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FUZZY DIVERGENCE MEASURES

INEs Couso, VLADIMIR JANIS, SUSANA MONTES

ABSTRACT. A divergence measure is a tool than can be used to measure how two
fuzzy sets differ from each other. Particularly it can be used to estimate the fuzziness
measure of a fuzzy set. The existing concepts of a divergence measure do not reflect
on what membership values the given fuzzy sets are different. We use a divergence
measure whose output is not a real number but a fuzzy quantity and show that
this quantity is able to distinguish those pairs of fuzzy sets, for which the classical
divergence measure gives identical results.

In recent years several attempts to compare pairs of fuzzy sets have been done
either measuring their similarity ([2], [9], [11]) or difference between them ([1]). In
relation with the latter paper, Montes et. al ([8]) introduced the definition of a
divergence measure. This concept generalizes, except for the symmetry property
(that could be excluded from the set of axiom in some particular cases) the concept
of dissimilarity measures proposed by Bouchon-Meunier et al. in [1].

Assigning a real number as the value of the difference between two fuzzy subsets
allows us to define fuzziness measures by comparing a fuzzy subset with its com-
plement, with the closest (in some sense) crisp set or with the equilibrium ([6]).
However, this restriction to the set of real numbers can lead to the loss of some
important information about this difference, namely it does not distinguish whether
differences occur in low or high membership degrees.

For the reader’s convenience we introduce some basic definitions.

Definition 1. By a fuzzy subset A of the universe  we understand a mapping
A:Q—[0;1].

If no confusion can arise, we speak simply of fuzzy sets rather than fuzzy subsets
of a given universe. The set of all fuzzy subsets of @ will be denoted by F(€).
We say that a fuzzy set A is a subset of a fuzzy set B if for these functions the
inequality A < B holds. In the usual way we understand the a-cuts of sets in F'(2),
i.e. if a € (0;1], then the a-cut of a fuzzy set A is the (crisp) set

Ao ={2 € Q; A(z) > a}.

2000 Mathematics Subject Classification. 04AT72.

Key words and phrases. Fuzzy set, divergence measure, fuzzy divergence measure.
The research in this paper is supported by Grants DGE-97-PB-1286 (the first and the third author)
and VEGA-1/7625/20 (the second author).

21



If we assume some kind of topology on €2, then the zero cut of A is the set

Ap = cl{x € Q; A(z) > 0},

where ¢l is the closure operator.

The intersection and union of fuzzy sets can be defined using an arbitrary tri-
angular norm. Nevertheless, we will work only with the minimum triangular norm
here, that means, by the intersection of fuzzy sets A and B we will understand the
fuzzy set AN B = min{A, B}, and by their union the fuzzy set AUB = max{A, B}.

In several previous papers ([5], [7], [8]) we have introduced and studied a way to
quantify the degree of difference between two fuzzy sets by a real function called a
divergence measure, which has as its particular cases the usual distances between
fuzzy sets already known and used ([4]).

The measure of difference between two fuzzy sets was defined on the basis of the
following natural properties:

1) It should be a nonnegative and symmetric function of two fuzzy sets,
2) it should become zero if the two sets coincide,
3) it should decrease if the two sets become more similar in some sense.

While it is easy to formulate analytically the first and the second condition,
the third one depends on the formalization of the similarity concept. A possible
approach is based on the fact that if a fuzzy set C is added (in the sense of a union)
to both A and B, two sets which are closer to each other are obtained; the same
should hold for the intersection.

Definition 2. Let  be a universe. A mapping D : F(2)? — R is called a
divergence measure if for each A, B, C' € F(Q) there is:

D(A,B) = D(B, A), D(A, A) = 0

and

max{D(AUC,BUC),D(ANC,BNC)} < D(A, B).

It 1s also possible that a divergence measure is not defined on the whole set
F(Q)?, but just on some subset of this product.

The nonnegativity of D follows from the second and the third property, where
for the fuzzy set C' we put the empty set, i.e. C(z) = 0 for each = € Q.

A natural candidate for the divergence measure in case of a finite universe (or in
case we work only with finite fuzzy sets) is the Hamming distance defined by the

formula
D(A,B) = Z |A(z) — B(z)].
TEQ

If (€2, i) is a measurable space, than another example of a divergence measure
which works with integrable fuzzy sets is

D(A. B) :/ A~ Bldp.
Q
A common disadvantage of this approach is that the divergence between fuzzy
sets is expressed by a single real number not accounting on which level the difference

between given fuzzy sets is realized.
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Example 1. Let Q = {z;y}, let A, B and C be the following fuzzy subsets of Q:
A(z) =0,A(y) =1, B(z) =

Using the Hamming distance we obtain

D(A, B) = D(A,C) = %

The divergence between A and B in the previous example is the same as the
one between A and C. On the other hand, the a-cuts of A and B for a > % (i.e.
the ”important” a-cuts) are the same, which is not true for the fuzzy sets A and
C'. From this point of view we can require that the divergence between A and B
should be smaller than between A and C'.

