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ON NON-VERTICAL LINEAR (1,1)-TENSOR FIELDS
AND CONNECTIONS ON TANGENT BUNDLES

ANTON DEKRET

ABSTRACT. Special (1,1)-tensor fields a on tangent bundles T'M which do not preserve the
vertical subbundles VT M and satisfy some linearity conditions determine linear connections
T'q on T'M. The relationships between a and I', are studied in this paper.

INTRODUCTION

In the papers [1], [2] we have dealt with connections on T'M which are canonicaly
determined by (1,1)-tensor fields on tangent bundles T'M, especially by almost complex
structures on TM. This contribution completes our previous considerations by some (1,1)-
tensor fields which do not preserve the subbundle VT'M of all vertical tangent vectors on
TM and satisfy some linearity conditions. We suppose that all manifolds and maps are
infinitely differentiable.

Let (2%, 2%) be the local chart on the tangent bundle 7 : TM — M induced by a local
chart (%) on a manifold M. Then the coordinate form of an arbitrary (1,1)-tensor « is as
follows

a = (alda’ + b;dle) ® 8/0x" + (chda’ + h;dle) ®0/0x, ,
where a;'-, b;-, cg-, h;'- are functions of the variables z*, z%.

A connection T' on TM can be considered as a special (1,1)-tensor field hy = dr' ®
0/0x" + T%(z,x1)dz? ® 8/9z} such that hp(VI'M) = 0 and T'w - hp = Tw where T'f
denotes the tangent prolongation of a map f. Then vr = Idpp — hr is the vertical form
of I'. Denote by HT := hp(T'M) C TM the vector subbundle of the I'-horizontal vectors
on TM, i.e. such vectors (z%, 2%, dz*, dx}) on T M which satisfy the equation dri = F;-dxj.
The functions F; (z,21) will be called local functions of I'. Recall that a connection I' is
linear iff T = F;k (z)xh.

Let us introduce a short survey of the main results published in [1] we will need.

Let Y = 7'0/0x% be an arbitrary vertical vector field on TM and X = £'9/0x' +
r;'.gja/axg be a horizontal vector field of a given connection I' on TM. Then «(Y) =
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b 8/0xt + hint 80z or (X)) = (al+bT%)E70/0x* + (¢ + hiT)E79 /Ot is D-horizontal
for any vertical vector field Y or vertical for any I'-horizontal vector field X iff

(1) Loy = hG or af+biI% =0,

respectively.

Let J = dz' ® 0/0z% be the canonical morphism (almost tangent structure) determined
by Idry and the canonical identification VI'M = TM X TM. Then the (1, 1)-tensor
field B := JaJ = b;-d;rj ® 0/0x% can be interpreted as the vector bundle morphism
Tr - alyry = b;d:L'{ & 8/81’i :VI'M — TM over w : TM — M or as a vector bundle
morphism VI'M — VI'M, B = bida] ® 0/0a%.

If B=0or B # 0ie. if ao(VI'M) C VIM or a«(VI'M) ¢ VI'M we say that « is
vertical or non vertical, respectively.

It is evident from (1) that in the case when « is non vertical and B is an isomor-
phism then there is a unique connection I'; and a unique connection I'2, on T'M such that
a(HT}) = VI'M and (VT M) = HT2. Then T% = —biak or T% = hidk, bipk = 5%, are
local functions of I'}, or I'2, respectively.

The following coordinate conditions

(2)  akal+bic; = =085 albi+bihi =0, daf+hic;=0, cb5—hihi =0}

under which a (1,1)-tensor field « is an almost complex structure on 7'M and the equalities
(1) immediately give

Lemma 1. Let I be a connection on TM. Let B = bz-da:{ ®0/0x' : VTM — TM be a
vector bundle isomorphism over @ : TM — M. Then there exists a unique almost complex
structure o(T, B) on TM such that Tw - a|lyry = B and L, =T2 =T.

Remark 1. It is easy to see that in the case when B is regular then the third and fourth
equations of (2) are the consequence of the first and the second ones. The second equality
of (2) is the coordinate condition for o to be vertical and for the equality '}, = T'2.

NON VERTICAL LINEAR (1,1)-TENSOR FIELD ON TM

Definition 1. A non vertical (1,1)-tensor field & on T'M is said to be v-projectable if the
(1,1)-tensor field B = Ja.J is the v-lift of a (1,1)-tensor field B = b’ (x)dz? ® 8/9z" on M.

