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1 Introduction

In a series of papers, part of which written together with Prof. Beloslav Riecan, the
concept of “substraction” operation over an Intitionistic Fuzzy Set (IFS, see [1]), was
introduced for the first time (see, [2, 3, 4, 5, 6, 7, 8]).

In the first two papers [5, 6], we offered direct definitions of subtractions. Later,
an approach providing a series of definitions was introduced and 67 different instances
of the “substraction” operation were constructed and their properties were studied.
B. Riecan participated actively in this research [7, 8].

Now, a new approach to defining different “substraction” operations is constructed
and some of the basic properties of the derived new instances will be studied.

2 Some preliminary results

Up to now, different operations have been defined over IFS. Let
A" = {{z,pa(z),va(z))|z € E},

where the functions ps : E — [0,1] and v4 : E — [0,1] stand for the degrees of
membership and non-membership of the element x from a fixed universe E to the set
A C E, respectively, and every z satisfies that: 0 < pa(z) +va(z) < 1.

Let for every z € E:
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malx) =1— pa(z) —va(z).
Therefore, function 7 determines the degree of uncertainty.
Below, for brevity, we write A instead of A*. When the IFSs A and B are given,
we can construct the IFS A — B. The currently existing forms of this operation are

given below. The first two forms are taken, respectively, from [5] and [6] and we will
denote them as BR1 and BR2:

A—pr1 B ={(z,pa-p(x),va-p(z))|r € E},

where
pal@) = pB(3) i) > () and va(e) < vi(z)
1 pple) o Hal®) = pp(z) and va(z) < vp(@
o) = and vp(x) >0
MA—B( ) and Vj(x)’]TB(x) < 71—A("E)VB(‘r)
0, otherwise
and
Zﬁ% if pa(z) 2 pp(z) and va(z) < vp(z)
, 2) = and vp(x) >0
A-B(T) and yf(m)ﬂB(x) < ma(z)ve(z)
1, otherwise
and

A —pr2 B = {(min(pa(2),vp(z)), max(up(x), va(z)))|z € E}.

In some definitions below, we use functions sg and sg, defined by

1 ifx>0 0 ifxz>0

sg(x) = , sg(z) =
0 ifz<o 1 ifa<0

The next definitions of instances of the “substraction” operation are based on the
well-known formula from set theory:

A-B=AN-B

where A and B are given sets. In the IFS case, if the IFSs A and B are given, we
define the following versions of “substraction” operation:

A*é B = Aﬂ_\iB, and Afng = ﬁi_‘iAm_'iB,
where i = 1,2,...,34.
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Of course, for every two IFSs A and B, it is valid that

A-\B=A-"B,

because the first negation will satisfy the Law of Excluded Middle, but in the other
cases this equality is not valid.
All new subtractions are given in Table 1.

Table 1: List of intuitionistic fuzzy subtractions.

1| (e min(pa(z), vp(z)), max(va(z), pp(z)))|x € E}
—5 | {{z,min(pa(z),58(up(2))), max(va(e),sg(ps(r)))| € B}
-5 | { alz) )

4 | {{z,min(pa(z),vp(z)), max(va(z),1 —vp(z)))|z € £}
i’: {<$»min(:uz4($)»§(l - VB(x )),
max(va(x),sg(l —vp(x))))|z € E}
—6 | {{z,min(pa(x),58(1 — vp(z))), max(va(z),sg(up(z))))|x € E}
—7 | (@, min(pa(z),58(1 —vp(2))), max(va(z), up(z)))|z € E}
—s | {z,min(pa(z),1 — pp(2)), max(va(z), pp(z)))|z € £}
—o | {{z, min(pa(z),58(pp(2))), max(va(z), pp(x)))|z € E}
—10 | 1z, min(pa(z),58(1 — vp(r))), max(va(z), 1 —vp(z)))|r € £}
—11 | (o, min(pa(z),sg(vp(x))), max(va(z),sg(ve(2))))|z € £}
—12 | {{(z.min(pa(z), ve(z).(ke(2) + vE(2)))
max(va(z), pp(z).(va(x)* + pp(x) + pp(2).vp(2))))|r € B}
13 | {{z,min(pa(z),sg(l — pp(z)))
maX(VA(x),* 1- MB(ﬂf))) |z € E}

