
Acta Universitatis Matthiae Belii, series Mathematics
Volume 23 (2015), 87–94, ISSN 1338-712X, ISBN 978-80-557-1038-9

Online version available at http://actamath.savbb.sk

Weyl-Type Theorems For Restrictions Of
Closed Linear Unbounded Operators

Anuradha Gupta
Department of Mathematics, Delhi College of Arts and Commerce, Netaji Nagar, New Delhi-110023,

India
dishna2@yahoo.in

Karuna Mamtani∗

Department of Mathematics, Faculty of Mathematical Sciences, University of Delhi, New
Delhi-110007, India

karunamamtani@gmail.com

Abstract
In this paper, T is a closed linear unbounded operator on an infinite dimensional complex Hilbert space
H. We relate the study of Weyl-type theorems and properties for T to the study of Weyl-type theorems
and properties for some restriction of T. Sufficient conditions are given for which T satisfies various
Weyl-type theorems and properties if and only if R(T n) is closed for some n ∈ N and some restriction
of T satisfies the corresponding theorem or property.
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1 Introduction

Let H be an infinite dimensional complex Hilbert space and let B(H) and C(H) be the
set of all bounded linear operators and set of all closed linear operators from domain
D(T) ⊆ H to H, respectively. By N (T) and R(T) we denote the null space and range
of T, respectively. We call an operator T ∈ C(H) upper semi-Fredholm (respectively,
lower semi-Fredholm ) if R(T) is closed and nullity of T, α(T) = dim N (T) < ∞
(respectively, defect of T, β(T) = codim R(T) < ∞). A semi-Fredholm operator is
either an upper or lower semi-Fredholm operator. If T is both upper and lower semi-
Fredholm, that is, if α(T) and β(T) both are finite, then T is called a Fredholm operator.
By SF+(H) (respectively, SF−(H)) we denote the class of all upper (respectively, lower)
semi-Fredholm operators. For T ∈ SF+(H) ∪ SF−(H), index of T is defined as ind(T)
= α(T) - β(T). An operator T ∈ C(H) is called Weyl if it is Fredholm of index 0 and
the Weyl spectrum of T is defined as σw(T) = {λ ∈ C: T - λI is not Weyl}. We have the
following notations :

SF−+ (H) = {T ∈ C(H) : T ∈ SF+(H) and ind(T ) 6 0}

SF+
− (H) = {T ∈ C(H) : T ∈ SF−(H) and ind(T ) > 0}
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and these operators generate the following spectrum

σSF−+
(T ) = {λ ∈ C : T − λI /∈ SF−+ (H)}

σSF+
−

(T ) = {λ ∈ C : T − λI /∈ SF+
− (H)}.

The ascent p(T) and descent q(T) of an operator T ∈ C(H) are defined as follows:

p(T) = inf{n : N (Tn) = N (Tn+1)}

q(T ) = inf{n : R(Tn) = R(Tn+1)}.

Let σ(T), σa(T), σs(T) and ρ(T) denote the spectrum, approximate spectrum, surjec-
tive spectrum and the resolvent set of T ∈ C(H), respectively, and let σdes(T) = {λ ∈ C
: q(T - λI) ≮∞} denote the descent spectrum of T. Evidently, σdes(T) ⊆ σ(T).

By isoσ(T) and isoσa(T) we denote the isolated points of σ(T) and σa(T), respec-
tively. It is well known that the resolvent operator Rλ(T) = (T - λI)−1 is an analytic
operator-valued function for all λ ∈ ρ(T) and the points of isoσ(T) are either poles or
essential singularities of Rλ(T). For T ∈ C(H), λ ∈ isoσ(T) is said to be a pole of order
p if p = p(T - λI) <∞ and q(T - λI) <∞ ([6]). Also λ ∈ σa(T) is said to be a left-pole
if p = p(T - λI) <∞ and R(T - λI)p+1 is closed. Let πo(T) and πao (T) denote the set of
all poles of finite multiplicity and left poles of finite multiplicity, respectively.

An important property of closed linear operators in Fredholm theory is the single
valued extension property (SVEP). This property was first introduced by Dunford [3].
We mainly concern with the SVEP at a point, localized version of SVEP, introduced by
Finch [4], and relate it to the finiteness of the ascent of a closed linear operator. Let
T : D(T ) ⊂ H → H be a closed linear mapping and let λo be a complex number. The
operator T has the single valued extension property (SVEP) at λo, if f = 0 is the only
solution to (T − λI)f(λ) = 0 that is analytic in every neighborhood of λo. Also T has
SVEP, if it has this property at every point λo in the complex plane.

