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MINIMAL ECCENTRIC SEQUENCES
WITH LEAST ECCENTRICITY THREE
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Dedicated to Anton Dekrét on the occasion of his 65-th birthday

ABSTRACT. An eccentric sequence is called minimal if it has no proper eccentric
subsequence with the same number of distinct eccentricities. All minimal eccentric
sequences with least value 2 were found by R. Nandakumar (see [1]). In the paper it
is shown that there are exactly 13 minimal eccentric sequences with least eccentricity
three (see Theorem 5.1).

1. INTRODUCTION

In this paper we consider undirected connected graphs without loops and multi-
ple edges. If G is a graph we denote by V (G) the set of all its vertices and by E(G)
the set of all its edges. We write |V(G)| for the cardinality of V(G). The subgraph
of G induced by a set of vertices {vy,...,v,} will be denoted by < v1,...,v, >.
Let degv denote the degree of a vertex v and d(u,v) denote the distance between
vertices u, v. If u, v are vertices of a graph then wv is the edge which is incident
with each of two vertices u and v. Let us denote by diam G the diameter of the
graph G.

The eccentricity of a vertex u € V(G) is the integer

ec(u) = max{d(u,v);v € V(G)}.
We write simply e(u) when no confusion can arise. The eccentric sequence of a
graph G is a list of the eccentricities of its vertices in nondecreasing order. Since
often there are many vertices having the same eccentricity we will simplify the
sequence by listing it as
el e, ... eme

where the e; are the eccentricities for which e; < e; 1 and m; is the multiplicity of
e;. For example 33, 43, 52 is the eccentricity sequence of the graph in Fig. 1.1 (at
each vertex its eccentricity can be found).
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Fig. 1.1 Fig. 1.2

Isomorphic graphs have the same eccentric sequence (we will identify them).
Obviously, the converse is not true.

A sequence of positive integers is called eccentric if there is a graph which realizes
the considered sequence as the sequence of its eccentricities. An eccentric sequence
is called minimal (by R. Nandakumar) if it has no proper eccentric subsequence with
the same number of distinct eccentricities. For example, the eccentric sequence
3%,43,5% is not minimal since the graph in Fig. 1.2 has the eccentric sequence
32,4252,

Now we remind some well known properties of eccentric sequences (see [1]).

For every eccentric sequence ef"',e3*, ..., e™ holds

1. ej41 =e;+1fori=1,2,...,5s—1,1e. the e}s are consecutice positive itegers,
2. es < 2ey, i.e. the diameter is at most twice the radius.
The next assertions can be found in [2].
Theorem 1.1. Ife]",ey™?,..., el is an ecentric sequence then m; > 2 for every
i> 2.
Theorem 1.2. A sequence of positive integers is eccentric if and only if some its

subsequence with the same number of distinct integers is eccentric.

All minimal eccentric sequences with least value 2 were found by R. Nandaku-
mar (see [1]). In this paper it is shown that there are exactly 13 minimal ec-
centric sequences with least eccentricity three, namely 3%, 3% 4%, 34 4%,
33,46, 32,48, 3410, 342512, 343 5% 34%157; 34% 5% 3,47 5%
3242 5% 3,4%,5% 6%, (Theorem 5.1).

Now we will give some statements which we will use in the paper.

Lemma 1.3. Let G be a graph and let uwv € E(G). If degv =1 and e(u) > 2 then
e(v) =e(u) + 1.

Proof. Any nontrivial path contained the vertex v also contains the vertex w.

Lemma 1.4. If uwv € E(G), vw € E(G), degv = 2, degw = 1, e(u) > 3 then
e(w) =e(v)+1=-e(u)+2.

Proof. It is obvious.
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2. ECCENTRIC SEQUENCES OF TYPE 3,4 AND 3,4/ 57, 1 +r = 9.

In this section we will show that there are only two 10-vertices graphs with
eccentric sequences of type 3,4' or 3,4!,5". From this (by Theorem 1.2) it is
possible to obtain some properties of minimal eccentric sequences (Corollary 2.5
-2.7).

Lemma 2.1. If the eccentric sequence of a graph G is 3,4' or 3,4',5" then G
contains the subgraph in Fig. 2.1 satisfying e(vs) = 3 and

(2.1) d(v3,v7) = d(vy,v5) =4,
or the subgraph in Fig. 2.2 satisfying e(vs) = 3 and
(22) d(U4,U1) = d(U4,U7) = d(’U4,U}3) =3
w3
w2
wy
——0 —0— 0 — 09
V1 Vs V3 Vs Vs Vg Uy V1 UV V3 Vg Vs Vg U7
Fig. 2.1 Fig. 2.2

Proof. Let vy be a vertex of G for which e(vs) = 3. Since e(vs) = 3 there is a path
V4, V3, Uz, v With the property d(vg,v1) = 3. Let Vi = V(G) — {v1,v2,v3,04}. If
d(v,v4) < 2 for any vertex v € V; then e(v3) < 3, a contradiction. If for any vertex
v € Vi for which d(v,v4) = 3 we would have that a shortest path between v, vy
contains one of the vertices vy, v3 then again e(vs) < 3, which is impossible. Hence
the graph G contains a path wvg,vs,ve, v7 satisfying d(vs,v7) = 3 that is disjoint
with the path vy, v2,v3. Thus the graph G contains the subgraph in Fig. 2.1.

If the distance between vertices from the set Va2 = V(G)—{v1, v2, v3, v4, U5, Vg, 7 }
and the vertex vy is at most two then d(vs,v7) = d(v1,v5) = 4 (because e(vs) =
e(vs) = 4). Let there exist a vertex ws € V5 for which d(vs,ws) = 3. If for every
vertex © € Vs satisfying d(vg,z) = 3 every shortest path between vertices vy, x
contains at least one of the vertices vs, v3, v5, v then without loss of generality we
can assume that (2.1) is satisfied. In the opposite case G contains the subgraph in
Fig. 2.2 satisfying e(v4) = 3 and (2.2). O

Lemma 2.2. Let the eccentric sequence of a graph G be 3,4! or 3,4',5" and
e(vq) = 3. Let vy, va,v3,v4, 05,06, 07 be a path for which d(vy,vs) = d(v7,v4) =3
and let G1, Gy be subgraphs of the graph G satisfying the following conditions

() V(G1) NV (G2) C {va},

(1)) V(G) —{va} CV(G1) UV(Ga),

(i) v1 € V(G1), vr € V(G2).
Then none of the following assertions holds

(a) there is no edge uv with u € V(G1) — {vs} and v € V(G2a) — {v4},

(b) wv € E(G),u € V(G1)—{va},v € V(G2)—{va} and eq, (u) < 2, eq,(v) <3

(Or €G, (’LL) <3, eq, (1}) < 2)
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Proof. In the case (a) a shortest path between vertices vy, vy contains the vertex
vg and it yields that d(vy,vr) = d(vi,v4) + d(v4,v7) = 3 +3 = 6. Then e(vy) > 6,
a contradiction.

In the case (b) we have eg(v) < 3, v # wvg but vy is the only vertex with
eccentricity less than four, a contradiction. [

Corollary 2.3. There exists no graph satisfying all assumptions of Lemma 2.2 and
simultaneously diam G; < 2, diam Gy < 3 (or diam G, < 3, diam G, < 2).

