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Abstract
An induced matching M in a graph G is a matching in G that is also the edge set of an induced subgraph
of G. That is, any edge not in M must have no more than one incident vertex saturated by M . The
maximum size |M | of an induced matching M of G is maximum induced matching number of G, which
is denoted by Max(G). In this article, we obtain upper bounds for Max(G), for G = Gn,m, grids with
n, m ≥ 9, m ≡ 1 mod 4 and nm odd.
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1 Introduction

Let G be a graph with edge and vertex sets E(G) and V (G), respectively, and for any
u, v ∈ V (G), let d(u, v) be the distance between u and v. A matching is a set of edges
with no shared vertices. The vertices incident to an edge of a matching M are said to
be saturated by M , the other vertices are unsaturated by M. A subset M ⊆ E(G) of G
is an induced matching of G if for any two edges e1 = uiuj and e2 = vivj in M , then
d(ui, vi) ≥ d(ui, vj) ≥ 2 and d(uj , vi) ≥ d(uj , vj) ≥ 2. In other words, M is an induced
matching of G if for any two edges e1, e2 in M , there is no edge in G incident to both
e1 and e2. Equivalently, an induced matching is a matching which forms an induced
subgraph.

Introduced by Stockmeyer and Vazirani [9] as a special case of the well known match-
ing problem, the concept finds applications, among others, in cryptology where certain
communication channels between two ends are classified [2].

The size |M | of an induced matching M is the number of edges in the induced match-
ing. Denote by Max(G) the maximum size of an induced matching in G. A maximum
induced matching M in G is an induced matching with Max(G) edges. We refer to
Max(G) as the maximum induced matching number (or strong matching number) of G.
Unlike in the case with finding the maximum matching number of a graph, which can
be obtained in polynomial time [4], obtaining Max(G) in general, is NP−hard, even for
classes of graphs such as the regular bipartite graphs [3].

Copyright c© 2017 Matej Bel University
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In [10], it was observed that for any G with maximum degree ∆(G),

Max(G) ≥ |V (G)|
2(2∆(G)2 + 2∆(G) + 1) (1.1)

The above bound is certainly not a sharp one and therefore, Joos in [6], presented the
following bound:

Max(G) ≥ |V (G)|
(d∆(G)

2 e+ 1)(b∆(G)
2 c+ 1)

(1.2)

Joos also showed that it holds for ∆(G) = 1000 and this, according to him, could be
reviewed down to 200. In the end, he conjectured that this bound holds for ∆(G) ≥ 3
with the exception of certain graphs that he listed. Inspired by the work in [6], Nguyen [8]
showed that the conjecture is true for ∆(G) = 4 as long as G is not one of the excepted
graphs.

The maximum induced matching number of many graphs can be obtained efficiently
just as in the cases of chordal graphs [2], bounds of bounded cliques width, intersection
graphs [1], circular arc graphs [5] among others.

A grid Gn,m is obtained by the Cartesian product of any two paths of lengths n and m,
where n, m ≥ 2 are integers, representing rows and columns of the grid, respectively. We
introduce an odd grid as a grid whose path factors are of odd order. Marinescu-Ghemaci
in [7], obtained Max(G) values for all grids with even nm, and some cases where nm is
odd. She also gave useful lower and upper bounds. Particularly, she showed that for any
odd grid Gn,m, Max(Gn,m) ≤

⌊
nm+1

4
⌋
.

This paper improves Marinescu-Ghemachi’s upper bound for Gn,m, n, m odd, m ≡ 1
mod 4. The results provide new upper bounds for some cases whose lower bounds are
established in [7] and thus, in a number of situations, precise values of Max(Gn,m) were
obtained. These may also prove useful in probing some of the unresolved conjectures
made in [7].

2 Definitions and Preliminary Results

Grid, Gn,m, as defined in this work, is the Cartesian product of paths Pn and Pm with
n and m being positive integers, where Pn and Pm have disjoint vertex sets V (Pn) =
{u1, u2, · · · , un} and V (Pm) = {v1, v2, · · · , vm}, respectively. Unless explicitly stated, n
is any odd integer, m ≡ 1 mod 4 and 2 ≤ n ≤ m. We introduce the following notations:
Vi = {u1vi, u2vi, · · · , unvi} ⊂ V (Gn,m) and Ui = {uiv1, uiv2, · · · , uivm} ⊂ V (Gn,m); for
edge set E(Gn,m) of Gn,m, if uivj ukvj ∈ E(Gn,m) and uivj uivk ∈ E(Gn,m), we write
u{i,k}vj ∈ E(Gn,m) and uiv{j,k} ∈ E(Gn,m) respectively.