Evidently, T ∈ C(H) has SVEP at every λ ∈ ρ(T). Moreover, by identity theorem
for analytic functions, it is easily seen that T has SVEP at every boundary point (in
particular, every isolated point) of σ(T). Also, from the definition of localized SVEP,

λ ∈ isoσa(T ) =⇒ T has SVEP at λ, and by duality,
λ ∈ isoσs(T ) =⇒ T∗ has SVEP at λ.

The above implications become equivalences whenever T is a bounded semi-Fredholm
operator [1, Chapter 3]. For the case T ∈ C(H), we prove this equivalence in the
following theorem. We first give a definition and lemma needed for the proof of the
theorem:

Definition 1. [5, Ch IV, §1] Let T ∈ C(H). Let A be an operator such that D(T)
⊂ D(A) and ‖Au‖ 6 a‖u‖ + b‖Tu‖, u ∈ D(T) where a,b are non-negative constants.
Then we say that A is relatively bounded with respect to T or T-bounded and the T-bound
of A is inf b.

Lemma 2. [5, Ch. IV, Theorem 5.31] Let T ∈ C(H) be semi-Fredholm and let A be a
T-bounded operator in H. Then S = T + λA ∈ C(H), S is semi-Fredholm and α(S) as
well as β(S) are constant for sufficiently small |λ| > 0.
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The reduced minimum modulus of T ∈ C(H) is defined by

γ(T) = inf {‖Tx‖ : x ∈ D(T ) ∩N (T )⊥, ‖x‖ = 1}.

Then, it is known that R(T) is closed iff γ(T) > 0 for every T ∈ C(H).

Theorem 3. Let T ∈ C(H) be a semi-Fredholm operator and λo ∈ C. Then the following
are equivalent:

(i) T has SVEP at λo

(ii) σa(T) does not cluster at λo

(iii) p(T - λoI) <∞.

Proof. We shall assume that λo = 0.
(i) ⇔ (iii) follows from [4, Theorem 15]
(i) ⇒ (ii) Suppose T has SVEP at zero. Since T is semi-Fredholm operator, so is Tn

for all n ∈ N. Then R(Tn) is closed for all n, so that T∞(H) =
∞
∩
n=1
R(Tn) is closed.

Since T is semi-Fredholm, so that R(T) is closed, there exists an ε > 0 such that γ(T)
> ε. Consider λ in 0 < |λ| < ε. Then ‖λx‖ = |λ|‖x‖ < ε‖x‖ < γ(T)‖x‖, for all x ∈ H.
By lemma 2, T - λI is a closed semi-Fredholm operator, so that R(T - λI) is closed for
all 0 < |λ| < ε. Thus we have that if 0 < |λ| < ε, then λ ∈ σa(T) iff λ ∈ σp(T).

If 0 6= x ∈ N (T - λI) then x = 1
λTx = T (xλ ) ∈ R(T). Also, T2x = T(λx) = λTx =

λ2x. This implies x = 1
λ2 T2x ∈ R(T2). Continuing like this, we get x ∈ T∞(H). Thus,

N (T - λI) ⊆ T∞(H) for all λ 6= 0. This implies that every non-zero eigenvalue of T
belongs to σ(T|T∞(H)).

Suppose that 0 is a cluster point of σa(T). There exists a sequence (λn) of non-
zero eigenvalues of T such that λn → 0 as n → ∞. Then λn ∈ σ(T|T∞(H)) so that 0
∈ σ(T|T∞(H)), as the spectrum of an operator is closed. Since T has SVEP at 0, so does
T|T∞(H). From [1, Lemma 1.9], T|T∞(H) is onto. By [4, Theorem 2], T|T∞(H) is injective
so that 0 /∈ σ(T|T∞(H)), which is a contradiction. Therefore, σa(T) does not cluster at
0.

(ii) ⇒ (i) holds for all closed linear operators.

Remark 4. By duality, we have that if T ∈ C(H) is semi-Fredholm, then the following
statements are equivalent:

(i) T∗ has SVEP at λo

(ii) σs(T) does not cluster at λo

(iii) q(T - λoI) <∞.