Theorem 2.4. If the eccetric sequence of a graph G is 3,4! or3,4!,5* and |V (G)| = 10
then G is the graph in Fig 2.3 or in Fig. 2.4.

Fig. 2.3 Fig. 2.4

Proof. Let V(G) = {vy,...,v10}. We distinguish two cases (with respect to Lemma
2.1).

I. Let G contain a path vy, vs,...,v7 and let e(vg) = 3 and (2.1) hold.

From (2.1) follows that the subgraph (vy,vs,...,v7) has six edges. It is easy to
see that neither degv; = 1 and degwvs, = 2 nor degv; = 1 and degwvg = 2 is possible
(see Lemma 1.4).

Since e(v4) = 3 it is sufficient to consider the following cases with respect to sym-
metry, suitable denotation and to the number of vertices from the set {vs, vg, v10}
which are adjacent to at least one of the vertices from the set {va,vs,v4, v5,v6}.

a) Each of the vertices vg, vy, v1¢ is adjacent to at least one vertex from the set
V' = {vs,v3, 04,05, 06}

ap) V4V, Vavg, VU109 € E(G) '—I—'—I—'—IA

By Lemma 2.2 we have degvg = 1 (in the opposite case the graph G would not
exist). Since any shortest path between vy, v; can not contain the vertex vy we
have that an edge of type v;v;, i € {1,2,3,9}, j € {5,6,7,10} belongs to G. With
respect to (2.1), e(v2) > 4 and e(vg) > 4 this is possible only for i =9, j = 10, i.e.
vgv1g € E(G). Therefore, the graph G contains the subgraph in Fig. 2.4 with the
eccentric sequence 3,47,52. It is easy to check that if we add an edge to the graph
in Fig. 2.4 we obtain a graph in which eccentricities at least two vertices are at
most three.
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ag) V408, V3Vg, UsV1g € E(G) Q—Q—I—I—I—Q—O

Let the subgraphs Hy = (v1,v2,v3,v9) and Ha = (v5,vg,v7,v10) have at least four
edges (i.e. their diameters are at most two). The inequality degvg > 1 is impossible
by Lemma 2.2. So, let degvg = 1. Since any shortest path between vertices vy,
v7 can not contain vy and (1.2) holds we get v;v; € E(G), i € {3,9}, j € {5,10}.
Hence e(v;) < 3 (and e(v;) < 3, t00), a contradiction.

Thus (with respect to symmetry) we can assume that the subgraph H; has three
edges. Since degv; > 1 or degvs > 2 we get (with respect to (2.1)) vavs € E(G).
Since deg vz > 1 or degvg > 2 we get a contradiction (e(vs) < 3 or by Lemma 2.2).

03) V408, V3Vg, VgV10 € E(G) Q—Q—I—I—Q—I—O

Let the graph Hy = (v1, v2,v3,v9) have at least four edges. By Lemma 2.2 we have
again degwvs = 1. With respect to (2.1) any shortest path between vy, v7 can not
contain v4 and thus an edge of type v;v;, i € {2,9}, j € {5,10} belongs to E(G).

Hence e(v;) < 3, a contradiction. Now, we can assume that |[E(H;)| = 3. Then
degwv; =1 (by (2.1)). By Lemma 2.2 we get degvs = 2, a contradiction (see Lemma
1.4).

ay) vavg,v4v9 € E(G) and the vertex vy¢ is adjecent to at least one of the vertices
V2, U3.
Deg v7 =1 (by (2.1)) and so degvg > 2 (by Lemma 1.4). Hence we have (with
respect to (2.1) and Lemma 2.2) one of the cases a;), a3).
as) Let vgug € E(G) and each of the vertices vy, v19 be adjacent to at least one of
the vertices vs, v3.
This is impossible by Lemma 2.2.
ag) Let vsvg € E(G) and each of the vertices vy, v19 be adjacent to at least one of
the vertices v, v3.
Since degwvz > 1 or degvg > 2 we obtain (with respect to (2.1)) that the graph
G does not exist by Lemma 2.2.
ar7) Each of the vertices vg, vg, v19 is adjacent to at least one vertex from the set
{U2a U3, U4}-
From (2.1) it follows deg vz = 1. Since degwvg > 2 we get one of the previous cases.
b) Let vsvg € E(G) and each of the vertices vs, v1o be adjacent to at least one
vertex from the set V' = {vs,...,v6}. We distinguish six subcases.

bl) V48, V3V10 € E(G) H—I—E—O—O—Q

Since neither degv; = 1 and degwvs = 2 nor degwv; = 1 and degwvg = 2 can holds,
we have (by (2.1)) that e(vs) < 3 or the graph G does not exist by Lemma 2.2, a
contradiction.
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bs) v4vs, V4010 € E(G) b—o—ﬁ—o—o—Q

Similarly, since neither degv; = 1 and degvs = 2 nor degv; = 1 and deguvg = 2
holds we have (by (2.1)) that either e(vg) < 3 or e(v19) < 3 holds or the graph G
does not exist by Lemma 2.2, a contradiction.

b3) v4vs, V210 € E(G) Q—I—O—E—O—O—Q

If deg vy > 1 then vyvg € E(G) by (2.1) and the graph G does not exist by Lemma
2.2. If degwvg > 2 then vgv19 € E(G) or the graph G does not exist by Lemma 2.2.
If vgvip € E(G) we get that the graph G contains the subgraph in Fig. 2.3 with
the eccentric sequence 3,4°,5%. It is easy to check that if we add an edge to the
graph in Fig. 2.5 we obtain a graph in which eccentricities at least two vertices are
at most most three, a contradiction.

by) v3vs, V610 € E(G) H—LH—LQ

Since degwv; > 1 or degvs > 2 we obtain (with respect to (2.1)) that the graph
G does not exist by Lemma 2.2.

bs) v3vs, V5U10 € E(G) Q—O—L—I—O—Q

Since degv; > 1 or deg vy > 2 the subgraph (vy, va, vs,vs, ve) has at least five edges
(with respect to (2.1)). Since degvy > 1 or degwg > 2 the graph G does not exist
by Lemma 2.2.

bg) vsvg € E(G) and the vertex vy is adjacent to at least one vertex from the set
{'Ug, U3, 1)4}-

By (2.1) we have degv; = 1. If degvs > 2 then e(vs) < 3 or it takes place the
case by).

¢) It remains the next three cases:
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(C) V408, Vglg, UgV10p € E(G)

(d) V3Vg, Vglg, UVgV1g € E(G)

St

(e) V4Vs, UgUy, Vo109 € E(G)

Since neither degv; = 1 and degvs = 2 nor degv; = 1 and degvg = 2 is possible
we have e(vg) < 3 or e(vg) < 3 (with respect to (2.1)), a contradiction.

IL. If it does not take place the case I then by Lemma 2.1 the graph G has the
subgraph in Fig. 2.2 and without loss of generality we can asuume

(23) d(Ug,U)g) = d(wl,w) = d(1)5, 1)1) =4

We first show that at least two of the vertices vy, v7, w3 have degree one. On the
contrary we may suppose (without loss of generality) that degv, > 1 and degvz > 1.
This is possible only (with regard to (2.3)) if vyws € E(G) and vyvy € E(G). Then
we obtain e(vg) < 3, a contradiction. So let degv; = degws = 1. The inequality
d(vi,w3) <5 yields d(vs,ws) < 3. With respect to (2.3) we get that vows ¢ E(G)
and any shortest path between the vertices v2, ws can contain neither vertex vs
nor v7. It can contain only the vertex w; and this is possible only if vow; € E(G).
Since e(ve) = 4 we get degvy = 1 and so d(vg,wz) < 3. As in the previous case
we obtain vgws ¢ E(G) and moreover, any shortest path between vertices ws, vg
can not contain the vertex w;. This path can contain only the vertex vs and this
is possible only if wovs € E(G). Then e(w-2) < 3, a contradiction. O

Corollary 2.5. The eccentric sequence 3,4 is minimal.