We try to introduce a fuzzy quantity that would reflect the above mentioned
difference as well as fulfill properties analogous to those from Definition 2.

Let A be a fuzzy set, let a € [0;1]. By the symbol A% we will denote the fuzzy

set
{ A(z) ifxe A,
0 otherwise,

A%(z) =

where A, is the a-cut of A. Note that A = A°.
We will also need the definition of a pseudoinverse to a non-increasing function
defined on the unit interval.

Definition 3. Let f be a nonnegative non-increasing real function defined on the
interval [0;1]. Its pseudoinverse is the function f(=1) : [0;00) — [0;1] for which
FED (@) = sup{r; f(r) > x}, with the convention sup § = 0.

"The notion of pseudoinverse can be defined in much more general context (see
[10]). For our purpose this definition will be sufficient.

Let now D be an arbitrary divergence measure, let A, B be fuzzy sets such that
D(A®, B*) exists for each o € [0;1]. For these sets we can construct the function
®4,B in the following way:

va p(a) =sup{D(A”, B*);w > o}

Obviously the function ¢4 p depends also on the chosen divergence measure D
and this should be reflected in the notation. As we work with a fixed divergence
measure, to keep the notation simple we allow this small inaccuracy.

Proposition 1. For any fuzzy sets A and B the function g4 p is non-increasing.
Proof. If o < 3, then evidently
{D(AY, B*);w > o} D {D(A", B¥);w > f},

and the least upper bounds of these sets are therefore in the same order. This yields
the required inequality @4 p(a) > ¢a,5(8). O

So we can apply the operation of a pseudoinverse to this function.
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Definition 4. The fuzzy set A(A, B) = 5054_;) will be called the fuzzy divergence
measure between A and B,

This function can be considered as a fuzzy quantity @ corresponding to the
linguistic construction “a number not much greater than a”. Applying the trans-
formation 7(A(A, B)) = 1 — A(A, B) we obtain exactly the well-known statistical
representation of a positive fuzzy number (see e.g. [3]).

In the following we will show that A has similar properties to those of a (crisp)
divergence measure from Definition 2, Therefore it can be considered as its gener-
alization. In the following we suppose that all the fuzzy sets we work with admit
their mutual fuzzy divergence measure.

Proposition 2. For all A, B € F(R2) there is A(A, B) = A(B, A).

This statement is a direct consequence of the symmetry from the definition of a
divergence measure. Therefore also ¢4 p = ¢p, 4 holds.

The following property expresses the fact that the fuzzy divergence of two sets
that coincide is a fuzzy quantity corresponding to the representation of zero.

Proposition 3. For any A € F(Q) there is A(A, A)(0) = 1, A(A, A)(z) = 0 for all
x> 0.

Proof. As D(AY, A%) = 0 for all w € [0;1] we have @4 a(a) = 0 for all a € [0;1].
Then
A(4, 4)(0) = #573(0) = supfa € [0; 1) pa,a(0) > 0} = 1.
If z > 0, then
{ospaa(a) > 2} =10,
and hence A(A4, A)(z)=0. O
Proposition 4. For all A, B,C € F(Q) there is
max{A(ANC,BNC),A(AUC,BUC)} C A(A, B).

Proof. As the pseudoinverse for a non-increasing function is an order-preserving
operation, it is sufficient to show that there is

vanc,Bnc <pa,p and pauc,Buc < PA,B-

If w € [0;1] and x € Q, then clearly (AN B)(x) = min{ A(x), B(x)} > w if and only
if both A(x) > w and B(z) > w. Hence (AN B)¥ = AY N BY.
This means that for any « € [0;1] we have

Yanc,nc () =sup{D((ANC),(BNC)*);w> a} =
= sup{D(A“ N C¥, B 1 C*);w > a}.
As D is a divergence measure, due to its properties the last term is less or equal to
sup{D(A*, B*);w > a} = pa,p(a).

Thus the first required inequality 1s shown. The other can be proved the same way,
using the property (AU B)¥ = AYUB“. O

Now we will return to Example 1 and show that a fuzzy divergence measure
provides us with more information comparing to the crisp one.
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Example 2. Let Q@ = {z;y}, let A, B and C have the same meaning as in Exam-
ple 1. We will find A(A4, B) and A(A4, C) with A based on the Hamming distance.
It is easy to verify that the functions ¢4 ¢, ¥B,c are the following:

wac(a) =1 forall o€][0;1],

L ifac(0:d]

enclo) = { if a € (1;1].

<o

Then using the pseudoinverses of these functions we have

o= 0 if € [1;00),

if z € 0; 5)
0 if € [1;00).

We see that while the divergence measure based on the Hamming distance is

the

same (Example 1), their fuzzy divergence measures are different. Moreover,

A(B,C) < A(A,C), what reflects the fact, that the differences between A and '
are on higher membership degree, i.e. in most applications should be considered as
more remarkable.
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