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EXTREMUM CONDITIONS FOR A
DEGENERATED CRITICAL POINT

PETER MALIGKY

ABSTRACT. For a degenerated critical point of a function of two variables are given
necessary and sufficient conditions for a local extremum.

It is well known that a type of a critical point (point of minimum, maximum
or saddle point) for a function f of two variables may be determined using partial
derivatives of the second order whenever the hessian is nonzero. The case of the
zero hessian is considered as complicated and using of derivatives of higher order is
recommended. The present paper shows how to use the derivatives of higher order.
It was motivated by paper [1] which contains some necessary condition.

For the simplicity we shall assume that the origin (0, 0) is a critical point of the
function f and we write

3i+jf
We have
(1) aip = ap1 = 0.

We assume the zero hessian
2 —a?, =0
(2) 2002 — a1 = V.

We first consider the case, when one of the derivatives of the second order is nonzero.
So, we have

asp ;é 0 or apn2 # 0.
For the simplicity we assume
(3) azo > 0

and we are interested in conditions under which the origin (0,0) is a point of local
minimum of f (maximum is impossible). Let the function f has continuous partial
derivatives to the fourth order in a neighbourhood of (0, 0). Put

P
g(x,y) = fz + pry+ fyz,y)
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Functions f and g have a local minimum at the point (0, 0) simultaneously, because
the maps

P2
D (z,y) = (¢ +pry+ 51/2,1/)

and

P
W (2,y) = (2 —pry — ;yz,y)

are mutually inverse homeomorphisms which preserve the origin. We denote
oiti g
Ox' Oyl

Then we have

4
5
6
7
8
9

bio=aip=20

bao = azo >0

bo1r = ap1 + aop1 =0

bor = ag2 + 2a11p1 + as0p; + aropa = aga + 2a11p1 + azep?
bos = ao3 + 3aiap1 + 3axip] + azopt + 3a11ps + 3asopipo

(4)
(5)
(6)
(7)
(8)
(9) bos = apa + 4aispr + 6a22p% + 4a3]P? + Cl401011 + 6aqapa+
+ 12as1p1ps + 6asopips + 3asops
(10) bi1 = a1y + axop:
(11) b1y = a12 + 2as1p1 + azopi + asopo

Choose p; and py such that

(12) biy =0
(13) bio=0
It means

aiy
14 —_zt
(14) p=—

-1

(15) P2 = a—%(au + 2as1p1 + asopi)

Put Hz = bosz and H4 = bga, where p1 and py are defined by (14) and (15). Then

(8), (9), (10), (11), (14) and (15) imply
(16) Hsz = aps + 3ai2p1 + 3as1 + azopi
(17) Hy = ags + 4ayspr + 6az9p] + 4az1pi + asop] — 3azops

By (7), (14) and (2) we have

2

arl aiy ap20d20 ap20d20

boz = aga — 2a11— + azo—— = ap2 — 2 +asg—5— = apa — 2ap2+ap2 = 0.
@20 a5q @20 a5y
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Theorem 1. Let f be a function of two variables which has continuous partial
derivatives to the fourth order in some neighbourhood of the origin which is a
degenerated critical point of f. Let

a20>0.

Conditions Hz = 0 and Hy > 0 (resp. Hs = 0 and H4 > 0) are necessary (resp.
sufficient) for a local minimum of f at the origin.

Proof. Let f has a local minimum at the point (0, 0). Define

e(y) =9(0,y)
or equivalently
_ D2 2
py) = fmy+ 59" 0) -

Then ¢ has a local minimum at 0. We have

©*)(0) = ak—g(o 0) = boy for k=1,2,3,4.

ayk, bl bl bl 3

By (6) and (16)
#'(0) =¢"(0)=0.

Therefore conditions

Hg = b03 = QO///(O) =0
and

Ha =bos = g0(4)(0) >0
are necessary. Now, we prove sufficiency. By Taylor’s formula we have

by i
g(z,y) = ¢(0,0) + E —_"?'x v + ra(z,y), where
iy

1<i4j<4

which implies
T4 ($‘, y)
20ty

bi; ;. .
The sum E —_'Z‘?' z'y’ does not contain the terms z,y, y%, zy,y> and zy? | be-
— gl
1<i4j5<4

cause the corresponding b;; are zero. The inequality

x2+y4
l2”| = lylvVa2y* < [yl 5 < lyl(z® + y*)
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shows that the term zy® is negligible with respect to (z + y*). Since
22 < 22 + y*, terms 23, 2%y, 2%y%, 23y and z* are also negligible with respect to
(2 4+ y*). Therefore,

b b
g(z.y) = g(0,0) + ?rz + %y‘* + s(z, y),

where
fim 22Y) _

z—0 x2 4
y—0 + y

It proves sufficiency.