Proof. The sequence 3, 410 is the eccentric sequence of the graph in Fig. 2.5. Ac-
cording to Theorem 2.4 and Theorem 1.2 there is no graph with eccentric sequence
3,4, 1<10. O

Fig. 2.5
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Corollary 2.6. The eccentric sequences 3,4°,5* and 3,47,5% are minimal.

Proof. The sequence 3, 4%, 5% is the eccentric sequence of the graph in Fig 2.3. The
sequence 3,47, 5 is the eccentric sequence of the graph in Fig 2.4. Now we will show
that there is no graph with eccentric sequence 3,4!,5”, I +r < 9. On the contrary,
let such graph G exist. According to Theorem 1.2 it is sufficient to consider the
case | + r = 8. Let e(v4) = 3 and let we obtain a graph G’ from the graph G by
adding a vertex v ¢ V(G) and an edge vgv. Then, evidently, eq (v) = 4 and for
any vertex v € V(G) it holds eg(u) = e/ (u) (because dg(u,v) < 4). Then the
graph G’ has to be one of the graph in Fig. 2.3 or Fig. 2.4 but it is easily to see
that G’ is not any of them, a contradiction. O

Corollary 2.7. A sequence 3,4%,5" is not a minimal eccentric sequence for any r.

Proof. There is no graph with the eccentric sequence 3, 4%, 5% according to Theorem
2.4. Then it is sufficient to use Corollary 2.6. O

Minimal eccentric sequences with least eccentricity 2 can be found in [1], but
with a mistake in Fig. 9.4. Therefore we will touch this case in the last part of this
section.

Theorem 2.8. The eccentric sequence 2,35 is minimal and it is realized by only
the graph in Fig. 2.6.

U7
Ve
o o o o
U1 V2 U3z V4 Vs Ui V2 U3z V4 Vs
Fig. 2.6 Fig. 2.7 Fig. 2.8

Proof. In the same way as in the proof of Lemma 2.1 we can show that the graph G
with the eccentric sequence 2, 3% contains the subgraph in Fig. 3.4 where e(v3) = 2
and d(vi,v3) = d(vs,v3) = d(v7,v3) = 2 or it contains the subgraph in Fig. 2.8
satisfying e(vs) = 2 and d(vy,v4) = d(ve,vs) = 3 (if the vertices of G are suitable
denoted).

I. In the first part of the proof we will show that the eccentric sequence 2,36 is
minimal.

Suppose on the contrary that there exists a graph G with the eccentric sequence
2,3%. It is obvious that the graph in Fig. 2.8 is a subgraph of G, where e(v3) = 2
and d(vy,v4) = d(v2,v5) = 3.

Since e(vs) = 2 it is sufficient to consider two possibilities for the vertex vg .

a)Let vovg € E(G). The equality d(vs,v5) = 3 implies that degvs = 1 and so
e(vs) = e(vs) + 1 (by Lemma 1.3), a contradiction.

b) Let vsvg € E(G). Since e(vs) = e(vy) = 3 we get degv; > 1 and deguvs > 1
(by Lemma 1.3) and so v1vs € E(G) and vsvg € E(G), which gives e(vg) < 2, a
contradiction.
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II. We will show that the eccentric sequence 2, 3% is realized by only the graph
in Fig. 2.6.

a) Let G contain the subgraph in Fig. 2.7 where e(vs) = 2 and d(vy,vs3) =
d(vs,v3) = d(vr,v3) = 2.

Firstly, let vsv; € E(G). Since degv; > 1 (by Lemma 1.3) we have e(v4) < 2 or
e(vg) < 2, a contradiction.

Secondly, let vsvr ¢ E(G). With respect to symmetry we can also assume that
vivy ¢ E(G) and vivs ¢ E(G). Since d(vs,v5) = 2 and degvs > 1 (by Lemma
1.3) we can assume (without loss of generality) that vsvs € E(G). From degv, > 1
and e(vg) = 3 we have that vivy € E(G). From degvy > 1 and e(vy) = 3 we
have vov; € E(G). Hence the graph in Fig. 2.6 is a subgraph of G. It is easy to
check that if we add an edge to the graph in Fig. 2.6 we obtain a graph in which
eccentricities of at least two vertices are at most 2.

b) Let G contain a subgraph in Fig. 2.8 where e(vs) = 2 and d(vi,v4) =
d(Ug, 1)5) =3.

In this case the subgraph (vy,vs,vs,v4,vs) has 4 edges. Since e(vs) = 2, it is
sufficient to consider (with respect to symmetry) the next four possibilities.

1) V2 Vg, VaVU7 € E(G)

Since d(vq,v5) = 3 we get degvs = 1 which is impossible (by Lemma 1.3).
2) V3Vg, U3V7 € E(G)

In this case a shortest path between v; and vs contains a vertex v;, i € {6,7}
and so e(v;) < 2, a contradiction.
3) vaug, vav7 € E(G)

If vyvg ¢ E(G) we obtain that e(vs) < 2 (because degv, > 1 and degwvg > 1 by
Lemma 1.3), a contradiction. Now, let vivg € E(G). Any shortest path between
v; and vz does not contain the vertex vz (because d(vy,v;) < 3) and so there exists
an edge v;v; € E(G), where i € {1,2,6}, j € {4,5,7}. This yields e(v;) < 2, a
contradiction.

4) vyvg,v3v7 € E(G)

Since deguvs > 1 and e(vy) = 3 we obtain vsv; € E(G). Analogously as in the
previous case it can be shown that vivs ¢ E(G). Since degv; > 1 and d(vy,v4) =3
we have viv; € E(G). Similarly, degvg > 1 and e(vr7) = 3 imply vgvs € E(G).
Thus we obtain the graph in Fig. 2.6. O

Remark. Theorem 2.8 implies that the graph corresponding to the eccentric se-
quence 2,3% in [1, Fig. 9.4] is wrong. Its eccentric sequence is 2, 34,42 and it is easy
to see that it is not even a subgraph of the graph in Fig. 2.6.

3. MINIMAL ECCENTRIC SEQUENCES OF TYPE 3F 4! k > 2.

Lemma 3.1. Let G be a graph with an eccentric sequence 3*,4', k> 2. Then G
contains the subgraph in Fig. 3.1 satisfying e(vs) = 3 and

(31) d(vl,m) = d(v4, 1)7) = 3,
or the subgraph in Fig. 3.2 satisfying e(vs) = e(vq4) = 3 and
(3.2) d(vi,v4) = d(v3,v6) = 3
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(provided that the vertices of the graph G are suitable denoted).