Recall that a vertex v is said to be saturated by an induced matching M if it is
a member of an edge in M and unsaturated by M , otherwise. We say v is saturable
if either v is saturated by M or v is unsaturated by M , but satisfies d(v, u) ≥ 2 for
every saturated vertex u in V (G). This implies that an unsaturated vertex can become
saturated if there is no saturated vertex within distance 2. If v can not be saturated, then
we say v is an isolated vertex. A boundary vertex is a vertex on any of V1, Vn, U1, Um.
A saturable vertex v in subgraph Ga of G, which is not saturated by induced matching
Ma of Ga can still be saturated by M of G in case v is on the boundary of Ga. However,
if v is not on the boundary of Ga, then v is isolated. The sets of all saturated vertices,
saturable vertices and isolated vertices in a graph G are denoted by Vs(G), Vsb(G) and
Vis(G), respectively. Clearly, |Vs(G)| is even and Vs(G) ⊆ Vsb(G) .

The following results about grid Gn,m are from [7]:
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Figure 1. Saturable vertices as black squares and an isolated vertex as white square in an
induced matching of G4,5

Lemma 1. Let m, n ≥ 2 be two positive integers.

1. If m ≡ 2 mod 4 and n odd, then, |Vsb(Gn,m)| = mn+2
2 and |Vsb(Gn,m)| = mn

2
otherwise;

2. For m ≥ 3, m odd, |Vsb(Gn,m)| = nm+1
2 , for n ∈ {3, 5}.

Theorem 2. For Gn,m where 2 ≤ n ≤ m, let |M | = Max(Gn,m). Then, for n even,
Max(Gn,m) =

⌈
mn
4
⌉
, for n ∈ {3, 5}, m ≡ 1 mod 4, Max(Gn,m) = n(m−1)

4 + 1 and for
m ≡ 3 mod 4, Max(Gn,m) = n(m−1)+2

4 .

Remark 3. For m ≡ 1 mod 4, |Vsb(G3,m)| = 2(Max (G3,m)) = |Vs(Gn,m)|.

Theorem 4. For m, n odd integers, Max(Gn,m) ≤
⌊

mn+1
4
⌋
.

The obvious implication of Theorem 4, based on the proof, is that |VsbGn,m| ≤ nm+1
2 ,

for n, m odd.

3 Results

We start our results by stating a few observations.

Remark 5. Let G3,3 be a 3× 3 grid with induced matching M . Clearly, by Lemma 1,
|Vsb(G3,3)| = 5. Suppose u{1,2}v2 ∈ M , then |M | = 1. However, there are non-adjacent
saturable vertices u3v1 and u3v3.

Lemma 6. Let M be an induced matching of G3,m. If u{1,2}v2 ∈ M . Then, |M | 6=
Max(G3,m).

Proof. Suppose u{1,2}v2 ∈M and let Ga = G3,m−3 ⊂ G3,m, be a subgrid of G3,m induced
by V (G3,m)\ {V1, V2, V3} , where V1, V2, V3 ⊂ V (G3,m), m ≥ 3.

Case I: Suppose m ≡ 3 mod 4, m ≥ 7. Then m = 4k + 3 for some positive integers
k. By Lemma 1 and Theorem 2, |Vs(Ga)| = 6k. Now, with u{1,2}v2 ∈ M , u3v1 is
saturable, by its position and Vs(Ga) = Vsb(Ga). Since m − 3 is even, then either u3v3
remains isolated (or unsaturated) or if it is forced to be saturated with u3v4, a saturable
vertex in V (Ga) becomes isolated (or unsaturated). So without loss of generality, we
may assume u3v3 is unsaturated. Therefore G3,m contains 3 + 6k saturable vertices and
then, |M | ≤ 3k + 1, which is a contradiction since by Theorem 2, Max(G3,m) = 3k + 2.
Note that m = 3, has been covered by Remark 5.