A
—15 | {{z, min(pua

max(v4(x),sg |z € E}

—16 | 1{@, min(pa(z),58(1p(x))), max(va(z),sg(l — pp(z))))|z € E}
—17 | {{z, min(pa(z),58(1 — vp(z))), max(va(z),5g(ve(2))))|z € E}
1y [ (e minua(e), va (@), se(in (0)),

wmax(v (), min(gup (z), s (v (2))|z € F}
—19 | Hz,min(pua(z),ve(x),sg(pp(z))) valz))|z € E}
1, [ Lz min(pa(2), v5(2)), val@)l € B}
= 1o min(a(2), 1 — s (@), se(ws (),

max(va(z), min(pp(z),sg(l — pp(z)))))|z € E}
—5y | {{z,min(ua(z),1 — pp(2), Sg(uB( ), va(@))|z € E}
—93 | {{e,min(pa(z),1 — pp(z)),valz))|z € E}
—54 | {{z,min(pa(z), ve(z),sg(l — vp(z))),

max(va(x), min(1 — vp(x),sg(vp(z)))))|z € E}
—55 | {{z, min(pa (), vp(r),sg(l —vp(x))), va(z))|r € E}
—96 | @, min(pa(z),ve(x)),

max(va(z), pup(z).vp(z) +58(1 — pp(z))))|lr € B}
—57 | {{(z.min(pa(z), 1 — pp(2)),

max (va(z), pp(z).(1 — pp(@)) +88(1 — pp(x))))|= € E}

Continued on next page
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Table 1 — continued from previous page

{(x,min(,uA(ac)J/B(x)),
max(va(z), (1 — vp(z)).ve(z) +58(ve(x))))|r € E}

59 | {{z, min(pa(z), max(0, pp(x).vp(z) +58(1 — vp(x)))),
max(va(z), pup(r).(np(x).ve(r)
+58(1 — vp(r))) +58(1 — pp(@))))|z € E}

50 | {{z,min(pa(z), pp(z).vp(z)),
max(va(z), pp(r).(np(x).ve(r)
+58(1 —vp(x))) +58(1 — pp(z))))|z € B}

a1 | {{z,min(pa(z), (1 — pp(2).us(z) +58(ks(2))),
max(va(z), pp(2).((1 — pp(@)).pp ()
+5e(pp(x))) +58(1 — pp())))|z € E}

52 | {{z,min(pa(z), (1 - pp(2)).pp(x)),
max(va(z), pp(2).((1 = pp(@)).pp(r)
+58(pp(x))) +58(1 — pp())))|z € E}

53 | {{z, min(pa(z),vp(2).(1 - vp(z)) +5g(1 - vp(r))),
max(va(z), (1 —vp(2)).(v(2).(1 - vp(z))

+58(1 —vp(z))) +88(vp(2)))) |z € E}

|
{{@, min(pa(z),vp(z).(1 — vp(2))),
max(va(x), (1 —vp(z)).(ve(z).(1 —vp(zx))
+58(1 — vp(z))) +88(vp(2))))|* € E}

)
{{z, min(pa(z), vp(2)), max(va(z), p(x)))|r € B}

{{z, min(sg (14 (2)), 5815 (@),
max(58(114(2)) 5811 () [z € B}

{{z, min(pa(x).va(z) + palz)?, ve(z)),
max(va (). (1 (@).va () + pa(2)?) +va(@)?,
(5(x).vp () + pp(x)?))|r € E}

{{z,min(1 — va(z),vp(x)), max(va(z),1 —vp(z)))|lz € E}

{{w, min(se(1 - va(@)), 56(L — (@),
max(5E(1 — va(x)),sg(1 — va(@))| € B}

{{, min(sg(ria (2)), 58(1 — v (@),
max(5g(1 — va(x)), sg(ua(@))|x € B}

)
{{w, min(s(1 — ua (@), 58(1 — V5 (),
max(5g(L — va(a)), pp(@))e € B}

{{w, min(ua(@), L — pp (), max(L - ga(@), pp@)le € B]
{{r, min(sg (11 (2)), 58 (1 (2))), max (58 (a (©)), pp (@) e € B}

