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1 Introduction

In applied science, some practical problems are associated with higher-order nonlinear
differential equations, such as , electronic theory [22], biological model and other mod-
els [§] and [I8] . Many results concerning the stability and boundedness of solutions of
fourth order differential equations without delay have been obtained in view of various
methods, especially, Lyapunov’s method, see, the book of Reissig et al. [26] as a survey
and the papers of Abou-El-Ela and Sadek [I], Adesina and Ogundare [3], Cartwright
[9], Chukwu [I0], Ezeilo [12], [14] Ezeilo and Tejumola [15], Harrow [I6], Hu [I7], Teju-
mola [30], Tunc [36], [37], [38], [39], Wu and Xiong [44] and the references cited therein.
Besides, it should be noted that there are only a few results on the same problem for
nonlinear differential equations of fourth order with delay, it have been discussed by a
few authors, see, Bereketoglu [4], Abou-El-Ela et al. [2], Kang and Si [20], Sadek [27],
Sinha [28], Tejumola [31], and Tunc [40], [41], [42]. The most efficient tool for the study
of the stability and boundedness of solutions of a given nonlinear differential equation is
provided by Lyapunov theory. But the construction of such functions which are positive
definite with negative definite derivatives for higher-order differential equations with de-
lay, is is in general a difficult task.

*Corresponding Author
Copyright © 2015 Matej Bel University



102 Mebrouk Rahmane, Moussadek Remili

In [7], Chin has tried to use a new technique (the intrinsic method) to construct new
Lyapunov functions for the following fourth-order differential equations

"+ aya™ + agx” + azz’ + f(x) =0, (1.1)
" + ayz™ +1/J(:L'/)JS// + az2’ + agz = 0,

" " ! 1 !
2"+ a1 + f(x, )" + azz’ + agx =0,

in which ay,as,a3 and a4 are constants. In [44], Wu and Xiong also investigated the
asymptotic stability of the zero solution of the differential equations and (L.3).
Later, in 2004, Sadek [27] considered the fourth-order nonlinear delay differential equa-
tions of the form

" "

2" + a2z + aga” + aza’ + f(x(t — 1)) =0,

and he derived sufficient conditions for the asymptotic stability of the zero-solution of
these equations by constructing new Lyapunov functional.

In [33], Tunc investigated the asymptotic stability of zero solution of the fourth order
non-linear differential equations with delay as follows

" 4+ (2" + asx” + azx’ + f(x(t — 1)) = 0.
In this article, we establish the uniform asymptotic stability of the differential equation
of the form

(o) ®)" +a ) (p(r)e" (1))

/

+d(t)h(z(t—7)) =0,

where g(z) > 0 and r is a positive constant to be determined later; the primes in
denote differentiation with respect to t; the functions a,b,c,d, are continuously
differentiable functions. The functions f,g,h,p,q, are continuous. It is also supposed
that the derivatives, ¢'(x), p’(z), ¢'(z), f'(x) and h/(z) exist and are continuous.
Equation is equivalent to the system

r =Y,
;1
y/ T 9@
W — —a(t)]ggggw n <a (t) p()0: (t) — b(t)(glgg - a(t)g(x)ezt(t)> P
- (o0 @a(t) + () £ (@) )y = A (@) +d(0) [ y()H (2(s) ds
o (1.5)
where

g (z(t) , P(x(t) , ¢ (z(t) ,
01 (t) = 7 (t))a: (t), 02(t) = o (t))x (t), and 03 (t) = o (t))m (t).

The continuity of the functions a,b,c,d, f,g,9',h,p,p’,q, and ¢’ guarantees the exis-
tence of the solutions of ( see [11], pp.15). It is assumed that the right hand side
of the system (|1.5)) satisfies a Lipschitz condition in x(¢),y(t), z(t),w(t) and z(t — ).
This assumption guarantees the uniqueness of solutions of ([I11, pp.15). The moti-

vation for the present paper comes from the results mentioned above. Our purpose is to
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extend and improve the result established by Tunc [33], and Sadek [27] to the equation
. Clearly the equation discussed in [27] and is a special case of equation (1.1) when
g(x) = p(x) = g(x) = 1, and a(t) = a, b(t) = b, ¢(t) = ¢. Our approach is based on
Lyapunov’s second (direct) method. We shall use appropriate Lyapunov function and
impose suitable conditions on the functions g(z), p(z), and g(z).