Case II: Suppose m ≡ 1 mod 4. From Lemma 1, Theorem 2 and following similar
argument as in Case I, we see that if u{1,2}v2 ∈ M then one vertex in Vsb(G3, m) will
become isolated and therefore, |Vsb(G3,m)| = 6k+1. Hence |M | ≤ 3k and a contradiction
since Max(G3,m) = 3k + 1 if m = 4k + 1.
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Case III: If m ≡ 0 mod 4, then m−3 ≡ 1 mod 4, and by Remark 3, G3,m−3 = Ga,
|Vs(Ga)| = |Vsb(Ga)|. Now |Vs(Ga)| = 3(m−3)+1

2 = 6k− 4. By following the argument in
the previous cases, we see that |Vsb(Ga)| = 6k − 1. Therefore, |M | ≤ 3k − 1, which is
less than 3k.

Case IV: If m ≡ 2 mod 4, then m − 3 ≡ 3 mod 4 and therefore, |Vsb(Ga)| =
3(4k+2−3)+1

2 = 6k− 1, which is odd. Therefore, there exists a saturable vertex in V (Ga),
which can pair with u3v3 and thus the two vertices become saturated. This way, we
have the total saturable vertices in G3,m, which has u{1,2}v2 ∈ M , to be 6k + 3 which
implies that |M | ≤ 3k + 1. But from the results in Theorem 2, if m ≡ 2 mod 4,
Max(G3,m) = 3k + 2. This is a contradiction and the claim holds.

Remark 7. Suppose we have u{1,2}v2 ∈M in a grid G3,m, then the following holds for
|Vsb(G3,m)|, from Lemma 6.

m |Vsb(G3,m)|
4k 6k − 1

4k + 1 6k + 1
4k + 2 6k + 3
4k + 3 6k + 3

Lemma 8. If m ≡ 1 mod 4 and there exists M , an induced matching of G3,m, such
that u{1,2}vj , u{1,2}vj+2 ∈M , then |M | 6= Max(G3,m).

Proof. Let u{1,2}vj , u{1,2}vj+2 ∈M , where M is an induced matching of G3,m.
Case I: Suppose that j +1 ≡ 3 mod 4, then m−(j +1) ≡ 2 mod 4. Since u{1,2}vj ∈

M , by Lemma 6, suppose there exist an induced matching M ′ in Ga = G3,j+1, induced
by V1, V2, · · · , Vj+1, with u{1,2}vj ∈ M ′, then |M ′| 6= Max(Ga). By Remark 7, given
a non-negative integer l, |Vsb(Ga)| = 6l + 3, which being odd, contains a saturable
vertex v′ = u3vj+1 which is not a member of Vs(Ga). In fact, v′ ∈ Vis(Ga), since
u{1,2}vj+1 ∈ M . Since m − (j + 1) ≡ 2 mod 4, then given a subgrid Gb = G3,m−(j+1),
induced by Vj+2, Vj+3, · · · , Vm |Vs(Gb)| = 6(k − l)− 2. Therefore, |Vsb(G3,m)| = 6k and
hence, |M | ≤ 3k, which is less that 3k + 1.

Case II: If j + 1 ≡ 1 mod 4, by following the argument in Case I, v′ ∈ Vis(G3,m).
Now, j+1 = 4l+1, and by the isolation of v′, and Remark 7, |Vsb(G3,m)| = 6l+|Vsb(Gb)|.
Meanwhile, m− (j + 1) ≡ 0 mod 4 and therefore, |Vsb(Gb)| = 6k. Thus, |M | ≤ 3k.

Case III: If j + 1 is even, we follow similar arguments as the earlier cases.

Lemma 9. Suppose that m ≡ 1 mod 4 and M is an induced matching of G3,m. If
u{1,2}uj , u{1,2}uj+3 ∈M , then |M | 6= Max(G3,m).

