x =y + Yw, where w is an arbitrary element.

Remark 2.1. If operators ® and ¥ are tensor fields of type (2,2) and S, ¢, X are tensor
fields of type (1,2), (1,1), and (Q,l) respectively, then the operations @V, @S, @¢, P X are
expressed locally as follows: & 0™ St . &7 ¢l &7 Xk,

Let ¥ = (¢,8a:1%)ac(r) be an almost r-paracontact structure on M,,. We define the
following operators on M,,.

(2.1) $pr=3(Id+ ¢ -1 &) = 5(6° + ¢)
(2.2) p2 = 5(Id — ¢ — 1™ © &) = 5(6° — ¢)
(2.3) b3 =" @ &q = Id — ¢*

(2.4) ¢s = ¢ =1d— 3

with the properties

¢ =1 =2, b1 =10 = 1, Pd2 = 2 = — b2,

(2.5) Pp3 = P3¢ =0, PPy = Pap = ¢

Proposition 2.2. The operators ¢1, ¢o, ¢3 are complementary projection operators
on an almost r-paracontact manifold M,.

Proposition 2.3. The operators ¢3 and ¢4 are complementary projection operators
on an almost r-paracontact manifold M,.

The distributions (1.8), (1.9), and (1.10) can be expressed as follows

(2.6) DY ={X; $:X =X}
(2.7) D™ ={X; ¢ X =X}
D’ ={X; ¢3X = X}.

Proposition 2.4. The distributions DY, D=, and D° are generated by the projection
operators ¢1, ¢o, and ¢3, respectively.



Let A, B, and C be tensor fields of type (2,2) defined as

(2.9) A=31Id®Id-¢® ¢)
(2.10) B=1(Id®Id+ ¢ ® P)
(2.11) C=3(p3@Id+1d® ¢3 — 3 @ ¢3).

The operators A, B, and C' possess the following properties

A+B:M®RLAA:A—%LBB:B—%Q

1

(2.12) :
AB=BA=AC=CA=BC=CB=0C=.C

Define two operators

(2.13) F=A+C
(2.14) H=B-C.

Proposition 2.5. The operators F' and H are complementary projection operators on
an almost r-paracontact manifold M,,.

Remark 2.2. The operators F' and H can be expressed in the following form

(2.15) F=1d®@Id— $1® b1 — o ® s
(2.16) H=¢1®¢1+ P2 @ 2.

Define two more operators

(2.17) P=F—-¢3®¢s

(2.18) Q=H+ds® s

or

(2.19) P=1d®1d— ¢1®@¢1— ¢p2® ¢p2 — $3® ¢3
(2.20) Q=0¢1QP1+ P2 ® d2 + P3 @ 3.

Proposition 2.6. The operators P and () are complementary projection operators on
an almost r-paracontact manifold M,,.

3. Almost r-paracontact connections. In this section the definition of an almost
r-paracontact connection on an almost r-paracontact manifold has been given and all such
connections are found.



Definition 3.1[2]. For an almost r-paracontact manifold M, with a structure ¥ =
(¢, €arN™)ac(r) a linear connection T, given by its covariant derivative V, is said to be an
almost r-paracontact if

Vx¢=0
Vxn® =0, a € (r)

for any vector field X.
From (3.1) and (3.2) it follows

(3.3) Viéa =0, ac(r).

If M, is a metric almost r-paracontact manifold and an almost r-paracontact connection
I satisfies

(3.4) VXg =0

then it is called a metric almost r-paracontact on M,,.

Now, assume that [', given by its covariant derivative V, is a linear connection on an
almost r-paracontact manifold M,, with a structure ¥ = (¢, &,, n")ae(T). We are going to
find an almost r-paracontact connection I' given by V in the form

(3.5) Vx =Vx + Sx

where S is a tensor field of type (1.2) with Sx(Y) = S(X,Y).
For tensors fields f, Y, and w of type (1,1), (0,1), and (1,0) respectively, we have

Vxf=Vxf+Sxof—foSx
(3.7) VxY =VxY + SX(Y)
(3.8) wa:VXw—woSX.