Let Eo(T) and Eao(T) denote the set of all eigenvalues of finite multiplicities in isoσ(T)
and isoσa(T), respectively. If T ∈ C(H), then T satisfies:

(i) Weyl’s theorem if σ(T) \ σw(T) = Eo(T).

(ii) Browder’s theorem if σ(T) \ σw(T) = πo(T).

(iii) a-Browder’s theorem if σa(T) \ σSF−+ (T) = πao (T).

(iv) a-Weyl’s theorem if σa(T) \ σSF−+ (T) = Eao(T).
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(v) property (w) if σa(T) \ σSF−+ (T) = Eo(T).

(vi) property (b) if σa(T) \ σSF−+ (T) = πo(T).

(vii) property (ab) if σ(T) \ σw(T) = πao (T).

(viii) property (aw) if σ(T) \ σw(T) = Eao(T).

Weyl’s theorem and a-Weyl’s theorem for restriction of bounded linear operators
have been recently studied in [2]. In this paper, it is shown that with certain sufficient
conditions on T ∈ C(H), several Weyl-type theorems and properties hold for T, if and
only if there exists an n such that R(Tn) is closed and Weyl type theorems and properties
holds for Tn = T|D(T )∩R(Tn).

In the second section, we consider Weyl’s theorem and Browder’s theorem and cer-
tain conditions have been given for which the study of Weyl’s (respectively, Browder’s)
theorem for T ∈ C(H), can be reduced to the study of Weyl’s (respectively, Browder’s)
theorem for some restriction of T. Also, sufficiency theorems are given for the case of
a-Weyl’s theorem and a-Browder’s theorem. In the third section, properties (w), (b),
(aw) and (ab) are considered. An example is given at the end of the third section to
illustrate all the theorems proved.

Following lemma will be used throughout the paper:

Lemma 5. [2, Lemma 2.1] Let T ∈ C(H) and Tn be the restriction of T to the subspace
R(Tn). Then, for all λ 6= 0, we have:

(i) N ((Tn - λI)m) = N ((T - λI)m), for all m;

(ii) R((Tn - λI)m) = R((T - λI)m) ∩ R(Tn), for all m;

(iii) α(Tn - λI) = α(T - λI);

(iv) p(Tn - λI) = p(T - λI);

(v) β(Tn - λI) = β(T - λI).

2 Weyl-type theorems and Restriction of operators

In this section, we give conditions under which Weyl’s theorem (respectively, Browder’s
theorem) for an operator T ∈ C(H) is equivalent to Weyl’s theorem (respectively, Brow-
der’s theorem) for certain restriction Tn of T. Also, we give certain sufficient conditions
in the case of a-Browder’s theorem and a-Weyl’s theorem. Let N denote the set of all
non-negative integers.

Theorem 6. Let T ∈ C(H) and suppose that 0 /∈ isoσ(T) ∩ σdes(T). Then

(i) T satisfies Weyl’s theorem iff there exists n ∈ N such that R(Tn) is closed and Tn
satisfies Weyl’s theorem.

(ii) T satisfies Browder’s theorem iff there exists n ∈ N such that R(Tn) is closed and
Tn satisfies Browder’s theorem.

Proof. (i) Suppose that there exists n ∈ N such that R(Tn) is closed and Tn satisfies
Weyl’s theorem.
Let λ ∈ Eo(T). Then λ ∈ isoσ(T) so that λ 6= 0 and and there exists an open disk
Dλ ⊆ C centered at λ such that σ(T) ∩ Dλ = {λ}. Since, by Lemma 5, σ(T) \ {0}
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= σ(Tn) \ {0} and σ(Tn) ⊆ σ(T), we have that σ(Tn) ∩ Dλ = {λ} so that λ ∈
isoσ(Tn). Now, 0 6= λ ∈ Eo(Tn) = σ(Tn) \ σw(Tn) and thus, λ ∈ σ(T) \σw(T).
Now, suppose λ ∈ σ(T) \σw(T). If λ = 0, then since 0 /∈ σdes(T), [1, Theorem
3.4(iv)] implies 0 ∈ isoσ(T) which is a contradiction to the hypothesis. Therefore,
λ 6= 0 and α(Tn - λI) = α(T - λI) = β(T - λI) = β(Tn - λI) <∞ so that λ ∈ σ(Tn)
\ σw(Tn) = Eo(Tn) and thus λ ∈ isoσ(Tn). Then Tn and T∗n have SVEP at λ and
by Theorem 3, p(Tn - λI) = q(Tn - λI) < ∞. Hence, q(T - λI) = p(T - λI) < ∞
and λ ∈ Eo(T).
Conversely, assume T satisfies Weyl’s theorem, then for n = 0, R(T0) = H is closed
and To = T|D(T )∩R(T 0) = T satisfies Weyl’s theorem.