2  Preliminaries

In this section, we shall state and prove certain results useful in the proof of our main
result. Consider the functional differential equation

¥ = ft,xy), (0)=2a(t+0), —-r<6<0, t>0, (2.1)

where f: IxCpg — R™ is a continuous mapping, f(¢,0) =0, Cy := {¢ € (C[-r,0], R"):
loll < H}, and for Hy < H, there exists L(Hy) > 0, with |f(¢,¢)] < L(H;) when
ol < Hi.

Definition 1. [6] An element ¢ € C is in the w — limit set of ¢, say Q(¢), if (¢, 0, ¢) is
defined on [0, +00) and there is a sequence {¢, }, t, — 00, asn — oo, with ||z;, (¢)—¢| —
0 as n — oo where x;_ (@) = x(tn, +6,0,¢) for —r <6 <0.

Definition 2. [6] A set Q C Cy is an invariant set if for any ¢ € @, the solution of
(2.1), x(t,0,¢), is defined on [0,00) and z:(¢) € Q for t € [0, c0).

Lemma 3. [5] If ¢ € Cyis such that the solution xi(¢) of (2,1) with xo(¢) = ¢ is defined
on [0,00) and ||z (¢)|| < Hi < H fort € [0,00), then Q(¢) is a non-empty, compact,
invariant set and

dist(x¢(0), 2p)) -0 as t — 0.

Lemma 4. [J] Let V(t,¢) : I x Cg — R be a continuous functional satisfying a local
Lipschitz condition, V (t,0) = 0, and wedges W; such that:

(1) Willel) < V(¢ ¢) < Wa(llol]).

(i) Vi, (t:6) < —Wa(]):

Then, the zero solution of (2.1) is uniformly asymptotically stable.

3  Assumptions and main results

First, we state some assumptions on the functions that appeared in (1.4), and suppose
that there are positive constants ag, b07 Co, do; f07 90, Do, 490, @1, bla C1, dla flaglaph q1, h07 m,
M, 4, 5p,m1 and 1o such that the following conditions are satisfied

) O<ap<a(t)<ap; 0<by<b(t)<b;0<co<c(t) <ey
0<d0§d(t)§d1 for t>0.

) 0<fo<f(@)<fii90<9(x)<g150<po<p(z)<pi; 0<q<qz)<q
for x € R and O<m<min{f0,p0,go,1}, M>max{f1,,gl,p1,1}.

iii) @2(5>0 (for z #£0); h(0)=0.

iV) @ . a()m(S()
m d1

ho
<h(r) < —
h(x)f2 for x e R,
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v)  bogo > max (K1, kg) where

a1h0d1M2 M3(C1 +50)

K1 = pap + " + apaym (M — 1),
2d1h 1 1)’ M dvhoM M2+ 2)mM
- thoao (113", ,% 4 2q, 200 coc1(M* 4+ 2)m '
Co (M - 1) m M apn Com3 dlho

+oo
vi) /0 (Ja" @)+ b (@) + | @)+ |d" (t)]) dt < m < 4o0.

+o0o
i) [ g @ ) I @1 @)D ds < e < .

o0
Now we dispose of the following lemma which will be required in the proof of next
theorem.

Lemma 5. [I9] Let h(0) =0, zh(z) >0 (x #0) and 0(t) — h'(z) > 0 (6(t) > 0),
then

20(t)H (z) > h*(x) where H(zx) = /096 h(s)ds.

The main result of this paper is the following theorem.

