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CONGRUENCE CONDITIONS CONNECTED
WITH DISTRIBUTIVITY AT 0

IvAN CHAJDA

ABSTRACT. An algebra A with 0 is distributive at 0 if for all ©,®,¥ € Con A it
holds [0]®n(q>vq;) = [0](@0@)\/(@0\1,). We investigate how this property influenced
direct decomposability of [0]e for ® € C'on A; X Ay and what are the connections of
this property to some local versions of the Chinese Remainder Theorem

The concept of distributivity at 0 was introduced in [2] as a “localization” of
congruence distributivity in the vicinity of a constant 0 which is a nullary term of
an algebra in question. Usefulness of it was recognized by G. Czédli [3] and J. Duda
[5] for solving of some congruence problems. We proceed similar reasoning to show
how distributivity at 0 influences decomposability of the congruence 0-class and
how it is connected with some weakened versions of Chinese Remainder Theorem.

1 BASIC CONCEPTS

Every algebra treated in this paper is considered to have a constant 0, 1.e. 0 1is
a choosen element which is either a nullary operation (of the type of algebra) or
a nullary term of this type. Some authors also consider 0 to be a constant unary
term whose value is 0.

If R is a binary relation on a set A where 0 € A, we set

[0lr = {x € 4; (x,0) € O}.

Definition 1. Let A = (A, F) be an algebra with 0 and ©,®, ¥ € Con . A. We say
that the (ordered) triplet (©, ®, ¥) is distributive at 0 if

(d) [Olon(ave) = [0](ona)v(enw)

holds in .A. We say that (©, ®, V) is dually distributive at 0 if
(d) [Olov(@nw) = [0](ova)n(eve)

holds in A.

An algebra A is called (dually) distributive at 0 if (©, ®, ¥) has this property for
every ©,9, ¥ € Con A.
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Lemma 1. Let ©,®, ¥ € Con A and the triplets (0 N ¥, 0, ®) and (®,0,T) be
dually distributive at 0. Then the triplet (©,®, ¥) is distributive at 0. Hence, if A
is dually distributive at O then it is distributive at 0.

Proof. We can count directly

[0)(ona)v(one) = [0(ev(@ne)n@vene)) = [0en@vene)) = [0le N [0levene) =
= [0le N [0]eve N [0]eve = [0]e N [0]ave = [Olon(ave) -
The second assertion follows immediately. a

Remark. 1t was shown by G. Czédli [3] that the converse of Lemma 1 does not hold.
He found a A-semilattice with 0 which is not dually distributive at 0 although the
whole variety of A-semilattices with 0 is distributive at 0, see [2].

Recall that A is permutable at 0 if [0]ece = [0]woe holds for every ©,® € Con A.
For these algebras, we can prove

Lemma 2. Let A= (A, F) be an algebra with 0 which is permutable at 0. Then

(a) [0]eve = [0]ecs for each ©,® € Con A;
(b) If A is distributive at 0 then A is dually distributive at 0.

Proof. For (a), it is enough to prove [0Jove C [0]eoe. Suppose z € [0]eve. Then

(2,00 €0V
thus there exist an odd integer n and elements y1, ..., y, of A such that
<xayl>€@: (yl,y2>6<l>,..., <yn—1:yn>E®a <yna0>6¢~

Hence, y,—1 € [0]eoa thus also y,—1 € [0]gce, i.e. there is z; € A with (y,_1,21) €
® and (z1,0) € ©. Applying transitivity, (yn—2, 21) € ® whence

Yn-2 € [0]ece = [0]eos -
We can repeat this processing and, after n — 1 steps, we conclude z € [0]@os-

The assertion (b) was proven by J. Duda [5]. a

2 DECOMPOSABILITY OF (-CLASSES

Definition 2. Let A;, A, be algebras of the same type and A = A; x A,. Let
© € Con A. We say that the O-class [0]e is directly decomposable if there exist
0; € Con Ay and ©5 € Con A, such that