(ii) Suppose that there exists n ∈ N such that R(Tn) is closed and Tn satisfies Brow-
der’s theorem.
Let λ ∈ σ(T) \σw(T). As proved above, 0 6= λ ∈ σ(Tn) \ σw(Tn) = σ(Tn) \ σb(Tn),
and thus p(Tn - λI) = q(Tn - λI) <∞. Then, q(T - λI) = p(T - λI) <∞. Therefore,
λ ∈ σ(T) \σb(T). Hence, σb(T) ⊆ σw(T) and since the reverse inclusion holds for
every operator in C(H), T satisfies Browder’s theorem.
Now, suppose T satisfies Browder’s theorem, then for n = 0, R(T0) = H is closed
and To = T|D(T )∩R(T 0) = T satisfies Browder’s theorem.

Recently, in [7], property (w1) for bounded linear operators, as a variant of Weyl’s
theorem, was introduced and studied. Further in [8], property (aw1) was introduced as
a variant of a-Weyl’s theorem, where we say that an operator T satisfies property (aw1)
if σa(T) \σSF−+ (T) ⊂ Eao(T).

Similarly, we introduce a variant of a-Browder’s theorem, viz. property (aB1), where
an operator T ∈ C(H) satisfies property (aB1) if σa(T) \σSF−+ (T) ⊂ πao (T).

For the case of a-Browder’s theorem and a-Weyl’s theorem, we do not have necessary
and sufficient conditions similar to Theorem 6. However, we give the following sufficiency
theorems:

Theorem 7. Let T ∈ C(H) and suppose that 0 /∈ isoσ(T) ∩ σdes(T). Then T sat-
isfies property (aB1) if there exists n ∈ N such that R(Tn) is closed and Tn satisfies
a-Browder’s theorem.

Proof. Suppose that there exists n ∈ N such that R(Tn) is closed and Tn satisfies a-
Browder’s theorem.

If λ ∈ σa(T) \σSF−+ (T), then 0 < α(T - λI) <∞, R(T - λI) is closed and ind(T - λI)
6 0. Suppose λ = 0, then ind(T) 6 0 and by hypothesis, 0 /∈ σdes(T) implies q(T) <∞
so that ind(T) > 0. Now ind(T) = 0 together with [1, Theorem 3.4(iv)] implies p(T) =
q(T) <∞ which is a contradiction since 0 /∈ isoσ(T). Therefore, λ 6= 0 and by Lemma 5,
λ ∈ σa(Tn) \σSF−+ (Tn) = πao (Tn). Thus, p = p(T - λI) = p(Tn - λI) < ∞. Also, since
T - λI is semi-fredholm, so is (T - λI)p+1. Thus, R(T - λI)p+1 is closed and λ ∈ πao (T).
Hence, T satisfies property (aB1).

Theorem 8. Let T ∈ C(H) and suppose that 0 /∈ isoσa(T) ∩ σdes(T). Then T satisfies
property (aw1) if there exists n ∈ N such that R(Tn) is closed and Tn satisfies a-Weyl’s
theorem.
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Proof. Assume that there exists n ∈ N such thatR(Tn) is closed and Tn satisfies a-Weyl’s
theorem.

Suppose λ ∈ σa(T) \σSF−+ (T). If λ = 0, then ind(T) 6 0 and 0 /∈ σdes(T) implies
q(T) < ∞ and thus, ind(T) = 0. Now, p(T) = q(T) < ∞ and 0 ∈ isoσ(T) which is a
contradiction to the hypothesis. Therefore, 0 6= λ ∈ σa(Tn) \σSF−+ (Tn) = Eao(Tn). Since
λ ∈ isoσa(Tn), by Theorem 3, p(T - λI) = p(Tn - λI) <∞ and now λ ∈ isoσa(T). Thus,
λ ∈ Eao(T) so that T satisfies property (aw1).