*—o—9o 0o o 0o o *—eo oo oo
U1 V2 U3 V4 Vs Ve U7 U1 V2 V3 V4 Vs Vg
Fig. 3.1 Fig. 3.2

Proof. Let vg € V(G), e(vs) =3 and let the graph G do not contain the graph in
Fig. 3.1 satisfying (3.1). There exists a vertice vy € V(G) with d(vy,vs) = 3. Let
v1,V2, V3,04 be a path from v; to v4 of the length 3. We denote

V/ = V(G) — {Ul,UQ,U3,1}4}.

Evidently, V' # 0. If v € V' with d(v,v4) = 3 then every shortest path from v to
v4 contains the vertex vy or vz. Therefore, d(v,v3) < 2. If v € V' with d(v,v4) =1
then again d(v,vs) < 2. If also for each vertex v € V' with d(v,vs) = 2 we have
d(v,v3) < 2 then e(vs) < 2, which is impossible. Hence there exists a vertex v
which satisfies d(v,v4) = 2 and d(v,v3) = 3. Consequently, the graph G contains
the subgraph in Fig. 2 satisfying (3.2) (we put v¢ =v). O

Lemma 3.2. Let G be a graph with an eccentric sequence 3*,4! and let vy, v2, vs,
v4, Us, Vg be a path of G such that e(vs) = e(v4) = 3 and (3.2) are satisfied. Let
G and G2 be subgraphs of G satisfying the following three conditions:

(k) V(G1) NV (G2) =0,
(kk) V(G1) UV (Gs) = V(G),
(kkk) vy, vs,v3 € V(G1), wvyg,v5,06 € V(Ga).

We claim that

a) there exists an edge wv € E(G) for which
u € V(G1) —{v3}, veV(Gz)—{u},

b) wv € E(G), u e V(G1) — {vs}, v € V(G2) — {v4} and
diam(Gy) < 3, diam(Gy) <2 give k> 3,

¢) wv € E(GQ), ue V(Gy) —{vs},v e V(G2) — {va} and
diam(G1) < 2, diam(G2) <2 give k> 4.

Proof. a) Suppose, contrary to our claim, that there is no edge uv with u €
V(G1) —{vs}, v € V(G2) —{vs}. Then every shortest path between the vertices vy
and vg contains the vertex vz or vs4, which implies d(vy,vg) > 5. This contradicts
to our assumption (e(vy) < 4).

b) It is clear that e(u) < 3.

c¢) It follows easily that e(u) < 3 and e(v) < 3. O
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Lemma 3.3. Let G be a graph with an eccentric sequence of type 3* 4! and let
V(G) = {v1,va,...,08}. If acircle vy,va,...,0m,v1 withm € {4,5,6,7} is a
subgraph of G and each vertex vj, j > m, Is adjacent to at least one vertex from
the set {vi,vs,...,0n}, then k> 4.

Proof. Tt is clear that k > 5 if m = 7. Let m = 6. At most one vertex of the circle
V1,V2,...,Um 18 at distance 4 from v; and at distance 4 from vg. It implies that
I <4 andsok>4.

Let m € {4,5}. It is easily seen that d(v;,v;) < 3 for each i € {1,2,...,m},
je{m+1,...,8}. It implies e(v;) < 3 foreach i =1,2,...,m. O

Lemma 3.4. Let G be a connected graph such that |V (G)| = 7 and let a circle of
the length at least 6 be its subgraph. Then the eccentricities of at least 5 vertices
of G do not exceed 3.

Proof. Tt is immediate. O
Lemma 3.5. A graph G with the eccentric sequence 32,47 does not exist.

Proof. Suppose that there is a graph G with the eccentric sequence 32, 47. Let
V(G) = {v1,vs,...,v9}. Suppose that the assertion is false. We will use Lemma
3.1 and hence we distinguish two cases.

I. Let the graph G contains a path vy,vs,...,v7 such that e(vs) = 3 and the
equalities (3.1) hold.

If degvy = degvr = 1 then (by Lemma 1.1) e(v2) = 3 and e(vs) = 3, a contra-
diction. Therefore we will suppose that at least one of the vertices v1, v7 has the
degree at least 2. If we take symmetry and the equality e(v4) = 3 into account, we
see that it is sufficient to distinguish the following subcases.

a) Each of the vertices vg, vy is adjacent to at least one vertex from the set
{1)2;1)37114)1)5;1)6}-
ay1) The vertex vg is adjacent to vo or v3 and the vertex vg to vs or vs.

Without loss of generality we may assume that both vertices with the eccentricity
3 belong to the set {v1,vs,v3,v4, vs}.

Firstly, suppose that vovg € E(G) or the subgraph (vy,vs,v3,vs) of G has at
least 4 edges. Any shortest path between v; and v; does not contain vs (with
respect to (3.1)) hence there is an edge vv;, @ € {1,2,3,8}, j € {5,6,7,9}. It
gives e(v;) < 3, a contradiction.

Secondly, let vsvg € E(G) and the subgraph (vq,vs,vs,vs) has exactly 3 edges.
The assumption degv; > 1 implies e(vs) < 3, a contradiction. If degwv; = 1 then
degvy > 3 (by Lemma 1.4) and so E(G) contains an edge vpv;, j € {5,6,7,9}.
Thus e(v;) < 3, a contradiction.
az) Each of the vertices vg, vy is adjacent to at least one vertex from the set
{va,v3,v4} and v4vg ¢ E(G).

Firstly, let degv; > 1. In this case we have that eccentricities of at least two
vertices from vy, v3,vs,v9 are at most 3, a contradiction. (Note that vjug € E(G)
gives v7ug ¢ E(G) because d(vy4,v7) = 3.)

Secondly, degv; = 1 gives e(vg) = 3 and deguvg > 2 (by Lemma 1.3 and 1.2).
Hence we have either the case a;) or at least one of the inequalities e(v2) < 3,
e(v3) < 3 holds, which is impossible.
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a3) Let vyvg,v4v9 € E(G).
The inequality degv; > 1 gives (with respect to (3.1)) e(vs) < 3 and e(vg) < 3,
which is impossible. Similarly, degv; > 1 yields e(v2) < 3 and e(v3) < 3.

b) The vertex vy is not adjacent to any vertex from the set {v2,vs, v4, v5,v6}.

In this case we have vgvg € E(G) and it is sufficient to consider two possibilities.
bl) Let vyvg € E(G)

Without loss of generality we may assume that both vertices with the eccentricity
3 belong to the set {v1, v, vs, v4,vs, Vg }.

Firstly, if degv; > 1 we obtain viv9 € E(G) (because e(vs) = 4). By our
assumption e(vy) = e(vg) = 4 and so degv; > 1. Therefore eccetricities of at least
two vertices from the set {vs,vs,vs,v9} are at most 3, a contradiction.

Secondly, if degv; = 1 then e(v2) = 3 and degvy > 2 (by Lemmas 1.3 and 1.4).
Since e(vs) = 4 we obtain that degvg > 1 (by Lemma 1.3). Therefore, vrvg € E(
holds. From deguv, > 2 we get vov; € E(G), j > 4. This yields e(v;) < 3, a
contradiction.
b2) Let vzvg € E(G)

If degvy > 1 then eccentricities of at least two vertices from the set {vs,vs,vs} are
at most 3. The equality degv; = 1 guarantees e(vg) = 3 and deguvg > 2. This
forces e(vy) < 3 or e(vs) < 3. It again contradicts our assumption.