For the structure tensors ¢, £,, and n®, we have

(3.9) Vxp=Vxdp+Sxop—doSx
(3.10) Vxéa =Vxta+Sx(a),  ac(r)
(3.11) Vxn® =Vxn*—n*oSx, a € (r).

Since I' is an almost r-paracontact connection, so Sx satisfies

(312) VXQS:QSOSX—SXOQS
(313) VXSQ = _SX(fa)v o€ (T)
(3.14) Vxn® =n%oSx, a € (r).
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Applying ¢ on the right to (3.12) and making use of (3.13) and (1.2) we obtain

(3.15) Sx — ¢Sxd=dVx9p+ Vxn® ® &

or using the projection operator A from (2.9)

(3.16) ASx = 3(¢Vx¢+ Vxn* ® &)

or making use of (2.5), (2.1)-(2.4), and Proposition 2.2

(3.17)  ASx = ¢1Vx1 + ¢2Vxda + 23V xhs + 21% @ Vx&o — 1%(Vx&s)n’ @ &a.

Acting with the operator C from (2.11) on (3.16) and using (2.12) we get

CSx = 3(dVxdds + Vxn® o3 @ &a + ¢30Vx o+ Vxn® @ d3(éa)
— 3V xpp3 — Vxn™ 0 dp3 @ ¢3(€a))-

Making use of (2.5), (2.1)-(2.4), and Proposition 2.2 we get

(3.18) CSx = %(¢3VX¢3 —n*®Vx&a)

Adding (3.17) and (3.18) up, and using (2.13) we get

(3.19) FSx = $:1Vx¢1 + d2Vxa + ¢3Vxds — n*(Vx&p)n’ @ La.

Making use of Propositions 2.5 and 2.1 we obtain from (3.19)

(3.20) Sx = ¢1Vxh1 + ¢2Vxdo + ¢p3Vxds — 1*(Vx&p)n’ @ &o + HWx
where W is an arbitrary tensor field of type (1,2) with Wx(Y) = W(X,Y), or

(321)  Sx=1¢Vxp+Vxn* @& — n*® Vx&y + 2n*(Vx&s)n® @ & + HW.

Theorem 3.1 [2]. The general family of the almost r-paracontact connections T on an
almost r-paracontact manifold M, with a structure ¥ = (¢, €q,1%)ae(r) is given by

(3.22) Vx =Vx +¢1Vxdi + ¢2Vxdo + ¢p3Vxds —n*(Vx&p)n’ @ &o + HWx

where H is defined by (2.16), W is an arbitrary tensor field of type (1,2) with Wx(Y) =
W(X,Y), and V is the covariant derivative of an arbitrary linear connection T' on M,,.

Corollary 3.1. If the initial connection I' is an a.r-p.-connection on My, then the
general family of a.r-p.-connections I' on M,, is given by

(3.23) VX =Vx+HWx

where W is an arbitrary tensor field.



Now, suppose that M, is an almost r-paracontact Riemannian manifold with a structure
Y = (6,€asn™ 9)ac(r)- Let T, given by its covariant derivative V, be the Riemannian
connection generated by the Riemannian metric g on M,. Of all almost r-paracontact
connections I given by (3.22) we will find metric connections, i.e., those satisfying Vg = 0.
For the Riemannian metric g and T given by (3.5) we have (Vzg)(X,Y) = —¢g(SzX,Y)—
g(X,S87Y). T is a metric almost r-paracontact connection if and only if

(3.24) g(SzX,Y)+g(X,SzY) = 0.
From (1.5) and (1.1) we have

(3.25) n*(Vz&) +1°(Vz€a) = 0

(3.26) (Vzn®)(X) = g(X,Vz&a).

From (1.6), using (1.5) and (1.2), we get
9(Vz(9X), ¢Y)+g(<z5X Vz((/>Y)) (¢2(VZX) Y)

B2 (X (VoY) + ST X () + 3T )0 (6) =

From (3.24), using (3.21), (1.7), (3.26), and then (3.27) and (3.25), we get

19V 26X,Y) — In*(X)g(Vzéa, Y) + V20 (X)g(€a, Y) + $9(X, 6V 29Y)
—In*(V)g(X,Vzéa) + V2™ (Y)g(X, &) + n*(VzEs)n" (X)g(&a, Y)
+n*(Vz&3)1° (V)g(X, €a) + g(HxWz,Y) + g(X, HyWz) =
= 39(V2(¢X), 0Y) = 39(¢*(V2X),Y) + 39(¢X, V(Y ) — 39(X, $*(VY))
+3 Z(Vzn“)(X)n“(Y + 13 (V) (V) (X)

+3 Zn N*(Vzés) + 1’ (Vz€a)l + 9(HxWz,Y) + g(X, HyWz) =

=g(HxWz,Y)+g(X, HyWz) = 0.