Theorem 6. Suppose that assumptions i) ~ vii) hold. Then, every solution x(t) of
and their derivatives x'(t), 2" (t) and ' (t) are uniformly asymptotically stable, provided
that

1 . aom  m?(boqo — K1) — eM?(ay + cymM)
r< 5, min {ecom, Vi T2 , (3.1)
where
- o ho ho aom50
A=dido(a+B+1), Ao = max{m, T } and
(3.2)
. M dihg m?(bogo — K1)
. 3.3
€ < min { aom ) com ) M2(a1 ¥ mMC1) ( )

Proof. The proof depend on some fundamental properties of a continuously differentiable
Lyapunov functional W = W (t, z, y, ¢, w;) defined by

1 [t
—— s)ds

where
v (t) = |a @)+ (@)|+] ()| +]d" ()| +]01(t)|+[02(8)[+]05 ()| +]0a(t)],

and

0yt
V= Vo(t, z¢, ye, Zt7wt)+>\/ / y* () dods,
—r Jit+s
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such that
S
T
= x)+c z) f(x)y? + Lﬂr;)22 a p(z) 22
Wy = 28a() H () +e()g (@) f (2)0 +ab(t) T +alt) D
+280(8) B8y + 900)a(o) - ahod (0]97 — B 55" +
+2d (t) g (x) h(z)y + 2ad(t)h (x) z + 20 (t) [ (z) yz + 2Pyw + 2zw,
with H(x fo s)ds, a = % , B = M + € and 7 is positive constant to be
agm com

0
determmed later in the proof. 2Vj can be rearranged as the following
w 1\ d(t)h(z) )2
—l—z—!—ﬁ) +clt x( +y+az
aor@ T w?) T o rm Y

d(t)h(z)]?
C(t)f(x)] +2ed (t) H (z) + Vi + Vo + V3,

2 = atpto)

+e0 1) | (96 -1)u+

where

v3_(/3b<> a(@) — ahod (t) — B (t) 212 —c(t)f(:v)(92(3:)—3g(x)+2)>y2

(o a2 (1 g

To prove that V is positive definite it suffice to show that Vi, V5 and V3 are positive.
Using conditions i) ~ v), and inequality (3.3) we obtain the following

Vi > 2d(t)/:2h(s)dl(h;h’(s))ds

com

dy [* ho ,
> 4dy— — — > 0.
> a0 (g w9 )as 0

Since (3.3)) we get
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From (3.5 and rearrange V5 we obtain

b =a(b0 82 580 ey - 202 (1 LYY

g(z) g(x) o (z
a(t) 1 5
Jrﬂ(a )z
g(x) g()
bogo  ,dihg ay agm )
> 5 - _— —_— —
_a( i (com —|—e)m ( m—|—e)clM ai i (M 1)>z
1
+6<04§L\40. — m>22
bo(]o d1h0a1 01M2 aopm € 2
> ol - — - - M-1)—- — M
_a( M C()m2 aom 1 M ( ) m(al +cim ) z
@
> Um (m(bo% — k1) — €M (a1 + c1mM)>z2 >0,
and
o M aM(M?+2 M—1
VE} > ﬂ(bg(]ghodlalﬁ 5 _a ( )>y2+( ),w2
5 g% (z) B agm
1
—|—2ﬁ<1 — )yw
g9 ()
M dihoM M? +2)mM M—-1
> B bogo — 2=—co — 2a1 —2— — coc1 (M* + 2)m 2, w2
a0 com? diho agm
1
+25<1 — )yw
g9 ()
> YP(y,w),
such that

oy 2hhoag (1 1), (M- !
st = 1200505 (e 3) o+ (g )t 42901 g )

Observe that ¥ (y,w) is positive definite. Indeed by calculating the discriminant

e 1 \?  2diho /1 1)\?
2= ) e G 3r)

since

1< 1 <1 d <1<1
e e = oand — -
M " g(x) " m’ ’
we get
1 1 1
11— — < —— =,
‘ g (x) m M

Using (3.5) we obtain

2iho (1 1\? 2diho /1 1\?
A< R N A
<p l com (M m) com (M m) 0
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Using the fact that the integral fET fttJrS y2(0)dds is positive, we deduce that there exists
positive number Dg such that