Definition 2. A wv-projectable (1,1)-tensor field « is called [-linear if Tw - aX : TM —
TM is a vector bundle morphism over Idy; for any projectable and linear vector field
X : TM — TTM. Analogously a v-projectable (1,1)-tensor field « is called r-linear if
a(Y") is a projectable and linear vector field on TM for any vertical lift Y of any vector
field Y on M.

In coordinates, let X = £%(2)0/0z* + 77} (z)x19/0z% be a projectable and linear vector
field on T'M and « be wv-projectable. Then the map T'w - aX is given by the equations
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T =2, T = a; (z,71)€7 + b (x)n;“wjl So it is a vector bundle morphism, i.e. « is [-linear

iff a(z,21) = a;k(x)x’f ‘ ‘ . .
Analogously for a field Y = &'(x)0/0x" on M its v-lift is YV = £'(x)d/0x} and so

a(YV) = b;-(x)é’j(x)a/ax" + h;'- (w,21)€7 (x)0/0x} is projectable and linear, i.e. « is r-linear

iff h;(x,xl) = h;k(x)x’f

Definition 3. A non vertical (1,1)-tensor field « is called linear if it is - and I-linear.

The following lemma is evident from the equalities (1) and (2).

Lemma 2. Let a be such a (1,1)-tensor field on TM that B is regular. Then the connec-
tion 'Y or I'? is linear if « is [-linear or r-linear, respectively. Both connections I}, and
I'2 are linear if « is linear. If moreover o is vertical then if « is l-linear or r-linear then
« is linear. If connection T' is linear and B is v-lift of a regular (1,1)-tensor field B on M
then the almost complex structure (T, B) is linear.

Recall that a semispray S on T'M is such a vector field on TM that J(S) = V where
V = xi0/0x" is the canonical (Liouville) vector field the flows of which are the homotheties
on individual fibres T, M. S is a spray if [S,V] = S. In local coordinates S = x40/0x" +
n'(z,21)0/0xt and it is a spray if n = ni (z)ak.

Every connection I' on T'M with local functions F;- determines a unique semispray
Sp = 240/0z" + 5279 /dx} (called T-horizontal).

Lemma 3. Let a be such a (1,1)-tensor field on TM that B is regular. Then «(V) is
I'2 -horizontal and a(B~Y(V)) is the I'2-horizontal semispray.

Proof in coordinates. a(V') = b;-xga/axiﬁLh;'-m{a/ax’i and considering B as a morphism on
VTM we have B~1(V) = E;xgﬁ/ami, a(B~YV)) = z40/0x" + h%i);"x{a/axﬁ The proof
is finished.

In concordance with many authors (for example Modugno [4], Yano [5]) using the
Nijenhuis-Frolicher bracket [a, 3] of two vector valued tensor fields we introduced the
following notions

Definition 4. We will say that a (1,1)-tensor field « is quasi-symmetric or semi-symmetric
or symmetric if [, J] is a vertical valued or a semi-basic vertical valued (1,2)-form on TM
or vanishes, respectively. We will say that a connection I' is symmetric, (equivalently
without torsion), when its torsion Tt = [hr, J] vanishes.

Throughout this paper we will use the denotations f; := 7 y fiy = az

By direct computations we get in the case of a v-projectable (1,1)- tensor field:
[a, J] = al; da? A da® ® 8/0x" + [(cl;, + ab,)da? Ada® + (b, — R, — SJl)daxl A dz®]®
® 0/0z!

5J1

(3) [hp, J] =T%. dod Adx® @ 0)0xt

sJ1

where F; are the local functions of a connection I'. So
i i i i g —
(4) aSJl a.751 or aS.?l aJSN b h]81 SJ1 =0

are the coordinate conditions of a to be quasi- or semi—symmetric.
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Proposition 1. Let o be a v-projectable (1,1)-tensor field on TM such that B is regular.
Then the connection T} is symmetric if and only if « is quasi-symmetric.

Proof follows from the relationships (3), (4) and from the local functions —bj (x)a} of

the connection I'L.

i

Remark 2. If o is I-linear and B is regular then aj

a;k(x)xlf and so « is quasi-symmetric
iff afy, = ag;.