Proof. For some positive integers k, let m = 4k + 1. Now suppose that j ≡ 3 mod 4.
This implies that j +3 ≡ 2 mod 4 and u{1,2}uj , u{1,2}uj+3 ∈M . Let Ga = G3,j+1, Gb =
G3,m−(j+1) ⊂ G3,m, induced by V1, V2, · · · , Vj+1 and Vj+2, Vj+3, · · · , Vm, respectively. By
earlier result and remark, |Vsb(Ga)| = 6l−1 since j+1 = 4l. Also, |Vsb(Gb)| = 6(k−l)+1,
since m− (j + 1) = 4(k− l) + 1. Certainly, |Vsb(G3,m)| = 6k. Thus |M | ≤ 3k. Therefore,
|M | 6= 3k. For j ≡ 1 mod 4, j + 3 ≡ 3 mod 4. Let u{1,2}uj , u{1,2}uj+3 ∈ M . By
earlier lemma and result, we have that |Vsb(Ga)| = 6l + 3. Since j + 1 = 4l + 2. Also,
|Vsb(Gb)| = 6[(k− l)−1]+3. Therefore, |Vsb(G3,m)| = 6k and therefore, |M | = 3k, which
is a contradiction.

Remark 10. By following similar argument as in the last result, it is easy to see that
if M contains u{1,2}uj , u{1,2}uj+4, then |M | 6= Max(G3,m). Therefore, suppose M ′ is a
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maximum induced matching of (G3,m) and u{1,2}uj , u{1,2}uj+8 ∈ M ′, then there is no
u{1,2}uj+k ∈M , such that 2 ≤ k ≤ 6.

Theorem 11. For m = 4k+1, there exist at least 2k saturated vertices in U1 ⊂ V (G3,m).

Proof. Let Ga = G2,m ⊂ G3,m, induced by U2, U3, a subgrid of G3,m. From earlier
results, |Vsb(Ga)| = 4k + 2. Now, |Vsb(G3,m)| = 6k + 2. Therefore, V1 has at least 2k
saturable vertices.

Theorem 12. Suppose u{1,2}uj , u{1,2}vj+8 ∈M , in a G3,m and m ≡ 1 mod 4.

(a) There exists four other saturated vertices from u1vj to u1vj+8.

(b) There exists at most one saturated vertex between u2vj and u2vj+8.

(c) There exists at most five saturated vertices from v3vj to u3vj+8.

Proof. (a) From Remark 10, let |M | = Max(G3,m), and u{1,2}uj , u{1,2}vj+8 ∈ M , then
there is no u{1,2}vk ∈ E(G3,m), 1 ≤ k ≤ 7 such that u{1,2}vk ∈M . Thus, suppose there
exists another saturated vertex such that u1v{j+k,j+k−1} ∈M . Then there exist at least
four saturated vertices from u1v1 to u1vm. Now suppose that there is no other saturated
vertex on U1, then by the Theorem 11, the grid Ga = G2,m ⊂ G3,m, induced by vertices
{u2vj , u2vj+1, · · · , u2vj+8} and {u3vj , u3vj+1, · · · , u3vj+8} must contain ten saturated
vertices (including u2vj and u2vj+8). Clearly, vertices u2vj+1, u2vj+7, u3vj and u3vj+8
can not be saturated by Ga. It is clear, therefore, that Ga only has eight saturable
vertices, which is a contradiction. Thus, there exists two more saturated vertices in U1,
and hence the claim.

Parts (b) and (c) follow from (a).

Remark 13. (a) Since there are five saturated vertices between u3vj and u3vj+8 and
there exist only one saturated vertex between u2vj and u2vj+8, then there are edges
e1, e2 ∈ E(Gb), Gb induced by u3vj , u3vj+1, · · ·u3vj+8.

(b) Suppose m = 4k + 1, k being positive integers, then, at Gc = G1,m ⊂ G3,m,
induced by either V1 or V3, there exists at least k edges of Gc in the maximum
induced matching M of G3,m.

Figure 2. A G3,9 grid with Max(G3,9) = 7

Next, we consider the grid G4,m, m ≡ 1 mod 4.

Lemma 14. Let |M | = Max(G4,m) and let U4 contain m−1
2 saturated vertices. Then,

for any edge e1 ∈ E(Ga), Ga = G1,m ⊂ G4,m, induced by U4 ⊂ V (G4,m), e1 /∈M .