2V > Do (y* + 2° + v + H(z)) . (3.6)

By lemma [5| and conditions iii) and iv) we conclude that there exists a positive number
D such that
2V > Dy (2% + ¢ + 2% +w?), (3.7)

thus V' is positive definite which implies that W is also positive definite.
Then, we can find positive definite functions Uy (|| X||) and Uz (]| X]|) such that
Ur(IX]) < V < Ua(|IX])). By (ii) and (vii), we get

[ e = [ =g )+ )l o )l + 1P ),
0 =1 «@

L () g%(u)

1 [T
< / (Ig' () + 1p" ()| + |q' (@) + [ f(w)])du < 00, (3.8)

m? J_

where a1 (t) = min{z(0), z(t)}, and az(t) = max{z(0), z(t)}. By inequalities (3.4), (3.7),
and (3.8), we have
D1 —Lim+23

W > Do(2® + y* + 22 + w?), where Dy = - ¢ " m2/, (3.9
Therefore we can find positive definite functions W1 (|| X||) and Wa(||X||) such that
Wi (X)) < W < Wa(| X))

Now we prove that W is negative definite functional.
The derivative of V' along any solution (x(¢),y(¢), z(t), w(t)) of system (1.5)), we have

2VEy = _2€C(t)f(x)y2+v4+V5+V6+V7+28§f+)\ry2(t)—>\/i 2 (u) du
200d(t) [ w()H (@ (s) ds+ 2090 () [ () (@ () ds
2:() [y () ds
where
_ oDl x) — z) W (z) ) y? — 2a o z
Vi = 2 (P ) - dg @)1 @)y - 20000 (S - 1 @) v
(e @) p@) Y
Vo= 2 (PO e T - sew B )
L (aa0p@) Y
o = 2( 9(0) 1)
and
Vi = 01 (ap()2? - ab(0)a(w)2® +e(t) £ (2) 4 (2)y? + B2+ 2(8) g () h (x) y

+2aa (t) p(:z:)zw) —b(t)fsg(x) (az2 + 2ag(x)zw + Bg(x)y? + 2g(z)yz)

—a(t)f2g9(x) <22 + 2azw) + 0, (c (t) ¢* (z) y* + 2ac (1) g* (2) yz)
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By conditions i), ii), iv), v) and inequalities ([3.2), ([3-3) and ([3.5) we get

Vi< 2(a0h - dOg @ @) )i - 2000 (S -0 @) )i

— 1 (2) )y —2ad (t (;EO;E) — K (x))yz
(
n

g<4awum(

< om{as o) 6 - () |
< =2d(H)m ( —h( )(y z +2d (n;)_f )

Caw (L)

2m m

Hence,

(22)

Vi Vo< -2 b0 80 —ac) [ g 2L - gy (1o ))]

g (x) g (x)
-boqo M 01M _ dlho alM a2

W (o (B 2 2 (aot)

b()Qo ]\42 dthCLlM M260 M(a1 ):| 9
c1 — — +c1

IN
o
|

IN
o
|

1 €
M apm? com3 agm? m

< Uz (mz(boqo — k1) — eM? (ay + cym) )22 <0.

We have also,

aopm

dom ) = —QEW

Vo< -2 (o7 1
agm 1

M’ Mm?2
using Cauchy Schwartz inequality we have

w? < 0.

Putting Ay = min { ecom, €

—26c(t)f(x)y2—|—V4+V5+V6+2awd(t)/ y () B (x ds—)\/

+28yd (1) /ti y ()b (2 (s)) ds + 22d (1) /ti Y ()1 (2 (s)) ds + Ary(t)

T

IN

t t
-2\ (y2 +22+ w2) + adi N <w2r + / y* (s) ds) + Bdi o <y27‘ + /
t—r t—

t t
+ di Ao (227‘ + / y% (s) ds) + Ay (t) — /\/ >
t—r t—r

IN

< —2X; (P + 22+ w?) + dido(a+ B+ 1)r (v + 22 + w?)
< —2Dg (y2 + 22+ w2) .