Hence,

Theorem 3.2. Let M, be an almost r-paracontact Riemannian manifold with a struc-
ture ¥ = (¢,8a, 1%, 9)ac(r)- An almost r-paracontact connection I' given by (3.22) on M,
is metric if and only if there exists a tensor field W of type (1,2) with W(X,Y) = Wx(Y)
satisfying

From Theorem 3.1 we get

Theorem 3.3. The linear connection I given by

(3.29) Vx =Vx +6:1Vxd1 + 92Vxds + ¢3sVxds — 1% (Vx&a)n’ @ &a

18 a metric almost r-paracontact connection on an almost r-paracontact Riemannian man-
ifold M,, with a structure 3 = (¢,§a,7]°‘,g)ae(r), where V 1is the Riemannian connection,
e., Vp=0,Vn*=0, V&, =0, Vg =0.



4. D-connections. In this section the definition of a D-connection on an almost
r-paracontact manifold is given and all such connections are determined.

Definition 4.1. Let D be a distribution on a manifold M,,. A linear connection I
given by its covariant derivative V on M, is said to be a D-connection, or D is said to be
parallel with respect to I', if for any vector field Y and a vector field X from D the vector
field Vy X belongs to D.

Theorem 4.1. The distribution D given by (1.8) or (2.6) is parallel with respect
to a linear connection 1" given by its covariant derivative V on an almost r-paracontact
manifold M,,, or I is a DT -connection, if and only if

(4.1) ng)l o (251 =0.
Proof. For a vector field X from D% one obtains
(4.2) Vy X = Vy(QSlX) = (Vy¢1)X + ¢1(VyX).

If D is parallel, then from (4.2) and (2.6) (Vy¢1)X = 0 for any vector field X in DT, or
(Vyd1)(¢1Z) = 0 for any vector field Z. Hence, (4.1) is obtained. Conversely, if (4.1) is
satisfied, then for any X € DT, 0 = (V¢10¢1)X = (V¢1)X,s0by (4.2) Vy X = ¢1(Vy X),
and Vy X is in Dt. O

In similar way we obtain

Theorem 4.2. The distribution D~ given by (1.9) or (2.7) is parallel with respect
to a linear connection 1" given by its covariant derivative V on an almost r-paracontact
manifold M,,, or ' is a D™ -connection, if and only if

(4.3) Vs 0 g = 0.

Theorem 4.3. The distribution DY given by (1.10) or (2.8) is parallel with respect
to a linear connection I' given by its covariant derivative V on an almost r-paracontact
manifold M,,, or T is a D°-connection, if and only if

(4.4) Vs 0 ¢y = 0.

If T is an almost r-paracontact connection, then from (2.1), (2.2), and (2.3) we get
V¢1 = Vps = Vg3 = 0, and on account of Theorems 4.1, 4.2, and 4.3 we obtain

Theorem 4.4. If a linear connection I' on an almost r-paracontact manifold M, is an
almost r-paracontact connection, then the distributions DY, D™, and D° given by (1.8),
(1.9) and (1.10) are parallel with respect to this connection, or T is a DT -connection, and
a D™ -connection, and a D°-connection.

Definition 4.2. A linear connection I' on an almost r-paracontact manifold M,, with a
structure X = (@, €a, %) ae(r) 18 said to be a Dx-connection if it is a D*-connection, and
a D~ -connection, and a D°-connection.
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Theorem 4.5. FEvery almost r-paracontact connection I' on an almost r-paracontact
manifold M,, with a structure X is a Dx-connection.