Proof. Let u4vi, u4vi+1 ∈ U4 ⊂ V (G4,m), be saturated vertices. By hypothesis, there
are m−5

2 other saturated vertices in U4. Suppose Ga = G2,m ⊂ G4,m, induced by
U1, U2. The |Vs(Ga)| = |Vsb(Ga)| = m + 1. Let Gb = G2,m ⊂ G4,m, induced by
U3, U4. Since |Vs(Ga)| = m + 1, then |Vs(Gb)| ≤ m − 1 where |Vs(G4,m)| = 2m. By
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hypothesis, suppose there exist m−1
2 saturated vertices in U4, then there are also at most

m−1
2 saturated vertices in U3. Without loss of generality, suppose for all the m−5

2 other
saturated vertices in Us, there exist adjacent saturated vertices in U3, then we have that
|Vs(Gb)| ≥ m− 3.
Claim: There are at most m−5

2 saturated vertices in U3.
Reason: Since there are at most m−1

2 saturated vertices in U4, then suppose vk is sat-
urable in U3, vk is not incident to a saturable vertex in U4. Also, since Vs(Ga) = Vsb(Ga),
then there is no saturable vertex in U2 to which vk is incident to form an edge in M .
Thus, suppose there exists a vertex vk−1, adjacent to vk ∈ U3, vk−1 will be adjacent to
a saturated vertex in U2 since there can not be two adjacent vertices both of which are
not saturated in U2. Thus, vk is isolated.

Finally, |Vs(G4,m)| ≤ 2m−2 which implies that |M | ≤ m−1. However by Theorem 2,
Max(G4,m) = m.

Corollary 15. Let Gn,m be a grid with n ≡ 0 mod 4, m ≡ 1 mod 4 and Un contains
m−1

2 saturable vertices, with |M | = Max(Gn,m), then no two saturated vertices, say,
v′, v′′ ∈ Un such that v′v′′ ∈M .

Figure 3. A G4,9 grid with Max(G4,9) = 11

Next we observe some results in the grid G5,m, where m ≡ 1 mod 4.

Lemma 16. Let G5,5 be a grid and suppose that |M | = Max(G5,5), and u{1,2}v1 ∈ M ,
then

(a) there exists at least another saturated vertex in V1 (either u4v1, u5v1 or both).

(b) suppose Ga = G5,5\V1, and Ma is some induced matching in Ga, then |Ma| 6=
Max(Ga).

(c) there exists some e ∈M with e = uiuj, such that ui, uj ∈ V5.

Proof. (a) By Theorem 2, |M | = 6. Suppose that u{1,2}v1 ∈ M and that no other
vertex in V1 is saturated. Clearly, u1v2 and u2v2 can not be saturated. Therefore,
there can only be two saturated vertices in V2. Suppose u[4,5]v2 ∈M . Now we show
that in G5,5\ {V1, V2}, only three edges belong to M . Let vertices u1v3, u1v4, u1v5
and u2v3, u2v4, u2v5, induce Gb = G2,3 ⊂ G5,5. Now, Gb has a maximum of four
saturable vertices. Also let Gc be a subgraph of G5,5, induced by u3v3, u3v4, u3v5;
u4v4, u4v5 and u5v4, u5v5. The subgraph Gc also has a maximum of four saturable
vertices. However, if we consider the positions Gb and Gc, it is clear that at least
a saturable vertex in Gb is adjacent to a saturable vertex in Gc, which implies that
|Vs(Gb∪Gc)| ≤ 6. Thus |Vs(G5,5)| ≤ 10, and therefore |M | 6= Max(G5,5) and hence
a contradiction. By following similar argument, it can be seen also that |M | = 5 if
we consider u{3,4}v2 ∈M .
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(b) Suppose that Ga = G5,5\{V1} ⊂ G5,5. Assume that V1 contains only three satu-
rated vertices. There exists a saturated vertex u2 ∈ V2 such that given some vertex
u1 ∈ V1, v1v2 ∈M . Now, it is clear that v1v2 /∈ E(Ga) therefore, |Vsb(Ga)\v2| = 9,
implying that |Ma| ≤ 4, while Max(Ga) = 5.