A
Where D3 = Ay — Ar. It can be seen that if r < —1, then Dy > 0.

T

<m2(b0q0 — k1) — eM?(ay —|—clmM))} and

2 (s) ds)

t
—2X1 (47 + 22+ w?) + didor (BY® + 2° + aw?) + (dido(a+ B+ 1) — )\)/ y* (s)ds
t—r
)

(3.10)

Now by the inequalities (3.6)), (3.10)), the lemma and the Cauchy Schwartz inequality
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we get the following.

Ve <1611 (a (®)p(2)2 + ab (1) a(@)2® + ¢ (8) £ (2) g (2) y* + B2 + A (8) ¢ (&) (h* (2) + 1)
+ aa () p(@)(z* +w?) + 10 (c () ¢* () ¥ + ac (1) ¢* () (v + 22))
+ b(0)l0slg(@) (22 + ag(@)(* +w?) + By(x)y® + g(a)(y? + 22))

+ a(t)s)g(x) (z2 +a(+ w2))

< Ao (|01] + 02| + 103] + 104]) (v* + 2% + w? + H(x))
_ 2%
< D

such that,

(161] + |62] 4 |05] + [04]) V.

A2 = max {d1hoM,aM (a; + Mby),c; M? + (dy + acy + Bby + by) M3,
B+aiM(a+ 1)+ b M(2a+1) + ac M?}.

Similarly we have

2% = d (t) [25H (z) — ah0y2 +2g () h(x)y + 2ah (z) Z]
q(x)

g(z)

(1) [g () Fla)y? + 20 f (@)z] +¥ (1) [a

pon [P(E) o p(z)
e (f) [g@c)"" 28 g<x>y""] |

There exist positive constant A3 such that

4 fu(a)?

2|58 < 1 01260 @)+ ahor? + .0 (0 () +47) + (4 0)+ ) )
SO 9@ +a (2 +2) )+ Olao) (a2 + 502
/ p(x) 2 2 2
T la <t>|g<x)(z 1Ay +z>)
< A3(|a’<t>|+b’(t>|+|c'<t>|+d'<t>) (2 + 22 + 0?1 H(z))
< 223;(|a'<t>|+|b’<t>+|c'<t>|+|d'<t>|)v,
where

A3 = max {28 + ho(a + 1), M +5% + a(hg +M),%(a+ﬁ+ 1}

1 1
Thus for — = — max {)\2, /\3} we have
n Do

. 1
Vi < —Ds(?+2%+w?) + 5( la/ (&)] + [ ()] + | (8)] + |d (1)

1011 + 162 + 165] + 104 ) V- (3.11)
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By conditions vi), vii) and inequalities ( ), (13-11] ) we have
Wiy = (V -

<
<

where Dy = Dse ™" . 5, Wi (|| X||) = Da(y?+22+w?) is positive definite func-
tion. Thus, we conclude that the solutions of system (1.5 are uniformly asymptotically
stable. Now, it is evident from (1.5)) that

SOl=pol
zZ(t z(t

x(”ﬂ“@K’?ﬁw ()] 9@l (0)]
1 _wi) glr)r w g (x)||x

Clearly, from the above discussion

lim z(t) =0, lim 2/(¢t) =0, lim 2”(¢t) =0, and lim z"(t) = 0.

t—o0 t—o00 t—o0 t—o0
This fact completes the proof of the Theorem. O
4  Example

We consider the following fourth order non-autonomous delay differential equation

() o)

I
. )+ 4e*®)  gemr®
+ (e "sint +2) << COET==0) " (t)

cost + Tt2 +7 sinz(t) + 6e*® + 6e M\
+ ' (t)
1+¢2 er(t) 4 e—z(t)
( t

cos z(t) + bt (t )+5) (1)

!