Erample 1. Put

filz,y) = 2 + dzy + 4y° + 62y® + 9y

fo(z,y) = 2% + 4wy 4+ 4y* + 62y” + 12y° — 62y° — 2"

fa(z,y) = 22 + 4oy + 4y* + 6y + 1295 + 8y*
In all cases py = —2, ps = —6 . We have H3 = =72 for f1 , H3 =0 and Hy = 24
for fo and Hs3 = 0 and Hy = —24 for f3 . So, only the function f; has a local

minimum at (0, 0).
Of course, it may happen that Hs = H4 = 0.

Example 2. Put

fa(z,y) = 2 + day + 4y + 122y” + 24y° + 2xy® + 409" + 13y° +¢°
Fs(x,y) = o + day + 4y° + 122y* + 24y° + 22> + 40y* + 12° + 24/°
Jol(x,y) = 2 + day + 4y + 122y% + 24y° + 229 + 40y* + 12¢°

Then p1 = —2, po = —12 and H3 = H4 = 0 in all cases. Put

gi(z,y) = fi(x — 2y — 6y°,y) for i =4,5,6.

Then
ga(z,y) =2* + 22 + " +° = (e +°)° +¢°
gs(z,y) = 2%+ 2z + 2% = (z + y3)2 +4°
gs(z,y) = 2 + 2209° = (x + 4°)? =
Now, define
hi(z,y) = gi(e — yg,y) fori=456.
Then

ha(z,y) = 2° + ¢°
hs(x,y) = 2>+ 3°



So, only f5 has a local minimum at the origin.

If H3 = H4 = 0, then the previous example indicates that a type of a critical
point may be determined by the function h defined by

P p P
h(z,y) = g(z + €y3, y) = f(z +p1y+ %yz + gys, y).

In fact, in this case it is possible to define characteristics Hs and Hg (if the function
f is six times continuously differentiable in some neighbourhood of the origin) and
an analog of Theorem 1 in terms of Hs and Hg may be proved. However, we omit
the details, because Hs and Hg contain 16 and 23 terms respectively.

Ezxample 3. Put

902—1—6_1/Lz for 0
falw,y) =9 7, v 7
xz® fory =0

<

x2—{—e_L2 for y > 0
fs(z,y) =19 22— ¢

2% for y =10

@
t\:l"‘

for y <0

Functions f7 and fs have the same partial derivatives (of all orders) at the origin,
but only f7 has a local minimum at the origin. It shows that values of partial
derivatives of all orders at a critical point need not determine its type.

Now, assume that

_ 0 2
agy = azo = 0 = agza20 — ai;

Then also
aj;] = 0.
Put
Ps(z,y) = azox® + 3a21x2y + 3a12=’L‘y2 + a03y3 .
and

Py(z,y) = asor® + daz 2%y + 6azsr’y? + darzry® + agay® .

Theorem 2. Let f be a function of two variables which has continuous partial
derivatives to the fourth order in some neighbourhood of the origin which is a
critical point of f. Let

agy = ago = ay; =0 .

Conditions

azgp = az1 = a3 = agz =0

and
Py(z,y) > 0 (resp. Pa(x,y) >0 whenever 2> +y* #0)
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are necessary (resp. sufficient) for a local minimum of f at the origin.

Proof. Let the origin be a point of local minimum of f. For arbitrary reals a and

3 define
o(t) = flat, pt) .

Then

Since the function ¢ has a local minimum at 0, we have
©""(0) = azoa® + 3az10” B + 3a120f” + apsfB® = Ps(a,5) =0

and
¢ W(0) = Py(a, 8) > 0.
So, the polynomial Ps is identically zero. Therefore, all its partial derivatives (of

all orders) are identically zero. Particularly, all coefficients of Ps are zero. It proves
necessity. Now, we prove sufficiency. By Taylor’s formula we have

f(z,y) = £(0,0) + %P;;(w, y) + ra(z,y),

4
where
. 7”4(]}7 U)
lm ———— =0
§38 (22 + y2)?
Put
c= min Py(z,y).
w2 4y?=1
Clearly,
c>0
and

Py(x,y) > c(2? + y*)? whenever 2% +¢* = 1.

Since Py(z,y) and (2?4 y?)? are homogeneous polynomials of the same degree, the
last inequality holds for all # and y. It means

ra(z,y) _

Therefore, ra(z,y) is negligible with respect to P4(x,y) and f has a local minimum
at the origin.
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