IL. Let the graph G contain a path vy,vs,...,vs (see Fig. 3.2) such that e(vs) =
e(vq) = 3 and (3.2) hold.

From e(v2) = e(vs) = 4 we get degvy > 1 and degvg > 1 (by Lemma 1.3). Since
we may assume that the case I does not take place and e(vs) = e(vq) = 3, it is
sufficient to consider the next possibilities.

a) Each of the vertices vr, vs, vg is adjacent to at least one vertex from the set
{va, v3,04, 05 }.
ay) If at least one of the vertices vs, vy is adjacent to no vertex from the set
{v7,vs,v9} then we obtain a contradiction (by Lemma 3.2).
as) Let vsvr,v4vg € E(G).

We may suppose that the vertex vy is adjacent to vy or v3. Since degvg > 1 we have
either e(ve) < 3 or vgvg € E(G). In the second case we again obtain a contradiction
by Lemma 3.2.

b) Let vsvr,vrvs € E(G) and let the vertex vg be adjacent to no vertex from the
set {va,v3,v4,05}.
b1) In each of the subcases vovy € E(G), vsvg € E(G), v7vg € E(G) we can obtain
e(v2) < 3 or e(vr) < 3 (because degwvg > 1).
bz) Let vqvg € E(G)

If vgvg ¢ E(G) then e(va) < 3 or e(vr) < 3 (because degvg > 1 by Lemma 1.3). If
vy € E(G) then e(vy) < 3 (because degv; > 1 and d(vq1,v4) = 3) or the graph G
does not exist by Lemma 3.2.

bg) Let vsvg € E(G)

If the subgraph (vi,ve,vs,v7,vs) contains at least 5 edges using Lemma 3.2 we
obtain a contradiction. Otherwise, we have e(vs) < 3 (because degv; > 1 and
degvg > 1 by Lemma 1.3). O

Lemma 3.6. A graph with the eccentric sequence 3*,4° does not exist.
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Proof. Suppose that there is a graph G with the eccentric sequence 33, 45. We
again use Lemma 3.1 and hence the proof splits into two parts.

I. Let G contain a path vy, vs,...,v7 such that e(vs) = 3 and the equalities (3.1)
hold.

Since e(vq) = 3 the vertex vg is adjacent to at least one vertex from the set
{v2,v3,04,v5,06}. We consider two cases.

a) The subgraph (vy,vs,...,v7) of G contains at least 7 edges.

Evidently d(vi,v7) < 4 and in accordance with Lemma 3.3 it is sufficient to
consider two subcases.
al) VU5 € E(G)
Since e(vs) > 3 we obtain vsvg € E(G). In the case deg vy > 1 we may use (3.1) and
Lemma 3.3 and we get a contradiction. The equality degv; = 1 yields degvg > 2
(by Lemma 1.4) and we have again (by Lemma 3.3) a contradiction.
as) vsvs € E(Q)
In this case e(vs) < 3 and e(vs) < 3. The case a1) implies that vovs ¢ E(G) and
with respect to symmetry also vsvg ¢ E(G). Then using the Lemma 3.3 we get that
every shortest path between v; and v; must contain the vertex vg and so e(vg) < 3.

b) The subgraph (v1,va,...,v7) contains only 6 edges.
By Lemma 1.4 we have vivg € E(G) or vavs € E(G). Analogously, vgus € E(G) or
vrug € E(G). Hence we get a contradiction (with Lemma 3.3 or e(vg) < 2).

II. The graph G contains a path vy, vs,...,vs where e(vs) = e(vs) = 3 and (3.2)
holds.

Since we can assume that the case I does not take place it is sufficient to consider
the next possibilities.

a) Each of the vertices vz, vs is adjacent to at least one vertex from the set
{va, v3,04, 05 }.
We distinguish two cases.
ay) The subgraph (v1,vs,...,v¢) contains at least 6 edges.
In this case we get vivs € E(G) or vavs € E(G) (in accordance with (3.2)), which
is impossible by Lemma 3.3.
as) The subgraph (vy,vs,...,v6) contains only 5 edges.

The case degvg = 1 and degvs = 2 is impossible ( by Lemma 1.4). If we take
symmetry into account it is sufficient to distinguish the next subcases.
1) VU7, UsUs € E(G)

In this subcase we have that eccentricities of at least 4 vertices are at most 3 (by
Lemma 3.2).
2) vovz,v4v8 € E(G)

Since degvg > 1 or degvs > 2 we can again get that eccentricities of at least 4
vertices are at most 3 (by Lemmas 3.2 and 3.3).
3) Vo U7, V3Vg € E(G)

With respect to (3.2) and Lemma 3.3 we have degv; = 1. Then degwvg > 2 and
we obtain a contradiction (by Lemmas 3.2 and 3.3).
4) vyur,v9vg € E(G)

By Lemma 3.3 we obtain degvs = 1 and degvs = 2, a contradiction (by Lemma
1.4).
5) vsvr, vavs € E(G)
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If degvs > 2 or deg vy > 2 we obtain one of previous cases. In the opposite case
we have (by Lemma 1.4) degv; > 1, degwvg > 1 and this is impossible by Lemma
3.2.

6) V3U7,V3VUs € E(G)

With respect to the equalities (3.2) we get degvg = 1. If degvs > 2 we obtain
the case 2). Otherwise we have a contradiction by Lemma, 1.4.

b) The vertice vs is adjacent to no vertex from the set {vs,vs,v4,v5}.

With respect to symmetry we may assume that vzvy,vrvg € E(G). We distinguish
two possibilities.

b1) A subgraph (vy,vs,...,vs) has at least 6 edges.

In this case we get vivg € E(G) or vavs € E(G). By Lemma 3.3 we get degvg = 1
and degvr; = 2. Accordingly to Lemma 1.4 it is impossible.

by) A subgraph (vy,vs,...,ve) has 5 edges.

Firstly, let v4vr ¢ E(G) and so d(vs,vs) = 3. With respect to the previous case
we may assume that the subgraph (vs,v4,vs,vs,v7,vs) has 5 edges which implies
degvg =1 and degvs = 2, a contradiction (by Lemma 1.4).

Secondly, let v4v7 € E(G). By Lemma 3.2 we obtain that degvs = 1. Hence, a
shortest path between v; and vg contains v; and so e(v7) < 2 (because viv7 ¢ E(G)
and vgvr ¢ E(G) by (3.2)). O

Lemma 3.7. A graph G with the eccentric sequence 3*,4° does not exist.

Proof. On the contrary, let there exist such a graph G.

Similarly as at the previous proofs we distinguish two cases.

a) Let G contain a path vq,vs,...,v7 where e(vy) = 3 and (3.1) holds.

By (3.1) and Lemma 3.4 we deduce that degv; = 1. From this it follows that
degvg > 2 (by Lemma 1.4). By Lemma 3.4 and the equalities (3.1) we obtain
v;vg € E(Q) for some i € {2,3}. It implies e(v;) < 2, a contradiction.

b) Let G contain a path v1,vs,...,vs where e(v3) = e(v4) = 3 and (3.2) holds.

It suffices to consider the next two cases.
bl) VU7 € E(G)

Applying (3.2) and Lemma 3.4 gives degvg = 1. Therefore e(vs) > 2 by Lemma 1.4.
This clearly forces vsv; € E(G), i € {2,7} (with respect to (3.2)) an so e(v;) < 2,
a contradiction.

bg) V3V € E(G)

We have degvg = 1 using Lemma 3.4 and the equalities (3.2). This gives e(vs) > 2
by Lemma 1.4. Consequently, vsv; € E(G), i € {2,7}.