Let iy : TTM — TTM, (2%, 2%, do*, dxi) — (¢, dx’, 2%, dzi) be the canonical involution
on TTM. Let TB : (¢, 2%, dot, dzi) — (2, b;-x{, da, b};jx’{’dwﬂ—b;dm{) denote the tangent
prolongation of the map B : TM — T'M, («*,z}) — («*,b5x]) given by a (1,1)-tensor field
B on M. Consider the following maps:

iy -TB iy :(2t, 2%, da’, dat) — (:c",mil,b;-darj, b};jdmkx{ + b;d:cjl)
Ja (2t 2%, dat, dat) — (mi,mﬁ,o,a;dmj + b;dmjl)
ot (2, 2t dat, dat) — (m",m"l,b;-dmj, h;d:cj) .
Then the map
ig-TB iy — Jo— o (2%, 2%, da, dal) — (2, 4%, 0, b};jda?kx{ - (a§- + h;-)dxj) =
= (2', bj;dz"z] — (a + h})dx?)

k i .k

i i i _
= ajxy, hj = hjkxl)y a

determines in the case of a linear (1,1)-tensor field «, (i.e. aj

(1,2)-tensor ap on M,
(5) ap = (b;k - a%k — ;k)dwj ®dz* ® 0/0z" .

Proposition 2. Let a be a quasi-symmetric and linear (1,1)-tensor field on TM. Then
« is semi-symmetric if and only if ag = 0.

Proof. Using a;'-k = a};j and comparing (4) with (5) we complete our proof.
By the map TB we can construct another connection T on TM as follows: We have
iy - TB iy — aJ = [(b;kxlf - h;-)dxj + b;dw{] ® 0/0x .

Considering B as a vector bundle isomorphism VI'M — VT M over Idr; we see that the
following (1,1)-tensor field

B7Yiy - TB iy — aJ] = [I;i(bzkx'f — h%)da? + da’] ® 9/dx’
is the vertical form of the connection I' the local functions of which are F; = —l;i(bﬁ kx’f—hz-).

20



Proposition 3. Let a be a linear quasi-symmetric (1,1)-tensor field on TM the morphism
B of which is regular. Then « is semi-symmetric if and only if the equality I' = T'} is
satisfied.

Proof. Under our suppositions the equality T’ = I'L has the following coordinate form
—bi(bly — Bl )ak = —bial k. e — bty = aly, .
Comparing it with (4) we finish our proof.

Recall that if I' is a linear connection on 7'M with local functions F’ = F’kfcl, B =
b;dwj ® 0/0z" is a (1,1)-tensor field on M and X = £°0/0z" is a vector ﬁeld on M then
the covariant derivative Vi B is the (1,1)-tensor field on M the coordinate form of which
is as follows

Vi B = (bj; + bil%, — % b3) ¢ da* @ 0/0a" .
Then VB = (bij + bgij F;st)de ® dr* ® 0/0x" is a (1,2)-tensor field on M and the
equality

is the coordinate condition for B to be constant under the covariant derivative with respect
to the connection I

Remark 3. The covariant derivative VI B can be interpreted as follows. If B = bi de? @
0/83: and if hp = dz* ® 0/0x" + Flkxldﬂ ® 0/0x% then the map TB - hr — hr - TB hr :
7' =2, T = b xl, dz' =0, dT% = (bfw +b§F§k I’;SbZ)xlde determines the tensor field
VIB on M.

Lemma 4. Let B = bids/ ® 9/dx" be a (1,1)-tensor field on M and B = bida? ® 8/0x
be its vertical lift on TM. Let I' be a symmetric linear connection on T'M. Then the

Nijenhuis-Frélicher bracket [hp, B] is the skew-symmetrization of the v-lift of the tensor
field V'B.

Proof follows immediately from the coordinate form [hp, B] = (b;cy + Fkub;‘)dmj AdaF @
0/0z.

Let S = 210/0z" + n(x,x1)0/0x] be a semi-spray on TM and B = b;(z)dz’ ® 0/0x}
be the v-lift of a regular (1,1)-tensor field B on M. Then the Lie derivative

LsB = —bida? @ 0/0x" + [(bigak —nj, b¥)da? + bidal] ® 0/0x]

is the so-called skew 2-projectable (1,1)-tensor field on T'M, see [2]. Such a (1,1)-tensor field
(3 determines a unique connection I'gg the horizontal subbundle HI'gg of which spannes
the vectors Y on T'M for which LgLsB(Y) € VT M, where S is an arbitrary semi-spray
on T'M on which the connection I'gg is independent. It is easy to calculate that

(7) Fg = —_bz (2b kxl 771?:15?)
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are its local functions.