(c) By (a) and (b) above, |Ma| = 4. Suppose that u3v{2,3} /∈M , then, for G5,5\{V1, V2},
there must be at least two saturated vertices on V5. Let G′′ = G5,2 = G5,5\{V1, V2, V5}
⊂ G5,5. Clearly G5,2 will contain at most six saturated vertices. Suppose that ua, ub

are saturated in V5, and uaub /∈ E(G5,5), then ua and ub form two edges with ad-
jacent vertices va, vb ∈ V4. However, it can be seen that if this is so, there would
be, at most, only four saturable vertices in G′′, apart from va and vb, and at least
one of which is an isolated vertex. Thus, there could only be four saturated ver-
tices in G′′, which is a contradiction. Suppose u3v{2,3} ∈ M . It is easy to see by
observation that it is impossible to have the matching in subgraph Gf ⊂ G5,5, in-
duced by {u1v3, u1v4, u1v5, u2v4, u2v5, u3v5, u4v4, u4v5, u5v3, u5v4, u5v5} ∈ V (G5,5)
since it contains at most three edges in M without any of them being made up of
adjacent vertices in V5.

Lemma 17. Let M be a maximum induced matching of G5,9. If v{1,2}u1 ∈M, and there
is at most one more saturated vertex v1 on V1. Then, v1 = u5v1.

Proof. It is obvious that if u{1,2}v1 ∈M , then u3v1 /∈ Vs(G5,9). Suppose that v1 = u4v1,
then since it is the only lone saturated vertex on V1, then, u4v{1,2} ∈ M . For Ga, some
G5,2 grid, induced by V1, V2, clearly, there is no other saturable vertex in V2. Now, let
Gb = G5,9\Ga. The subgrid Gb is a G5,7 grid and Max(Gb) = 8. Thus, |M | = 10, and
hence, not Max(G5,9). Hence a contradiction.

Lemma 18. Suppose that there are at most two saturated vertices on V1 ⊂ V (G5,5), and
that they are adjacent. Then, there are at least three saturated vertices on V5 ⊂ V (G5,5),
two of which are adjacent.

Proof. Suppose M is the maximal induced matching of G5,5, and that uaub ∈M , where
ujv1, uj+1v1 ∈ U1. (It should be noted that since there are two saturated vertices in V1
and are adjacent, then by Lemma 16(a), none of j and j + 1 is either 1 or 5). Suppose
that Gb ⊂ G5,5, induced by V2, V3, V4 and that V5 only contains two saturated vertices
uiv5, ui+1v5 and are adjacent, (meaning also that neither i nor i + 1 is 0 or 5.) Let
j 6= i and obviously, without loss of generality, set i = 2, while j clearly becomes 3. Let
Gd, Ge ⊂ Gb be two subgraphs of Gb induced by vertex sets {u1v2, u1v3, u1v4, u2v3, u2v4}
and {u3v3, u4v2, u4v3, u5v2, u5v3, u5v4}. E(Gd), E(Ge) can only have a member each in
M and if u{3,4}v3 ∈ M , then no member of E(Gd) belongs M . Then |M | ≤ 4, which is
a contradiction. If i = j = 1, let Gd be induced by {u1v2, u1v3, u1v4, u2v3} and Ge by
{u2v3, u4v2, u4v3, u4v4, u5v2, u5v3, u5v4}. Following similar argument as above, E(Gd)
and E(Ge) have maximum of three members in M , and thus |M | = 5, which is a con-
tradiction. Suppose V5 contains three saturated vertices, such that none is adjacent to
another. Clearly the saturated vertices are u1v5, u3v5 and u5v5. Since they are satu-
rated, then u1v{3,4}, u3v{34}, u5v{3,4} ∈M . Therefore by this, only two vertices on V3 is
saturable. Obviously |M | ≤ 5.

Remark 19. Let Ga ⊆ Gn,m be a G5,9 grid induced by V1, V2, · · · , V9, an induced
matching M . From Lemma 16 and Lemma 18, we see that if u{1,2}vi ∈M , it is possible
to have some Ma ⊆ M , for which |Ma| = Max(Ga) as seen in the grid above. Also,
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Figure 4. A G5,9 grid with Max(G5,9) = 11

from Lemma 18, since V1 has three saturated vertices with two of them being adjacent,
then for Ma to be maximal, V9 will also have three saturated vertices. It is easy to
determine, however, that if this scheme extends to m ≥ 13, then |M | 6= Max(Gn,m) since
|M | ≤ 11 + 4j + 5k, j ≥ k, and j − k ≤ 1.