[0]e = [0]e, x [O]e, -
Recall that for A = Ay x Ay, by projection congruences 11y, Il we mean congruences
on A induced by the projections pri, prs of A onto Ay, As, respectively.
Denote by w; or w4 the least congruence on A; or A and by ¢; or ¢4 the greatest
congruence on A; or A, respectively. Of course, II; N1ly = w4.
Let A= A; x Ay and © € Con A. Introduce the relations ©! and ©% on A by

setting
61 = {<(l‘] ’ x?)x (y] ) y2)> € @, o = 0= yz}

0= {(z1,22), (y1,42)) €0; 21 =0=y1}.
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Theorem 1. Let Ay, As be algebras of the same type T satisfying
f(0,...,0) = 0 for each n-ary (n > 1) operation f of 7. Let A = A; x Az and
© € Con A. Then [0]e is directly decomposable if and only if it holds

(P) [0]e = [0lm,00r N [Olms0e2-

Proof. (a) Suppose that [0]e = [0]e, x [0]e, for some @ € Con A; and ©, €
Con Ay. Let & = (21, z2) and ¢ € [0]m,00! N [0]m002. Then

(x1, 22)1L (21,0)01(0,0) and (x1,22)112(0, 22)©%(0,0),

thus (z1,0) € [0]le, (0,22) € [0]e and, with respect to direct decomposability of
[0]o, also « € [0]e. The converse inclusion is evident, i.e. the condition (P) holds.

(b) Suppose (P) and let y = (y1,y2) € [0]e. Then {y,0) € TI; 0 O' and (y,0) €
II, 0 ©%. We define

01 = {(z1,11) € A1 x Ay1; ((21,0), (11,0)) € ©}
02 = {(22,y2) € Az x Az; ((0,22), (0, 92)) € O}

Obviously, ©; is an equivalence on A; and, due to f(0,...,0) = 0, we can easily
show that ©; € Con A;, i = 1,2. Moreover, (y,0) € Il o ©! gives (y1,0) € Oy,
analogously, (y,0) € [Ty 0 ©% implies {(y2,0) € Oy thus y = (y1,¥2) € [0]e, x [0]e,
pI'OVng [0]6 g [0]61 X [0]62'

Suppose now ¢ € [0]o, X [0Jo,. Then @ € [0lmoer and # € [0]m,ez2, and, by
(P), z € [0]e giving the converse inclusion. Thus [0]e is directly decomposable. O

Corollary. Let A, As be algebras of the same type T satisfying
f(0,...,0) = 0 for every n—ary (n > 1) operation f of 7. Let A = A; x Az and
O € Con A. If it holds

Q) [0le C [0lm,00r N [O]1m002

and the triplet (©,111,115) is dually distributive at 0 then [0]e is directly decom-
posable.

Proof. Suppose that the triplet (0,11, 1l5) is dually distributive at 0. Then

[0]11,001 N [0]11 002 = [0]1,001At1z002 C [0]m,00ntm00 C [0](n,ve)n(iLve)

= [0]ov(m,nm,) = [0]e-

Together with (Q), this gives (P). a

Remark. If a variety V is permutable at 0, A;, Az € V and A = A; x A, is
distributive at 0, then [0]e is directly decomposable for each ® € Con A. This
result was proved by P. Agliano and A. Ursini [1], see Proposition 4.1. Namely, if
V is permutable at 0 (i.e. V is subtractive in the terminology of [1]) then A € V
has distributive lattice of all its ideals. Applying our Lemma 2 and (1) < (3) in
Proposition 4.1 of [1], we have the proof of the mentioned assertion.
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3 MODIFICATIONS OF THE CHINESE REMAINDER
THEOREM

It is well-known that the Chinese Remainder Theorem is closely connected with
congruence distributivity. In the sequel we illustrate similar connections for other
(local) versions of CRT.

Recall that an algebra A satisfies Chinese Remainder Theorem (briefly CRT')
if for any n € N and every ©4,...,0, € Con A, if (w;,w;) € ©; V O; for each
i,j €{1,...,n} then there exists z € A such that (z,w;) € ©; for i =1,... n.
Definition 3. An algebra .4 with 0 satisfies the 0- Chinese Remainder Theorem (0-
CRT) if for each ¢ € A and every ©,®,,...,®,, € Con A it holds: if [0]g,N[c]le # @
fori=1,...,n then [0]e, N---N[0]e, N[c]e # 0.