3 Extended Weyl-type theorems and Restriction of operators

In this section, we give conditions under which property (w) (respectively, property (b),
property (aw) and property (ab)) for an operator T ∈ C(H) is equivalent to property
(w) (respectively, property (b), property (aw) and property (ab)) for certain restriction
Tn of T.

Theorem 9. Let T ∈ C(H) and suppose that 0 /∈ isoσ(T) ∩ σdes(T). Then

(i) T satisfies property (w) iff there exists n ∈ N such that R(Tn) is closed and Tn
satisfies property (w).

(ii) T satisfies property (b) iff there exists n ∈ N such that R(Tn) is closed and Tn
satisfies property (b).

(iii) T satisfies property (ab) iff there exists n ∈ N such that R(Tn) is closed and Tn
satisfies property (ab).

Proof. (i) Assume that there exists an n ∈ N such thatR(Tn) is closed and Tn satisfies
property (w).
Let λ ∈ Eo(T). Then proceeding as in Theorem 6(i), 0 6= λ ∈ Eo(Tn) = σa(Tn)
\ σSF−+ (Tn). By Theorem 3, since λ ∈ isoσ(Tn), p(Tn - λI) = q(Tn - λI) < ∞.
Then, [1, Theorem 3.4(iii)] implies β(Tn - λI) = α(Tn - λI) <∞ so that 0 < β(T
- λI) = α(T - λI) <∞ and hence λ ∈ σa(T) \ σSF−+ (T).

Now, suppose λ ∈ σa(T) \ σSF−+ (T). Then, 0 6= λ ∈ σa(Tn) \ σSF−+ (Tn) = Eo(Tn).
Using SVEP for Tn and T∗n at λ, p(Tn - λI) = q(Tn - λI) < ∞ and thus, β(Tn -
λI) = α(Tn - λI) <∞. Now, β(T - λI) = α(T - λI) <∞ together with p(T - λI)
= p(Tn - λI) < ∞ imply q(T - λI) < ∞ and thus λ ∈ Eo(T). Hence, T satisfies
property (w).
Conversely, if T satisfies property (w), then for n = 0, R(T0) = H is closed and To
= T|D(T )∩R(T 0) = T satisfies property (w).

(ii) Assume that there exists an n ∈ N such that R(Tn) is closed and Tn satisfies
property (b).
Let λ ∈ πo(T). Then p(T - λI) = q(T - λI) < ∞ together with α(T - λI) < ∞
imply 0 < β(T - λI) = α(T - λI) <∞ and thus, λ ∈ σa(T) \ σSF−+ (T).

Now, suppose λ ∈ σa(T) \σSF−+ (T). As in the proof of Theorem 7, we get that 0
6= λ ∈ σa(Tn) \ σSF−+ (Tn) = πo(Tn). Then, p(Tn - λI) = q(Tn - λI) <∞ so that
β(Tn - λI) = α(Tn - λI) < ∞. Now, β(T - λI) = α(T - λI) < ∞ together with
p(T - λI) = p(Tn - λI) < ∞ imply q(T - λI) < ∞ and thus λ ∈ πo(T). Hence, T
satisfies property (b).
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Conversely, if T satisfies property (b), then for n = 0, R(T0) = H is closed and To
= T|D(T )∩R(T 0) = T satisfies property (b).

(iii) Suppose that there exists n ∈ N such that R(Tn) is closed and Tn satisfies property
(ab).
Let λ ∈ πao (T). Then, proceeding as in Theorem 6, 0 6= λ ∈ πao (Tn) = σ(Tn)
\σw(Tn). and thus λ ∈ σ(T) \σw(T).
Now, suppose λ ∈ σ(T) \σw(T). If λ = 0, then by [1, Theorem 3.4(iv)], 0 < α(T) =
β(T) <∞ and 0 /∈ σdes(T) together imply that 0 ∈ isoσ(T), which is a contradiction
to the hypothesis. Therefore, 0 6= λ ∈ σ(Tn) \σw(Tn) = πao (Tn) so that λ ∈ σa(Tn),
p = p(Tn - λI) <∞, α(Tn - λI) <∞ and R(Tn - λI)p+1 closed. Now, λ ∈ σa(T),
p = p(T - λI) < ∞ and α(T - λI) < ∞. Also, λ ∈ σ(T) \σw(T) so that T - λI
and hence (T - λI)p+1 is a Fredholm operator. Then, R(T - λI)p+1 is closed and
so λ ∈ πao (T). Hence, T satisfies property (ab).
Conversely, suppose T satisfies property (ab), then for n = 0, R(T0) = H is closed
and To = T|D(T )∩R(T 0) = T satisfies property (ab).