+ (e 2t sin? t+2 <1’(

1+$4( )
cos?t+t2+1 z(t—r)
=0. 4.1
+( 10 (1 +2) >< 2(t—r +1) (4.1)
x?sinz + 5zt + 5 T+ 4e” +4e™ " sinx + 6e* + 6e~*
By taki = S L e _
y taking g (z) 50+ 20 , p(x) (e o) , q(x) pr—
xcosx + brt+5 x cost+ Tt +7
= hz) = —— )=e tsint+2,b(t) = —————
F@) = T ) = gy el = st () = TR
2 2
9t .3 _cos“t i+ 1
c(t)=esin°t+2 and d(t)fw

We have
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9 11 11 13 5 5
m 107 1an0 2 , q1 9 710 2710 3,0,0 , a1 )
b0=6,b1:8,60:1761:3,dozﬁ,dlzg, and
ho aom50 ’ ho
— — < —4.55<h <11< —
m T a S ThSsh@sllsan
hodiM? M3 1)
R = 1o 13 + (Cl"; O) “+ aparm (M — 1) S 11,
Com aopm
2d1h0a0 1 1 2 C()M dlhoM C()Cl(M2 +2)mM
= A (2 ) 4o 2
2 Co (M—l) m M + Qg + 2 Com3 + dlho
< 27,
[ M dihg  m?(bogo — K1) 5
€ < min , , =—.
agm  com = M?(ay +mMcy) 9
1 M 53 dih 29
By choosing €= we get a:cm7m+€:%’ 6202773—1—6:%,
Ao = max ﬂ @ — aomdo || _ 85
o oM’ |m  dy | 18
1003

)\ == dl)\o(a‘i_ﬁ“rl):gﬂ,

. < lmin oo, 20 m?(boqo — k1) — eM?(ay + cymM)\ 729
A VA Mm?2 ~ 11033

On the other hand,

/+°° o (@) dr = % /+°° —Adx®sinzx + (Zx(siilx —:);:2 cosz) (z* +1) iz < g\/iﬂ,
NS — 0 5+
“+o0 “+oo —z T
1 1 e’ —e T
"(z)|dx = f/ +x dr < —,
/;Oo |p ( )| 4 o ev + e~z (6'7‘. + 6_‘7‘.)2 — 4
/+°° g (2)|ds = 1/+°° (e*+e *)cosx — (e’”Q— e ) sinx de < E’
—o0 5 —c0 (em + e_l) 5
(cosz —xsinz) (z* + 1) — 4z cosz p
i
(x4 +1)

/—:o|f/(93)ldx _ ;/_;m
1
5

+oo 2
5 9
/ R de = —/2nr,
o X 10

IN

then,

+oo
/ (Ig" () + 10" ()| + Ig" () + [ " (s)]) ds < o0.

— 00
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We have also

+o00 +OO +oo
/ la’ (t)|dt = / (cost)e™" — (sint) e *|dt < / 2 tdt = 2,
0 0 0
sint cost
t

+oo +oo +oo 1 2%
/ [6" (t)] dt / 5 5| dt < / 5 + 5 | dt
0 0 t +1 (t2+1) 0 t+1 (t2+1>

= / 2 + 1dt ™
+oo +oo 5
/ | (t)| dt / | 3 (costsin®t) e — 2 (sin’t) e | dt < / Se 2tdt = =,
0 0 0
—+o0
[ wla
0

+oo +oo
3 3
/ dt < / e dt =2
0 o 241 2
Hence

+oo
/0 (la" @O+ 6" (@)1 + ¢ ()] + |d' (£)]) dt < +oo.

sint y cos?t
2+l T (241

—2(cost)

Thus all the assumptions of Theorem @ hold, this shows that every solution z(t) of
(4.1) and their derivatives 2’(¢t), 2" (t) and z'”(¢) are uniformly asymptotically stable.

References

[1] A. M. A. Abou-El-Ela, A. I. Sadek, A stability result for certain fourth order differential
equations. Ann. Differential Equations 6 (1990), no. 1, 1-9.