{{z, min(5g(va(z)),sg(1 — vp(x))),

max(va(z),1 —vp(x)))|z € E}

max( (z)),5g(vp(z)))|x € E}

sg(v
),

{<z,mln(?@( a(2)),sg(vs(x))),
A

{(z, min(pa(z).(va(2)® + pa(z) + pa(e).va(z)).(pa(@).(valz)?
Fpa(@) + pa(r).va(e)) + va(z).(palz) +va(z)))),
vp(x).(u (x) +vp())),
maX( f;(x)( A(@) +va(x)). (MA( )% (va(x)® + pa(w)

+pa(r) va(x))? +va(e).(na(z) + va(e))) + pa(z).va(@)
(wa(@)? + pa(@) + pa(a).va(@)).(na(@) + va(@)),
ps(@).(ve(@)® + pp(x) + ps(r) ve(@))|w € E}

Continued on next page
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Table 1 — continued from previous page

{{z, min(5g(1 — pa()),sg(l — pp(2))),
max(sg(1 — pa(x)),58(1 — pp(2))))|x € E}

T, min(sa(1 — pa(2)), 5e (s (2))),
max(sg(va (@), 58(1 — ps()) |z € B}

T, min(g(1 - pa(@)),58(1 — vs (@),
max(5g(L — va (), 5E(L — up()))e € B}

{{z, min(sg(pa(z)),58(1p())),
max (5g(pa(z)),58(1 — pup(x))))|x € B}

{{z, min(sg(va(z)),58(1 - vp(z))),
max(sg(va(z)),88(vp(x))))|z € E}

{{z, min(pa(z),sg(va(z)), vp(z),sg(us(2))),
max(min(va(z), sg(pa(z))), min(up(r), sg(vp(2)))))|x € E}

{(z,0,0)|z € E}

{{z,0,0)|z € E}

{{z, pa(e)sg(l — pa(@)),
max((1 — pa(z)).sg(pa(z)), min(up(r),
sg(1 — pp(x)))))|x € E}

{(z, min(pa(x) sg(pa(z)), 1 — pp(x),sg(ps(x))),0)lr € B}
{{z, min(pa(2),1 - pp()),0)|r € E}

{{z,min(1 — va(z),sg(va(z)),vp(x),sg(l — vp(zx))),
max(va(x).sg(l —va(z))), min(l — vp(z),sg(vp(x))))|x € E}

{(z,0,0)|z € E}

{(z, min(pa(z).va(z) +58(1 — pa(z)), vp(z)),
max(va(z).(pa(@) va(e) +58(1 — pa(x))) +58(1 - va(z)),
pp(x).vp(r) +88(1 — pp(x))))|z € B}

{{z, min(pa(z),1 - pp(r)),
max(((1 — pa(z)).pa(z)) +58(na(z)),
pp()-(1 — pp(z)) +58(1 — pp(x

) )
{2, min((1 — va(z)).va(z) +sg(va(z)),
max((1— (1 —va(z)).va(z)) - @(VA(JU)))-((l —va(z)).va(z)
+58((1 — va(@)) va(z) +58(va(z)
(1 —vp(x)).vp(x) +58(vp(2))))|*

S

{(z, min((pa(2)-(pa(z).va(z) +58(1 — va())) +58(1 — pa(z)))
(pa(@).va(z) +58(1 —va(2))) +58(1 — pal@).(na(z)-va(z)

(pp(x).vp(r) +58(1 —vp(x))) +58(1 — pp(x))))|r € E}

50 | 1z, min(((pa(z).(pa(z).va(z) +58(1 — va(e))) +58(1 — pa(z)))
pa(z).va(e)), pp(r).ve(r)),
max(pa(w).va(@).((pa(@).(na(z).va(z) +58(1 — va(z)))
+58(1 — pa(w))).pa(z).va(e) +58(1 — pa(w).(na(w).va(z)
+88(1 —va(w))) —58(1 — pa(z)))) +58(1 — (pa(x).va(z))),
ps(@).(ps(@).vp(r) +58(1 —vp(x))) +58(1 — up(2))))|r € £}