Firstly, if vsvs € E(G) then e(vs) < 2, a contradiction.

Secondly, if vsv; € E(G) (and vsva ¢ E(G)) then a shortest path between
v; and vg contains vy and in consequence, e(v7) < 2 (because d(vg,v7) = 2 and
d(vl,ve) S 4) O

4. MINIMAL ECCENTRIC SEQUENCES OF TYPE 3,4! 5", [ +r > 9.

In this section we will use the following basic idea.
Let G be a graph. Fix the vertex with the eccentricity 3 and denote it by s (a
source). In this case we denote

A:={v e V(Q);d(s,v) =1},
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B :={v € V(G);d(s,v) = 2},

C:={veV(Q);d(s,v) = 3}.
If v € C (v € B), there exists a vertice u € B (u € A) such that wv € E(G). If
v € A then vs € E(G). On the other hand, vs ¢ E(G) if v € BUC and vu ¢ E(G)
if veC, ue A. The distance of vertices u, v is at most 2 if u,v € A, is at most 3
if v € A, u € B, respectively, etc. In the case degs = 2 we divide the vertices of G
more carefully. In this case we put A = {a,a’}. Further, we will denote

by b1,bs,. .., by the vertices from the set {v € B;d(v,a) = 1},

by b},b, ..., bl the vertices from the set {v € B;d(v,a’') = 1},

by ¢i1,¢2,...cp the vertices from the set C' which are adjacent to at least one
vertex from the set {b1,ba,...,b,},

by c},¢h, ..., ¢, the vertices from the set C' which are adjacent to at least one
vertex from the set {b},0,,...,b,}.

It is possible that, ¢; = ¢ for some 4, j. On the other hand, if aa’ € E(G) then
e(a) < 3, which is impossible in the considered case. Similarly, if b; = b’; for some
i,7 then e(b;) < 3.

Lemma 4.1. Let G be a graph with the eccentric sequence 3,4!,5", where | < 4.
Let e(s) = 3 and deg s > 3 hold. Then

a) |C]>2,

b) d(c;,cj) > 2 for every i # j if |C| = 3.

Proof. By our assumption |A| > 3 and e(v) = 4 if v € A. Therefore the eccentricity
of at most one vertex from B is 4 (because [ < 4).

a) The inequality |C| > 2 follows by Lemma 2.1. Let C = {c1,c2}. If the
eccentricity of a vertex b € B is 5 then d(b,c;) = 5 or d(b,c2) = 5. If a shortest
path between ¢; and ¢y contains at least two vertices b;, b; € B then e(b;) < 4
and e(b;) < 4, a contradiction. Otherwise, d(c¢1,c2) < 2 and there exist edges
cibi, c2b; € E(G), i # j (by Lemma 2.1) and so e(b;) < 4 and e(b;) < 4, a
contradiction.

b) Let C = {c1,¢2,¢3} and let (on the contrary) d(ci,c2) < 2. It is sufficient to
distinguish the following two cases.
bl) c1c2 € E(G)

Firstly, let d(c1,¢3) < 2 or d(ca,c3) < 2. By Lemma 2.1 there are edges ¢;b;,
¢sby, j # t. Then we conclude that e(b;) < 4 and e(b;) < 4, which contradicts our
assumption [ < 4.

Secondly, let d(c1,c3) > 2 and d(c2,¢3) > 2. In this case we consider a shortest
path between ¢; and c3

Cl = U, U2,...,U;, Uj41 = C3
and a shortest path between ¢y and c3

C2 = V1,V2,...,Vj,Vj41 = C3.

Both of the paths contain at least two vertices from B. If one of the paths contains
all vertices from C then the eccetricities of all vertices of this path from B are at
most 4, a contradiction. For otherwise we have either e(us) < 4 and e(v2) < 4
provided that us # vy or e(uz) < 4 and e(u;) < 4 provided that us = vo.

b2) blcl,blcz € E(G)

We distinguish three cases.
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If d(c1,¢3) < 3 and d(cz,c3) < 3 then there exists an edge ¢;b; € E(G), j > 1
(by Lemma 2.1) which implies e(b;) < 4 and e(b;) < 4, a contradiction.

If d(c1,c¢3) > 3 and d(c2,c3) > 3 we obtain a contradiction in the same way as
in the second case of the part by).

Let d(e1,¢3) < 3 and d(ca, c3) > 3. Obviously, e(by) < 4. Let

Cy = V1,V2,...,V;,Vj4+1 = C3
be a shortest path between the vertices ¢y and c3. If this path contains b; or ¢; we
have e(v;) < 4. Otherwise we get e(v2) < 4. These conclusions contradict | < 4. O

Lemma 4.2. Ifbic; € E(G) and b; is a cut vertex of G then e(c;) = e(b;) + 1.

Proof. It is obvious that e(c;)

> 3. If d(u, c;) > 3 then a shortest path between u
and c; contains the vertex b;. [

Lemma 4.3. A graph G with the eccentric sequence 3,42,57 exists if and only if
r>12.

Proof. In this case A = {a,a’}. Vertices from B adjacent to the vertex a will
be denoted by by,bs,...b, and vertices of B adjacent to a’ will be denoted by

/ ! '
1,05, ...,b),, etc.

It is easily seen that aa’ ¢ E(G) (in the opposite case we get e(a) < 3 which
is impossible). Further, b; # b} and b;b; ¢ E(G) for each i € {1,2,...,n}, j €
{1,2,...,m} (otherwise, we have e(b;) < 4 which is impossible). Analogously
¢; # ¢ foreachi € {1,2,...p}, j € {1,2,...,q}. Since d(c1,¢}) <5 there exists an
edge c;c; € E(G), for some i, j.

We denote the subgraph (a, b1, ... by, c1,...cp) by H. If diamH < 3 we obtain

e(ch) < 4 (because ¢;¢i € E(G)), a contradiction. Thus, we can suppose that

J J
diamH = 4. Now we are going to show that |V (H)| < 6 is impossible.

On the contrary, suppose that diamH = 4 and |V(H)| < 6. Without loss of
generality we can assume that the following conditions are satisfied: dy(c1,c2) =4,
a shortest path between ¢; and ¢ is ¢1,b1,a,b2,¢0, degycr = 1 and if p = 3 (i.e.
there is a vertex c3) then c3by € E(H). If there is no edge of type c;c} then we have
e(by) = 4 (because e(c;) = 5), a contradiction. Analogously, if degy ca = 1 then
ca¢), € E(Q) for some k. If degy; co > 1 then either cobs € E(H) or cocs € E(G). If
there is no edge of type c;jcj,, j € {2,3} then we have e(a) = 3 (because e(cz) = 5),
a contradiction. Thus we may assume that ¢, cj, ¢jc;, € E(G) for some 4, j, k, j > 1.
Let b} be a vertex adjacent to ¢j,. Then, obviously, we get e(b}) < 4, a contradiction.
Thus, we conclude that |V (H)| > 7.

IfH' = (a',by,..., b, -, cy) then with respect to symmetry we get [V (H')| >
7, too. Therefore, the graph G has at least 15 vertices.