If a linear connection I' is a Dx-connection, then from Proposition 2.2 and Theorems
4.1, 4.2, and 4.3 we have

(4.5) Vo = iV, i=1,2,3
and since ¢1 + @2 + ¢p3 = Id, we get
(4.6) > ¢V =0.

i

Acting with ¢; on the left to (4.6) we obtain

then, from (4.5) we get

Theorem 4.6. A linear connection I on an almost r-paracontact manifold M, with
a structure ¥ = (¢,€a,N%)ac(r) 15 a Ds-connection if and only if

(4.8) Ve, =0,  i=14,2,3.

Now, we shall find all Dx-connections on an almost r-paracontact manifold M,, which
are of the form

(4.9) Vx =Vx +Jx

where V is the covariant differentiation operator of arbitrary linear connection I" on M,,,
and J is a tensor field of type (1,2) with Jx(Y) = J(X,Y). From (3.6) we have for ¢;,
1=1,2,3

(4.10) Vxoi=Vxei+Jx o —d;oldx i=1,2,3.

Since I'is a Dg-connection, then from (4.10) and Theorem 4.6 we have

(4.11) Vxdi+Jxodi—diody =0  i=1,23.

Applying ¢; on the left to (4.11) and using Proposition 2.2 we get

(4.12) iV xhi + didxdi — didx =0,  i=1,2,3.

Using Proposition 2.2 we get from (4.12)

(4.13) 01V xh1 + ¢2Vxpa + ¢3Vxds + dr1dxd1 + p2Jxp2 + ¢p3Jx Pz — Jx = 0.
Using (2.19) we obtain

(4.14) PJx = p1Vxd1 + $2Vxpa + p3V x 3.
Hence, in virtue of Propositions 2.6 and 2.1 we obtain
(4.15) Jx = p1Vxh1 + p2Vxda + ¢p3Vxds + QVx

where V' is an arbitrary tensor field of type (1,2) with Vx(Y) =V (X,Y).
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Hence,

Theorem 4.7. The general family of the Dx-connections ' on an almost r-paracontact
manifold M, with a structure ¥ = (¢,&a:N")ac(r) 15 given by

(4.16) Vx =Vx +¢1Vxér + ¢2Vxdo + ¢3Vxds + QVy

where Q is defined by (2.20), V is an arbitrary tensor field of type (1,2) with Vx(Y) =
V(X,Y), and V is the covariant derivative of an arbitrary linear connection T' on M,,.

Corollary 4.1. If the initial connection I' is a Dx-connection on M, then the general
family of Dyx-connections I' on M,, is given by

(4.17) Vx =Vx +QVx

where V is an arbitrary tensor field.

5. Pairs of connections compatible with a structure. In this section a definition
of a pair of connections compatible with an almost r-paracontact structure on an almost

r-paracontact manifold is given and all such pairs are found.
1 2 1 2
Let T and T be two linear connections, given by their covariant derivatives V and V,

on an almost r-paracontact manifold M,,.

For a function f, a vector field Y, a 1-form w, and a tensor field 9 of type (1,1), (0,2),
or (2,0), we define the following mized covariant derivatives

(5.1) %zf = ng =Zf
(5.2) G,V = VY
(5.3) %Zw = %Zw
(5.4) (V2u)(A, B) = Z(A, B) ~ (V7 A, B) ~ h(A, V5 B)
where 4,5 =1,2; 1 #£ j.
Proposition 5.1. gz = %(%Z + %Z) 1s a covariant differentiation operator of a

m
certain connection I' on M,,.
m 1 2
Definition 5.1. The connection I' on M, is called a mean connection of I' and T if

1ts mean covariant derivative is

m 1 2
(5.5) Vz= %(Vz—{-VZ).

2 1
Proposition 5.2. dz = Vz — Vyz is a tensor field of type (1,1) on M, for any vector
field Z.
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Definition 5.2. The tensor field d of type (1,2) defined by
2 1
(5.6) dz =Vz—-Vg

1
with dz(X) = d(Z,X) on M, is called a deformation tensor field of connections I' and
2
T.

For the structure tensors ¢ and n“ we obtain

dz(n®) = —n“odz
dz(¢p) =dzop—¢ody

12 2
(5.9) Vip=Vzp+dody
(5.10) V6= Vab—dods.