Continued on next page
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Table 1 — continued from previous page

"
31

{(z, min((1 — (1 — pa(x)).palr) —5g(palz))).((1 - palz))
pa(z) +58(pa())) +58(((1 — pa(z)).pa(z) +58(1a(w)))),
(1= pp(z)).pp(z) + 5815 (7)),
max(((1 — pa()).pa(z) +58(pa()))-((1 = (1 = pa(x)).pa(z))
—58(na(2)).((1 = pa(@)).pa(z) +58(pa(z))) +58((1 — pa(z))
pra(w) +58(na(z)))) +58(1 — (1 — pa()).pa(z) —sg(pa(x))),
ps(x).((1—pp(2).pp(x) +58(ks(x))) +58(1 —up(x))))|r € E}

7
32

{(z, min((1 — (1 — pa(@)).pa(2)).(1 — pa(@)).palz),
(1= pp(x)).pp(T)),
max(((1—pa(2)).pa(z).(1—(1—pa(z )) A(@)).(1—pa(z))
pa(@) +58((1 — pa(@)).pa(@))) +58(1 = (1 — pa())-pa(x)))
ps(x).(1—pp(@)).ps(®) +88(ke(x))) +58(1 — pp(x))))|z € E}

7
33

)

{{z, min(((1 —va(z)).(va(z).(1—va(z )) sg(1—va(z)))
+58(va(2)))-(1 = (1 —va(2)).(va(z).(1 — va(z))
+5g(1 —va(z))) —sg(va(z))) +5g(1 — (1 - va(z))
(va(x).(1 —va(z)) +58(1 —va ( ) —58(va())),
vp(z).(1 —vp(z)) +58(1 - va(2))),
max((1— (1 —va(@))-(va(z).(1 -va(z)) +58(1-va(z)))
—g(va(2))).((1 — va(@)).(va(z).(1 = va(z)) +58(1 - va(@)))
+58(va(2)))-(1 - (1 —va(2)).

(va(z).(1—va(z)) +58(1 —va(@)))
—5g(va(x))) +58(1— (1 —va(z)).(va(z).(1 -va(z))
+5g(1 —va(z))) —58(va(@)))) +58((1 — va(z)).(va(z)
(1fVA(SU))H@(l*VA(%))HS%(VA( x))), (1 —vp(2)).(ve(x)

7
34

(1—vp(x)) +58(1 —vp(2))) +5a(vp(z)))|x € E}
{{z, min(((1 —va(z)).(va(z).(1 —va(z)) +58(1 —va(z)))
+58(va(@)))-(1 = (1 —va(2)).(va(@).(1 — va(z))
+58(1 —va(z))) —58(va(x))),
vp(x).(1 —vp(x))), max(((1 - (

= (1 =wa(@)).(va(z).(1 - va(z))
+58(1 — va(@))) —sg(va(@)))-(((1 = VA(x)) (va(z)
(L —va(z)) +58(1 —va(@))) +58(va(2))).(1 - (1 —va(z))
(va(@).(L—va(z)) +5g(1 —va(z))) —5g(va(e))) +5g(1 - (1 —va(z))

(va(x).(1-va(x)) +58(1 —va(z))) —sg(va(x)))))
+58((1—va(2)).(va(z).(1—va(z)) + Sg(l va(z))) +588(va(z))),
(1—vp(x))-(vp(x).(1 —vp(z)) +58(1 — vp(x)))
+5g(vp () )|r € E}

We immediately see that operation —pgg; does not occur in Table 1, while opera-
tions —pgpre, —) and —4 coincide.

3 Main results

Initially, we give the list of all intuitionistic fuzzy implications (see Table 2).

They

generate 34 different negations, given in Table 3. The relations between the implica-
tions and negatiions are shown in Table 4.
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Table 2: List of the first 14 intuitionistic fuzzy implications.