[2] A. M. A. Abou-El-Ela, A. I. Sadek, A. M. Mahmoud, On the stability of solutions of certain
fourth-order nonlinear nonautonomous delay differential equation, Int. J. Appl. Math, 22
(2009), no. 2, 245-258.

[3] O. A. Adesina, B. S. Ogundare, Some new stability and boundedness results on a certain
fourth order nonlinear differential equation, Nonlinear Stud, 19 (2012), no. 3, 359-369.

[4] H. Bereketoglu, Asymptotic stability in a fourth order delay differential equation, Dynam.
Systems Appl, 7 (1998), no. 1, 105-115.

[5] T. A. Burton, Stability and periodic solutions of ordinary and functional differential equa-
tions, Mathematics in science and engineering, Volume 178, Academic Press, INC, 1985.

[6] T.A.Burton, Volterra Integral and Differential Equations, Mathematics in Science and En-
gineering V(202)(2005), 2nd edition.

[7] P. S. M. Chin, Stability results for the solutions of certain fourth-order autonomous differ-
ential equations,Internat. J. Control, 49 (1989), no. 4, 1163-1173.

[8] J. Cronin, Some mathematics of biological oscillations, Siam Rev, 19 (1977), 100-137.

[9] M. L.Cartwright, On the stability of solutions of certain differential equations of the fourth
order, Quart. J. Mech. Appl. Math, 9 (1956), 185-194.

[10] E. N.Chukwu, On the stability of a nonhomogeneous differential equation of the fourth
order, Ann. Mat. Pura Appl, (4) 92 (1972), 1-11.

[11] L.Elsgolts, Introduction to the theory of differential equations with deviating arguments,
Translated from the Russian by Robert J. McLaughlin Holden-Day, Inc., San Francisco,
Calif.-London-Amsterdam, 1966.

[12] J. O. C.Ezeilo, A stability result for solutions of a certain fourth order differential equation,
J. London Math. Soc, 37 (1962), 28-32.



Acta Univ. M. Belii, ser. Math. 23 (2015), 101-114 113

[13] J. O. C.Ezeilo, On the boundedness and the stability of solutions of some differential equa-
tions of the fourth order, J. Math. Anal. Appl, 5 (1962), 136-146.

[14] J. O. C. Ezeilo, Stability results for the solutions of some third and fourth order differential
equations. Ann. Mat. Pura Appl, (4) 66 (1964), 233-249.

[15] J. O. C.Ezeilo, H. O.Tejumola,, On the boundedness and the stability properties of solutions
of certain fourth order differential equations. Ann. Mat. Pura Appl, (4) 95 (1973), 131-145.

[16] M.Harrow, Further results on the boundedness and the stability of solutions of some dif-
ferential equations of the fourth order, SIAM J. Math. Anal, 1(1970), 189-194.

[17] Hu. Chao Yang, The stability in the large for certain fourth order differential equations,
Ann. Differential Equations, 8 (1992), no. 4, 422-428.

[18] K. Gopalsamy, Stability and Oscillations in Delay Differential Equations of Population
Dynamic, Mathematics and Its Applications, vol. 74, Kluwer Academic, Dordrecht, 1992.

[19] T.Hara, On the asymptotic behavior of the solutions of some third and fourth order non-
autonomous differential equations, Publ. RIMS, Kyoto Univ, 9 (1974), 649-673.

[20] Huiyan. Kang, Si. Ligeng, Stability of solutions to certain fourth order delay differential
equations, Ann. Differential Equations, 26 (2010), no. 4, 407-413.

[21] P. S. M. Omeike, Boundedness of solutions of the fourth order differential equations with
oscillatory restoring and forcing terms, Analele stiintifice ale univesitatii"AL.I. CUZA" DIN
IASI (S.N.) Matematica, Tomul LIV, 2008, f.1

[22] L.L. Rauch, Oscillations of a third order nonlinear autonomous system, Contributions to
the Theory of Nonlinear Oscillations, Ann. Math. Stud 20 (1950), 39-88.