Denote by A : o — Tl and by H : @ — T'2 the operators from the space «, of all
v-projectable (1,1)-tensor fields «w on TM with regular B = Ja.J into the space Conn T M
of all connections on T'M. Evidently A, H are zero- order natural operators in the category
M., of all smooth manifolds and smooth local diffeomorphisms.

Let DB :V(1,1) x S — Conn TM denote the operator from the product space of all
v-lifts of all regular (1,1)-tensor fields on M and of all semisprays on T'M into the space
Conn T'M given by the above described rule DB : (S, B) — I'pg. It is easy to see that
DB is a natural operator of first order in the category M,,. Reader is kindly refered to [3]
for the theory of natural operators.

Proposition 4. Let B be the v-lift of a regular (1,1)-tensor field B on M. Let T be a
linear symmetric connection on T M. Then the following conditions are equivalent

a) VIB =0

b) DB(Sr,B) =T
where St is the I'-horizontal spray on T M.
Proof. Let Sp = x10/0z" + n'0/0x%, n* = F;klexlf, be I'-horizontal spray. Then by (7)
F;'- = —I;i(bjk —I'%,b%)x} are the local functions of the connection DB(Sr, B). So locally

su”j

DB(Sr, B) =T if and only if

which coincides with (6), i.e. with the condition VI'B = 0. Proof is finished.
It is evident from the definitions of operators A and DB that
Proposition 5. A(LsLsB)= DB(S, B).
Remember that if o2 is vertical then T, = T2, i.e., H(a) = A(a).
Proposition 6. Let a be a l-linear and quasi-symmetric (1,1)-tensor field on T M such
that o? is vertical and B is regular. Then the following conditions are equivalent

i) VA@B =9,
ii) « is semi-symmetric.

Proof. The equality (6) for the connection I'l = A(a) yields b};j.— bii)f@?k + biat by = 0.
Then using the second relationship of (2) we have b; — @i, — hy; = 0. So the equalities
(4) are satisfied, i.e. a is semi-symmetric iff VA B = 0.

Corollary. Under the conditions of Proposition 6 « is semi-symmetric if and only if
DB(Sr1,B) = rk.

Let T' be a given connection on TM. Recall that the I'-lift of a vector X € T, M at
u € TM is the I-horizontal vector I'(X) € T,,TM such that T7(I'(X)) = X. Let B be a
(1,1)-tensor field on M. Then B acts on the I-horizontal vectors on TM by the rule: If
Y € T,TM then BY = T'(B(TnY)) € T,TM, i.e. BY is I'-lift of the vector B(T7Y) at
u. In coordinates, B(£'0/0x" + I‘;fja/(‘?x’i) = b;fj(‘?/ami + I‘ib;{ja/@x’i.
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Let o be a r-linear (1,1)-tensor field on TM. Recall that B is a (1,1)-tensor on M
determined by B = JaJ. Let I' be a linear connection on TM then the map Bhp —
aJ (b2t d2t, dxt) — (2%, 28,0, ( gkbj - h;k)x’fda:j) determines the (1,2)-tensor field
Bhr — aJ = (T%,b% — ;k)dxj ® dzk @ 0/0z* on M.

Proposition 7. Let a be a quasi-symmetric and [-linear (1,1)-tensor field on TM such
that B is regular, o is vertical and ap is symmetric (1,2)-tensor. Then just the connection
I'2 =TL =T, is such a linear symmetric connection on TM that the tensor V' B is
symmetric and the tensor Bhr, — a.J is skew-symmetric.

Proof. By our assumptions « is linear and (see (2), (5)),

(8) A = iy b = Uik, Vi — g = b = hi -

Then the tensor VI B is symmetric and Bhr, — a.J is skew-symmetric iff

(9) e — Ukj — Dby + 5,00 =0 ie., by, —hiy — it +Th bk =0,

(10) 0 pb% — by + Thbj — iy =0,

where I' is a linear symmetric connection. If the relationships (9), (10) are satisfied then
i by =hi;, ie Tio=hibt, ie TI'=T2=T,.

Conversely, it easy to show that under the conditions (8) the connection I, is symmetric
and satisfies the equalities (9) and (10). The proof is finished.
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