Theorem 10. Let T ∈ C(H) and suppose 0 /∈ isoσa(T) ∩ σdes(T). Then T satisfies
property (aw) iff there exists an n ∈ N such that R(Tn) is closed and Tn satisfies property
(aw).

Proof. Assume that there exists n ∈ N such thatR(Tn) is closed and Tn satisfies property
(aw).

Suppose λ ∈ Eao(T). Then λ 6= 0, λ ∈ isoσa(T) and 0 < α(T - λI) < ∞ so that 0
< α(Tn - λI) <∞ and thus λ ∈ σa(Tn). Since λ ∈ isoσa(T), there exists a disk Dλ ⊆ C
such that Dλ ∩ σa(T) = {λ}. Then Dλ ∩ σa(Tn) ⊆ {λ}. If Dλ ∩ σa(Tn) = φ, then
λ /∈ σa(Tn) which is a contradiction. Thus Dλ ∩ σa(Tn) = {λ} and so λ ∈ isoσa(Tn).
Now, λ ∈ Eao(Tn) = σ(Tn) \σw(Tn). Since λ 6= 0, we get that λ ∈ σ(T) \σw(T).

Now, let λ ∈ σ(T) \σw(T). Then, 0 6= λ ∈ σ(Tn) \σw(Tn) = Eao(Tn). Since λ ∈
isoσa(Tn), by Theorem 3, p(T - λI) = p(Tn - λI) <∞ and λ ∈ isoσa(T). Therefore, λ ∈
Eao(T) and hence, T satisfies property (aw).

Conversely, suppose T satisfies property (aw), then for n = 0, R(T0) = H is closed
and To = T|D(T )∩R(T 0) = T satisfies property (aw).

The following example illustrates all the theorems of this paper:

Example 11. Let H = l2 and let T be defined as follows:

T (x1, x2, x3, . . . ) = (x1, 2x2, 3x3, 4x4, 5x5, . . . )

where D(T ) =
{

(x1, x2, x3, . . . ) ∈ l2 :
∞∑
j=1
|jxj |2 <∞

}
.

Then coo = {(xn) : xn 6= 0 for only finitely many n} ⊆ D(T). Since coo is dense in l2,
so is D(T). Also T = T∗, so that T is a closed linear operator.

Now, σ(T) = σa(T) = σp(T) = {j : j ∈ N } and 0 /∈ isoσ(T) ∩ σdes(T).
For λ = j, j ∈ N,

N (T − λI) = span{ej} =⇒ α(T − λI) = 1 <∞ and
R(T − λI) = span{ej}⊥ =⇒ R(T − λI) is closed and β(T − λI) = 1 <∞.
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Therefore, T - λI is Fredholm operator of index 0 and thus σw(T) = σSF−+
(T) = φ.

Since λ = j, for j ∈ N is isolated in σ(T) = σa(T) and α(T - λI) = 1 < ∞, thus
Eo(T) = Eao(T) = { j : j ∈ N }. Also p(T - λI) = q(T - λI) = 1, πo(T) = πao (T) =
{j : j ∈ N}.

Hence:

σ(T ) \ σw(T ) =σa(T ) \ σSF−+ (T ) = {j : j ∈ N} = Eo(T ),

i.e., Weyl’s theorem and property (w) hold for T .
σ(T ) \ σw(T ) =σa(T ) \ σSF−+ (T ) = {j : j ∈ N} = πo(T ),

i.e., Browder’s theorem and property (b) hold for T .
σa(T ) \ σSF−+ (T ) = σ(T ) \ σw(T ) = {j : j ∈ N} = Eao (T ),

i.e., property (aw1) and property (aw) hold for T .
σa(T ) \ σSF−+ (T ) = σ(T ) \ σw(T ) = {j : j ∈ N} = πao (T ),

i.e., property (aB1) and property (ab) hold for T .

Infact, R(Tn) is closed and Tn = T|D(T )∩R(Tn) satisfies the corresponding Weyl-type
theorems and properties for all n ∈ N.
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