The graph with the eccentric sequence 3, 42,52 is in Fig.4.1. O

It is possible to show that the eccentric sequence 3,42, 5'2 is realized by only the
graph in Fig. 4.1, but we will not deal with this point here.
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Fig. 4.1

Lemma 4.4. A graph G with the eccentric sequence 3,43,5% does not exist.

Proof. Suppose on the contrary, that there is such a graph G. We distinguish two
cases.

I. Let degs = 2.

Suppose that the vertices of the graph G are denoted as in the proof of Lemma
4.3. If there exists an edge of type b;b} then e(b;) < 4 and e(b}) < 4, i.e. there exist
at least 4 vertices with eccentricity at most 4, a contradiction. Since d(cy,¢}) <5,
either ¢; = ¢; or G contains an edge of type c¢;c} for some i, j.

a) Let ¢; = cj.

Without loss of generality we can assume that ¢; = ¢} and the graph G contains
the subgraph in Fig. 4.2.

c=d c=d

by b,

S S
Fig. 4.2 Fig. 4.3

Then e(c1) < 4 and so each vertex from the set V(G) — {s,a,a’,¢1} has the
eccentricity 5. It implies that G contains the subgraph in Fig. 4.3 satisfying

(f) d(by, ch) =5 = d(by, c2).

Since d(ez, ¢h) < 5 there exists a path

C2 = UV1,V2,...,VUs,VUs41 = C‘IZ
of the length at most 5 (i.e. s < 5). The path contains no vertex from the set
{s,a,a’,by,b\,c1} because (f) holds. For the same reason this path contains at
least one vertex v ¢ {bs,bh, ca,ch}. It follows easily that e(b2) < 4 or e(b}) < 4, a
contradiction.

b) Let c;c; € E(G).

Without loss of generality we may assume that the graph in Fig. 4.4is a subgraph
of G.
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Since at most one vertex from the set {b1,c1,b],c}} has the eccentricity 4 the
graph in Fig. 4.5 is a subgraph of G, too.

Besides the vertices of the graph in Fig. 4.5 the graph G has one another vertex
w. Without loss of generality we may assume that d(a,w) < 2. The inequality
deg ¢y > 1 yields either e(a) < 3 or e(b1) < 4 and e(cy) < 4, a contradiction.

Let degch = 1, i.e. e(by) =4 (by Lemma 1.3). Then degb, > 2 by Lemma 1.4
and we conclude e(c;) < 4 or e(by) < 4, a contradiction.

II. Let degs = 3.

Since |A| = 3 we have |B| +|C| = 8 and every vertex from the set BUC has the
eccentricity 5. Then, by Lemma 4.2, degc¢; > 2 for every vertex ¢; € C. Lemma
4.1 implies that |C| > 2 and if |C| = 3 then |B| > 6 (a contradiction). Therefore,
we can suppose that |C| > 4. We will distinguish three cases.

1) Let |C| = |B| = 4.

Denote H = (c1, ¢2,¢3,C4,b1,b2,b3,bs). We consider two possibilities.

a) The vertices ¢, ¢2, c3, ¢4 belong to the same component Hy of H.

If V|H,| = 8 then there exists a vertex v for which ey, (v) < 4 (for example, we
can take a vertex from the centre of a spanning tree of Hy). This clearly forces
ec(v) <4, a contradiction.

Let V|(Hy)| < 7 and suppose that by does not belong to V(Hy). Since every
vertex ¢ € C' is adjacent to a vertex b € B we may assume that bycy,bica € E(G).
Clearly e(b1) = 5 and so we may assume (without loss of generality) that d(by,cs) =
5. This yields that a shortest path between b; and ¢4 in the subgraph H; contains
the vertices bs, b3, c3. It implies either e(by) < 4 or e(b3) < 4, a contradiction.

b) The vertices c1, ¢z, ¢3, ¢4 do not belong to the same component of H.

With respect to Lemma 4.2 they belong to only two components. It is sufficient
to consider two subcases.
bl) Let Hl = <b1,b2,01,62,03>, H2 = <b37b4ac4>~

A shortest path between ¢; and ¢4 contains a vertex b;, i € {1,2}, which implies
e(b;) <4, a contradiction.
ba) Let Hy = (b1, b2,c1,c2), Ha = (b3, bs,c3,cq). Consider two paths P, and P,
from four shortest paths (in G) between vertices ¢; and ¢;, ¢ € {1,2}, j € {3,4},
which contain a vertex b, k € {1,2}. If P, and P, have the same initial vertex
then e(br) < 4. In the opposite case we have e(by,) < 4, m € {3,4}, where by, is a
vertex of P; or Ps.

2) Let |B| =3, |C| =5.

We put H = (¢, ¢o, €3, ¢4, C5, b1, b2, b3). The vertices ¢y, ¢, ¢3, ¢4, ¢5 belong to
the same component Hy of H (by Lemma 4.2). If |V (H;)| = 8 then there exists
a vertex v with e, (v) < 4 and so eg(v) < 4. If [V(H)| < 8 and the vertex bs
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does not belong to H; then e(by) < 4, e(b:) < 4. In the both cases we get a
contradiction.

3) Let |B| =2, |C| =6.

It is easy to check that we again get e(b;) < 4 and e(b2) < 4, which is impossible.

Since the set B contains at least two elements (by Lemma 2.1), the proof is
complete. O

Lemma 4.5. There is no graph G with the eccentric sequence 3,44, 5.

Proof. Suppose, contrary to our claim, that there is such a graph G. Let s € V(G)
be the vertex with the eccentricity 3. We again distinguish two cases.

I. Let degs = 2.

We will suppose that the vertices of G are denoted as in the proof of Lemma 4.3.
a) Suppose there exists an edge b;b}; € E(G).

We may assume that the graph G contains the subgraph in Fig. 4.6.

C1

b1 | bo

S S

Fig. 4.6 Fig. 4.7

Since e(a) = e(a’) = 4, also the graph in Fig. 4.7 is a subgraph of G, where
(g) d(a: cll) = d(ala cl) =4

Therefore, the eccentricity of every vertex from V(G) — {s,a,a’,b;,b]} is 5. We
may also assume that d(bs,c}) = 5.

Besides the vertices of the graph in Fig. 4.7 the graph G has another vertices z,
y. With respect to symmetry it is sufficient to consider the next cases.
ay) Let d(z,a') < 2 and d(y,a’) < 2. Then degec; = 1 and so e(e1) # e(ba) (by
Lemma 1.3) or e(a’) < 3, a contradiction.

a») Suppose that d(a,z) < 2 and d(a’,y) < 2.

Let

€1 =U1,02,...,05 =}
be a shortest path between vertices ¢; and ¢. Since d(b2,c}) =5 and d(cy,¢}) <5
we obtain vy # by and k € {5,6}. The equalities (g) and e(b}) = 4 yield that vo = z
and vz = y and so e(y) < 4, a contradiction.

b) Let ¢; = ¢ for some i, j.

We may assume that the graph G contains the subgraph in Fig. 4.2 and, more-
over, only one vertex from V(G) — {s,a, a’,c1} has the eccentricity 4.

Let e(by) = 5. Then G contains the subgraph in Fig. 4.8, where d(ca,b]) = 5.
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It is sufficient to consider two possibilities.
b1) Let G contain a subgraph in Fig. 4.3 satisfying d(cy, b1) = 5 and let d(a',2) < 2
for a remaining vertex z.