[23] M.Remili, D. L.Oudjedi, Uniform stability and boundedness of a kind of third order delay
differential equations, Bull. Comput. Appl. Math, Vol 2, Nol, 2014.

[24] M.Remili, D. L.Oudjedi, Stability and boundedness of the solutions of non autonomous
third order differential equations with delay, cta Univ. Palacki. Olomuc., Fac. rer. nat,
Mathematica, Vol 53, No2, 2014.

[25] M.Remili, D.Beldjerd, On the asymptotic behavior of the solutions of third order delay
differential equations, Rend. Circ. Mat. Palermo, Vol 63, No 3, 2014.

[26] R.Reissig, G.Sansone, R.Conti, Non-linear differential equations of higher order, Translated
from the German. Noordhoff International Publishing, Leyden, 1974.

[27] A. I.Sadek, On the stability of solutions of certain fourth order delay differential equations,
Applied Mathematics and Computation, 148(2),(2004),587-597.

[28] A. S. C.Sinha, On stability of solutions of some third and fourth order delay-differential
equations. Information and Control 23 (1973), 165-172.

[29] Shair A.; Asymptotic properties of linear fourth order differential equations. American math-
ematical society volume 59 (1976), number 1, august.

[30] H. O.Tejumola, Further results on the boundedness and the stability of certain fourth order
differential equations, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 52 (1972),
16-23.

[31] Tejumola, H.O.; Tchegnani, B., Stability, boundedness and existence of periodic solutions
of some third and fourth order nonlinear delay differential equations, J. Nigerian Math. Soc,
19 (2000), 9-19.

[32] C.Tunc and A. Tiryaki, Constructing Liapunov functions for some fourth-order autonomous
differential equations. Indian J pure applied math, 26(3) March (1995), 225-232.

[33] C.Tunc, Some stability results for the solutions of certain fourth order delay differential
equations, Differential Equations and Applications, 4 (2004), 165-174.



114 Mebrouk Rahmane, Moussadek Remili

[34] C.Tunc, Stability and boundedness of solutions to certain fourth order differential equations.
Electronic Journal of Differential Equations, Vol. 2006(2006), No. 35, pp. 1-10.

[35] C.Tunc, Some remarks on the stability and boundedness of solutions of certain differential
equations of fourth-order. Computational and Applied Mathematics, Volume 26 (2007), N.
1, pp. 1-17.

[36] C.Tunc, On the stability and the boundedness properties of solutions of certain fourth order
differential equations. Istanbul. Univ. Fen Fak. Mat. Derg, 54 (1995), 161-173.

[37] C.Tunc, A note on the stability and boundedness results of solutions of certain fourth order
differential equations. Appl. Math. Comput, 155 (2004), no. 3, 837-843.

[38] C.Tunc, Some stability and boundedness results for the solutions of certain fourth order
differential equations, Acta Univ. Palack. Olomuc. Fac. Rerum Natur, Math. 44 (2005),
161-171.

[39] C.Tunc, Stability and boundedness of solutions to certain fourth order differential equations,
Electron. J. Differential Equations (2006), No. 35, 10 pp.

[40] C.Tunc, On the stability of solutions of non-autonomous differential equations of fourth
order with delay, Funct. Differ. Equ, 17 (2010), no. 1-2, 195-212.

[41] C.Tunc, On the stability and boundedness of solutions in a class of nonlinear differential
equations of fourth order with constant delay, Vietnam J. Math, 38 (2010), no. 4, 453-466.

[42] C.Tunc, The boundedness to nonlinear differential equations of fourth order with delay,
Nonlinear Stud. 17(2010),n0.1, 47-56.

[43] V. Vlcek, On the boundedness of solutions of a certain fourth-order nonlinear differential
equation, Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Math-
ematica, Vol. 27 (1988), No. 1, 273-288.

[44] X.Wu, K.Xiong, Remarks on stability results for the solutions of certain fourth-order au-
tonomous differential equations, Internat. J. Control. 69, 2 (1998), 353-360.



	 Introduction
	 Preliminaries
	 Assumptions and main results
	 Example