Lemma 20. Let M be a matching of G5,m, m ≡ 1 mod 4, m ≥ 13, with u{1,2}v1 ∈M ,
then |M | 6= Max(G5,m).

Proof. Let m − 10 = q. Clearly, q ≡ 3 mod 4. For q ≥ 7, let G5,q = Ga, induced by
V11, V12, · · ·Vm. We already know that |Vsb(Ga)| = 5q+1

2 , while |Vs(Ga)| = 2
(

5(q−1)−2
4

)
.

Therefore, there are two saturable vertices, say, v1, v2 on V (Ga). Suppose that v1, v2 ∈
V11. Note that v1, v2 are not adjacent, else v1v2 ∈ M . Let Gb ⊂ G5,m be a G5,9,
induced by V1, V2, · · · , V9. Suppose that u{1,2}v1 ∈ M , then there are two adjacent
saturated vertices in V9 and at least a saturated boundary vertex, by Lemma 18 and
Remark 19. This implies that there are two adjacent saturable vertices on V10, say
u1, u2. Now, there could be at most one edge in M from {u1, u2, v1, v2}. Hence, |M | =
Max(Gb)+Max(Ga)+1 = 45+5q

4 . Since q = m−10, we have |M | = 5(m−1)
4 , which is less

than Max(G5,m) by an edge, and hence a contradiction. For q = 3, the result is similar
to that obtained by careful observation of the positions u1, u2 and the possible isolated
vertex or vertices on Ga.

Corollary 21. Let M be a matching of G5,m, m ≥ 13, with u{1,2}vi ∈ M , 1 ≤ i ≤ m,
then |M | 6= Max(G5,m).

Lemma 22. Let U1 ⊂ V (G5,m). Then there are at least m+1
2 saturable vertices in U1.

Proof. This follows similar arguments as in the proof of Theorem 11.

Remark 23. We note that for m = 4k+1, m+1
2 is odd, also from Lemma 20, the number

of saturated vertices on U1 is even and there cannot be any isolated vertex on U1 if M is
a maximal induced matching of G5,m. Therefore, for G1 ⊂ G5,m, induced by U1, there
exists at least k + 1 edges of G1 in M , for m ≥ 13. For m = 9, there are at least k edges
in G1 as seen in the last figure.

Theorem 24. Let Gn,m be a grid with m ≡ 1 mod 4, m ≥ 13 and let M be the maximum
induced matching of Gn,m. Then

Max(Gn,m) ≤


⌊ 2mn−m−1

8
⌋

if n ≡ 1 mod 4;⌊ 2mn−m+3
8

⌋
if n ≡ 3 mod 4
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Proof. Let n = 4l + 1, l a positive integer, and let r = n − 5, that is, r ≡ 0 mod 4.
Suppose Ga is a Gr,m induced by V1, V2, · · · , Vr. By Theorem 22, at least there are m+1

2 ,
saturated vertices on Ur and these are urv2, urv4, · · · , urvm−1. Let Gb be a G5,m grid,
induced by Vr+1, Vr+2, · · · , Vn and Gc be a G1,m grid, induced by Ur+1. By Remark 23,
there are k + 1 edges of E(Gc) in M . Clearly a saturated vertex induced by M on each
of the k + 1 edges is adjacent to some saturated vertices in Ur, implying that only one
of the two saturated vertices belongs to Vsb(Gn,m). Hence, Vsb(Gn,m) ≤ nm+1

2 − k + 1.
Now, k +1 = m−1

4 +1. Therefore, Vsb(Gn,m) ≤ 2nm−m−1
4 and hence, |M | ≤

⌊ 2nm−m−1
8

⌋
.

For n = 4l + 3, set s = n − 3, that is, s ≡ 0 mod 4. By Remark 23, and following the
argument above, Vsb(Gn,m) = mn+1

2 − k with k = m−1
4 , Max(Gn,m) ≤

⌊ 2mn−m+3
8

⌋
.

Remark 25. For the grid Gn,m, it should be noted that the results in the last theorem
depend mainly on the value of m.

Remark 26. Following similar argument as Theorem 24, for m = 9, Max(Gn,9) ≤
b 18n−6

8 c.
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