If degecs = 1 then e(by) = 4 and degbs > 2 (see Lemma 1.4). Hence, we obtain
e(b)) < 4 ore(by) < 4. If degea > 1 then d(b],c2) < 5. In both cases we have a
contradiction.
b2) In the opposite case to bl) the graph G contains the subgraph in Fig. 4.9
(because e(b;) = e(a) = 4) and the eccentricity of every vertex from V(G) —
{s,a,a’,b1,c1} is 5. Then clearly degco > 1 (by Lemma 1.1). If the remaining
vertex x satisfies d(a', z) < 2 we obtain d(b}, c2) < 5, a contradiction. Let d(a,z) <
2. If a shortest path P between ca and ¢ contains by then we get e(b2) < 4, a
contradiction. In the opposite case we get d(c2,b]) < 5 or e(a) < 3, a contradiction.

c) Let ¢;c}; € E(G) for some i, j.

We may assume that the graph G contains the subgraph in Fig. 4.10 (other-
wise the eccentricity each of the vertices by, b}, ¢1, ¢} is at most 4) and moreover
d(b}, ca) = 5. We distinguish two subcases.
¢1) The graph G contains the subgraph in Fig. 4.5 satisfying d(by,c}) = 5.

Let degcy = degch = 1. If bobly, € E(G), then e(a) < 3. In the opposite case
(i.e. babh ¢ E(G)) we denote by v a vertex of a shortest path between bo and bf
satisfying v # b2, v # bh. Since d(bs,b5) < 3 (it follows from d(ca, ch) < 5) we have
v # s and e(v) < 3, a contradiction.

The inequality degcs > 1 implies d(b},c2) < 4 (and similarly for ¢,), a contra-
diction.

C2 C1 c1 C2
by e b 1 by
a a’
5 s
Fig. 4.10 Fig. 4.11

¢2) In the opposite case to ¢;) the graph G contains the subgraph in Fig. 4.11
(note that bich, ¢ E(G) gives e(a) < 3) and the eccentricity of every vertex from
V(G) —{s,a,a',b1,c1} is 5.

Firstly, let d(a’,z) < 2 for the remaining vertex z. The equality degce = 1
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yields e(b2) = 4 (by Lemma 1.3), a contradiction. If deges, > 1 then d(b],c2) < 4,
a contradiction.

Secondly, let d(a,z) < 2. If degc), = 1 then e(b]) = 4 (by Lemma 1.3), a
contradiction. On the other hand, if dege¢y > 1 then e(a) < 3 or e(b;) < 3, a
contradiction.

IT. Let degs > 3.

a) Suppose that degs = 4.

In this case we have |B| + |C| = 6 and the eccentricity of every vertex from
BUC is 5. Denote by H the subgraph of G induced by the set BUC'. All vertices
from C belong to the same component H; of H by Lemmas 4.1 and 4.2. We can
assume (with respect to Lemma 4.2) that by,b, € V(H,). Since e(b1) = 5 we may
suppose (without loss of generality) that d(b1,c¢1) = 5. Therefore, |V (H;)| =6 and
a shortest path between b; and ¢; (in H;) contains every vertex from B U C'. This
yields e(b2) < 4, a contradiction.

b) Suppose that degs = 3.

Then |B| + |C| = 7 and the eccentricity of at most one vertex from B is 4. By
Lemma 4.2 the degree of at most one vertex from C is 1. We get (by Lemma 4.1)
|C| > 2 and moreover if |C| = 3 then |B| > 5 (a contradiction).

Therefore, we may assume that |C| > 4. We distinguish two subcases.

1) Let |C| =4, |B| = 3.

Consider the subgraph H = (¢, ¢a, ¢3, ¢4, b1, ba, b3) of G. There are two possibil-
ities.

A) All vertices from C belong to the same component H; of H.

Firstly, if |V/(H1)| = 7 then the eccentricities of at least 3 vertices from V (Hy)
are at most 4 (in H; and so in G, t00), a contradiction.

Secondly, if (for example) bs ¢ V(Hy) then e(b;) < 4 and e(by) < 4, a contradic-
tion.

B) In the opposite case to A) the vertices ¢, ¢a, ¢3, ¢4 belong to two components
Hy, H, of the graph H (by Lemma 4.2). We may assume, without loss of generality,
that by, c; € V(Hy) and by, bs,cq € V(Hz). This yields e(b;) = 4 by Lemma 4.2. A
shortest path between ¢; and ¢4 (in G) contains the vertex by or b3 and so e(by) < 4
or e(bs) < 4, a contradiction.

2) Let |C| =5, |B| =2.

By Lemmas 2.1 and 4.2 the graph H = {(c1,...,¢s5,b1,ba) is connected and so
e(by) < 4 and e(by) < 4.

The set B has at least two elements by Lemma 2.1 and so the proof is com-
plete. O
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5. THE MAIN RESULTS.

Theorem 5.1. There are exactly 13 minimal eccentric sequences with least eccen-
tricity three, namely

Sp: 3¢ S;: 3,472,512
Sy i 39,42 Sg:  3,4%,5°
Sy 3% 44 Se: 3,4%57
Sy: 33,48 Sio: 3,455
Ss: 32,48 S 3,47,57
Se: 3,410 Spp: 32,4257

513 : 3,42,52,62

Proof. The sequence S is the eccentric sequence of the graph in Fig 5.1. We will
show that it is minimal. Let G be a connected graph with [V(G)| < 5 and let H
be its spanning tree. Let a vertex v belong to the centre of H. It is obvious that
en(v) <2 and so eg(v) < 2.

The sequences Sy, S3, Si, S5 and Sg are the eccentric sequences of the graphs
in Figs. 5.2, 5.3, 5.4, 5.5 and 2.5, respectively.

OO

Fig. 5.1 Fig. 5.2
Fig. 5.3 Fig. 5.4
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Fig. 5.5

By Theorems 1.1, 1.2, Lemmas 3.7, 3.6, 3.5 and Corollary 2.5 the eccentic sequences
S2, S3, S4, S; and Sg are minimal and there are no other minimal eccentric se-
quences of type 3% 4!,

Sz, Ss, Sg, S10, S11 and Sio are the eccentric sequences of the graphs in Figs.
4.1, 5.6, 5.7, 2.3, 2.4 and 5.8.

Fig. 5.6 Fig. 5.7
*— o —0—0—0o—9° — o —0— 00— 06— 0 — 90
Fig. 5.8 Fig. 5.9

By Theorems 1.1, 1.2, Lemmas 4.3, 4.4, 4.5 and Corollaries 2.6, 2.7 the eccentric
sequences Sz, Sg, Sy, S10, S11 and S1» are minimal and there are no other minimal
eccentric sequences of type 3%, 4! 57

S13 is the eccentric sequence of the graph in Fig 5.9. By Theorem 1.1 it is
minimal O

REFERENCES

1. Buckley, F. and Harary, F., Distance in Graphs, Addison-Wesley, Redwood City, 1990.
2. Lesniak, L., Eccentric sequences in graphs, Period. Math. Hungar. 6 (1975), 287-293.

49



(Received October 5, 1997)

50

Dept. of Mathematics

Matej Bel University

Tajovského 40

974 01 Banskd Bystrica
SLOVAKIA

E-mail address: monosz@fhpv.umb.sk
E-mail address: haviar@Qfhpv.umb.sk
E-mail address: hrnciar@fhpv.umb.sk