Making use of these formulas we get for the structure tensors ¢, n, and &,

1 12 21 m
(5.11) 5(Vzn® +Vzn®) = Vzn®
12 21
(512) VZ’I’]a —VZT]a :T]aOdZ
1 12 21 m
(5.13) 5(Vz9+Vz¢)=Vz¢o
12 21
(5.14) Vzp—Vgp=dzod+dody
12 21 m
(5.15) 5(Vz&a + Vzéa) = Vzéa
12 21
(5.16) Vzéa — VzEa = —dzéa.

For (1,1) tensor fields ¢ and x, using (5.8), (5.14) and (5.9), (5.10) we get

(5.17) %z(d)x) = (%zw)x + ﬁzx
(5.18) V2 (630 = (V2)x + ¥V 2x.

12
Definition 5.3. A pair of linear connections (I',I') on an almost r-paracontact manifold

M, with a structure X = (¢, &0, 1")ac(r) is said to be compatible with ¥ if

12 1 2
(5.19) V¢ =0, Vn® =0, Vén, =0, a € (r).

12
Theorem 5.1. A pair of linear connections (I',T") on an almost r-paracontact manifold

M, with a structure ¥ = (¢, fa,na)ae(r) 18 compatible with X if and only if all structure
12 21
tensor fields are parallel with respect to both mized covariant derivatives V and V.
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Proof. We have to show that the following conditions are satisfied

21 2 1
(5.20) V¢ =0, Vn® =0, Vé, =0, a € (r).
From (1.1) we get
(5.21) (Vi) (€p) +n*(Vég) =0,  i=1,2
2 2 2
From (1.3), using (5.9) and (5.19)1, we get Vn®o¢ = 0. Hence Vn®— (Vn®)(ég)n° =0,
1
and using (5.21) we obtain (5.20)5. From (1.4), using (5.19); and (5.9), we get ¢VE&, = 0.

1 1
Hence V&, —n?(VEy)Es = 0. Again, using (5.21) we obtain (5.20)3. Now, making use of
(5.17) and (5.18) with ¢ = x = ¢ we obtain from (1.2), after using (5.19)2, (5.19)3, (5.20)a,

21 21 21 21 21 21 21
(5.20)3, and (5.19)1, (Vp)p =0, ¢V¢ =0. Hence Vo = V¢ = pVpp+ Vhg? +¢2Vp =
0. O

Remark 5.1. From Theorem 5.1 we obtain the symmetry of compatibility, i.e., a pair
12 2 1
(I',T) is compatible with ¥ if and only if (I',I') is compatible with 3.
Now, we obtain the following

12
Theorem 5.2. A pair of linear connections (I',T') on an almost r-paracontact manifold
M, with a structure ¥ = (¢, &0, N%)ac(r) 15 compatible with X if and only if

(i) the mean connection T' given by (5.5) is an almost r-paracontact connection on
M,
(ii) Bdz =0, where B is given by (2.10)
Proof. Using (5.11) through (5.16) the conditions (5.19) and (5.20) are equivalent to

(5.22) V=0, Vn"=0, V&u=0, acr)
(5.23) dz¢ + ¢pdz =0, n“dz =0, dz(&s) =0, a € (r).
The conditions (5.22) are equivalent to (i) and (5.23) to (ii). O

Remark 5.2. The condition (ii) of Theorem 5.2 implies

(5.24) Hdz =0
where H is given by (2.14).

Hence we get

12
Theorem 5.3. If a pair of linear connections (I',T") is compatible with an almost
r-paracontact structure ¥ = (¢, &y, n“)ae(r) on a manifold M,,, then

1
(5.25) VZ:VZ—FSZ_%FVZ

2
(5.26) VZ:VZ—{—Sz—{—%FVZ

where V is an arbitrary linear connection on M,,, Sz is given by (3.21), F is defined by
(2.15), and V is an arbitrary tensor field of type (1,2) with Vz(X) =V (Z, X).
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Proof. From (5.24), using Proposition 2.1, we obtain
(5.27) dy = FVy.

From Theorem 5.2(i), using Theorem 3.1, we get

(5.28) Vz=Vyz+ S

From (5.27), (5.28), (5.5), and (5.6) we obtain (5.25) and (5.26). O
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