It is almost evident that every algebra .4 with 0 satisfying CRT satisfies also
0-CTR.

Lemma 3. An algebra A satisfies 0-CRT if and only if for each ¢ € A and every
O, D1, D5 of Con A it holds:
[0]e, N[clo # 0 # [0]e, N[ce = [0]e, N [0]e, N[clo # 0.
The proof is straightforward. |

Theorem 2. For an algebra A permutable at 0, the following conditions are equi-
valent:

(1) A is distributive at 0;
(2) A satisfies 0-CRT.

Proof. (1) = (2): Suppose [0]e, N[c]le # @ # [0]e, N [c]e. This and Lemma 2 imply
¢ € [0]eod, = [0Jova,. Similarly, ¢ € [0]evae,. Hence
¢ € [0](oven(eves) = [Dlev(e,ne,) = [0leo(@,ne.)

i.e. there exists d € A such that (¢,d) € ©, (d,0) € &, (d,0) € ®, whence
d € [cJe N [0]e, N [0]p,. By Lemma 3, A satisfies 0-CRT".

(2) = (1): Let A be permutable at 0 and satisfies 0-CRT. Let ©, &1, 5 € Con A
and ¢ € [0]ova,)n(@va,). Then ¢ € [Olovs,, ¢ € [0]ovs,. Since A is permutable
at 0, we have also ¢ € [0]eod, N [0]leow,. Hence, there exist a,b € A such that
(c,a) € O, (a,0) € @1 and {¢,b) € O, (b,0) € ®3,1.e. a € [0]s,N[c]o, b € [0]s,N[c]o-
By 0-CRT, there exists d € A such that

d € [0]e, N[0]a, N[clo ,

ie. (¢, d) € ©,(d,0) € & Ndy. We conclude ¢ € [0]eo(d,nd.) C [Olov(@,na.)-
Hence, A is dually distributive at 0. By Lemma 1, we have (1). O

Definition 4. An algebra A is o-distributive if
ON(@oT)=(ONP)o(ONT) forall 0,8,V c Con A
If A is permutable at 0 and o-distributive then A is also distributive at 0.
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Definition 5. An algebra A satisfies the block-CRT if for every 01,0,,03 €
Con A and any class X; of ©; (j = 1,2,3) we have:

ileﬂngéQ],X20X3¢®,X10X37E[Z] thenXlﬁXzﬂngé@.

Of course, if A satisfies CRT, then A satisfies also the block-CRT. Conversely,
we can show

Lemma 4. Let A be a congruence-permutable algebra. If A satisfies the block-
CRT then A satisfies also CRT.

Proof. Tt is enough to prove CRT only for three congruences. Let 01,03, 03 €
Con A and (w;, w;) € ©; V ©; for 1,j € {1,2,3}. By congruence-permutability,

<wi, w]'> €00 @j.

Hence [w;]e, N [wj]@] # () and the block CTR gives an element z with (w;, z) € ©;
for all 7 proving CRT. a

Theorem 3. For an algebra A, the following conditions are equivalent:

(1) A satisfies block-CRT;
(2) A is o-distributive.

Proof. (1) = (2): Evidently, for each ©,®, ¥ € Con A we have (ON®)o (ONT) C
O N (P o). Let us prove the converse inclusion. If (a,b) € © N (P o ¥) then there
exists ¢ € A with (a,c) € ®, (¢, b) € ¥, hence

a e [a]@ N [C](p, be [a]@ N [b]q;, cE [C]@ N [b]q; .

By (1), there is d € [a]e N [b]lw N [c]o, i.e. {a,d) EONP and {d,b) € O©N ¥ proving
(a,b) € (OND)o (ONT).

(2) = (1): Let X1, X2, X3 be blocks of ©, &, ¥ € Con A, respectively. Suppose
a€ X1NXa,be XoNXsand ¢ € X1 NXs. Then (a,¢) €O, (a,b) € D, (b,c) € T,
whence (a,c) € (ONP)o(ONT), i.e. there exists d € A with (a,d) € OND, (d,c) €
O NW¥. Hence d € X1 N X>N X5. O
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