—1 | {{z, max(va (@), min(pua(z), pp(2))), min(pa(r), vp(2)))lr € £}
—o | {{z,sg(palz) — pp()),ve(w)sg(pa(r) — pp(x)))|r € B}
=3 | {(@, 1= (1 —pp(z))sg(palz) — pp(z)))),
vp(z).sg(pa(z) — pp(r)))|r € B}
—4 | {{z,max(va(z), pp(r)), min(pa(z), vp(x)))|r € B}
—5 | {{x,min(1,va(z) + pp(x)), max(0, pa(x) + vp(z) — 1))|z € E}
—6 | {{z,va(@) + pa(@)pp (@), pa(x)vs(a))|z € £}
—7 | {{(z,min(max(va(z), pp(z)), max(ua(x),va(r)),
max(up(v), vp(r))), max(min(pa(z), vp(r)),
min(pa(z), va(z)), min(up(r), ve(z))))|> € E}
—s | {{#,1— (1 —min(va(z), pp(2))).sg(pa(r) — pp(x)),
max(pa(z), vp(r)).sg(p ( ) — uB(7)),
sg(vp(r) —va(z)))|z € E}
—9 | {(&,va(@) + pa(@)’up (@), pa(@)va(e) + pa(a)’vp(e)|r € E}
—10 | {(z,u(z)58(1 — pa(x))
+sg(1—pa(2)).(58(1 —pup(x)) + va(z).sg(l — pup())),
vp(x).5g(1 — pa(z)) +pa(z).sg(l — pa(z))
sg(l — pp(x)))|z € B}
=1 | {((z,1— (1 —pp(@))sg(pa(z) — ps(z)),
vp(z).sg(pa(z) —pp(x))sg(ve(z) —va(w)))|r € E}
—12 | {{(z,max(va(z), pp()),1 —maX(VA( ), kB(7)))|r € E}
—13 | {{,va(@) + pp(x) —va(@).pp(@), pa(z).vp(z))|z € B}
=14 | {(z,1 = (1 —pp(@))sg(pa(r) — ps(z))

—vp(2)5g(pa(x) — pp(z)). Sg(VB( ) —va(2)),
vp(x).sg(vp(x) —va(z)))|r € B}

Table 3: List of the first 5 intuitionistic fuzzy negations.

{(z,va(@), pa(z))|z € E}

—o | {(z,58(pa(2)), sg(pa(z)))|z € B}

-3 KI A(@), pa(@).va(@) + pa(z)?)|e € B}
{(

1

~a | (@, va(@),1 —va(@))|z € B}
-5 | {(,58(1 — va(x)),sg(l — va(z)))|z € B}

17
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Table 4: Correspondence between intuitionistic fuzzy negations
and implications.

Now, we introduce the definitions of the new “substraction” operations. As a basis of
the new instances of this operation, we use the formula from classical set theory

where A and B are two IFSs. Hence, for ¢ = 1,2, ...,134 (or in the present case, for

1 | 1,74, 5,76, 7,710, 713
2 2,73, 78, 711

-3 | —9
4 | 12
-5 | 14

A—B=AN-B=-(~AUB) =~(A— B),

i=1,2,..,14)

where §(i) is the number of the negation that corresponds to i-th implication (see
Table 4). Therefore, 134 new “substraction” operations can originate. This process is
difficult, having in mind the very complex forms of some implications and negations
from Tables 2 and 3. By this reason, here we introdice the definition of the first 14
new instances of the “substraction” operation (see Table 5) and the rest definitions

A—i B ==54(A— B),

will be given in future.

Table 5: List of the first 14 new intuitionistic fuzzy subtractions.

-1 | {(z,min(pa(x), vp(r)), max(va(x), min(pa(z), pp(z))))|r € E}
—2 | {{=,sg(pa(z) — pp(2)),58(na(z) — pp(@)))|r € E}
—3 | {(z,58(pa(x) — pp()),58(pa(x) — pp(r)))|r € £}
—4 | {{z,max(va(z), pp(2)), min(pa(z), ve(2)))|z € E}
—5 | {(z,max(0, pa(x) + vp(r) — 1), min(1,va(z) + pp(r)))|z € £}
=6 | {(z, pa(@)vp(®),va() + pa(@)ps(2)) |z € B}
-7 {(SC, max(min(uA(x), VB (I) ,min(uA(as), VA(x))a
min(up(z), v5(z))),
min(max(va (), up(r)), max(pa(r), va(z)),
max(up(z),vp(2))))|r € E}
—s | {(z, ((1 —sg(min(va(x), up(r))))sg(ualz) — ps(x)),

{(@, pa(@)0a (@) + pa@) s (@),

Ha(@)ra(@)? + pa(e)va(@)vs (@) + pa(@)va@)us ()
Fpa () s (@)vp(@) + mua@)? + 2+ pa(@)2va (@) ()
T pale)us(e)?)e € B)

Continued on next page
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Table 5 — continued from previous page
—10 | {{z,vB(2)58(1 — pa(@)) + pa().sg(l — pa(z)).sg(l — pp(x)),
18(2).58(1 — pa(z)) + sg(l - pa(x)).(58(1 — pp(x)) +valz)
sg(1—pp(x))))|r € B}
—u | {(&,58(pa(x) — pp(x)),58(palzr) — pp(@)))le € £}
—12 | {{z,1 —max(va(@), pp(z)), max(va(@), pp(z)))|r € £}
—13 | {{z, pa(@).vp(2), va(®) + pp(x) — va(z).pp(@))|e € B}
—1a | {(z,58(1 —vp(z).sg(vp(z) —va(z)),
sg(l — vp(z).sg(vp(z) —va(x)))lz € E}

Some of the most important properties of the subtractions are:
A—E*=0%

m) U* — E* = O~
n) E* — O* = E*,
o) B* —-U* = O*.
In Table 6 are given these subtractions that satisfy these properties.

S P~ P~ P~ P~ P~~~ ~

Table 6: Properties of the “subtraction” operations.

a|blc|dl|e|f |g|h|i|j|k|] |m|n/|o
=1 |- |+ |+ |+ - |- - |- |-+t +|-|+]-
= |+ - [ [+[-1+1+]1-1-[+[+][-1+][+]-
=3 |+ |- |+ |+ |- | +|+]|+]|- | +|+]-|+]|+]-
—a | F [ F [+ [+ [+ HF[F[+[+][+][+F][+]-
=5 |+ |+ |+ |+ |- |+ |+ | +]|- |+ ]|+ |+ ]|+]-
=6 |- |+ [+[-[-1-1-1-[+[+[+]-T1+]-
e e e e e e
—s |+ - |- [+[-[+1-1-1-[+[+[-1+[+][-
=9 |- |- |+ |+ |- |-|-1-|-|+]|+]+]-|+]|-
—w |+ |+ [+ - - T-T-1-T+1+1+1+1+1-
- |+ |- |+ |+|-|+|+|+]|- | +|+]-|+]|+]-
=1 |+ - [- [+[-[+]1+1+]- [+[+][-1+[+]-
=i |+ |+ |+ |+ |- |+ |+ | +]|- |+ |+ +|+]|+]-
—u |+ - [+ [+ ]- [+ +F][+]-[+[+][-[+][+]+
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In a next research we will continue to study the definitions and properties of the new
subtractions based on the intuitionistic fuzzy implications.

An OPEN PROBLEM is to find another approach to introducing variants of
the “subtraction” operation over IFSs. If this is possible, the behaviour of the new
operations must be studied, also.

4 Final remarks: Beloslav Riecan’s group and intuitionistic fuzzy sets

In the beginning of the 215¢ century, Prof. Beloslav Riefan established in the Matej
Bel University, Banska Bystrica one of the most active research groups in the world
in the area of intitionistc fuzzy set theory. After the two annual conferences on IFSs,
organized in Sofia (since 1998) and Warsaw (since 2000), Banska Bystrica became the
third place, where such regular meetings are being held ever since 2006.

Prof. Riec¢an participates actively in the organization of the Bulgarian conferences
(since 2006) and in the edition of the specialized journal “Notes on Intuitionistic Fuzzy
Sets”. He and his PhD students and collaborators developed whole areas of IFSs
theory, related to intuitionistic fuzzy integrals, probabilities, etc. To this end, Prof.
Riecan has the largest number of successfully defended PhD students with theses on
IFSs in the world.

On the behalf of his Bulgarian friends and colleagues, I wish him to keep up his
research activity for a long years in future.
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