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Abstract

The purpose of the present paper is to investigate a new integral operator associated with Bessel function.
Some sufficient conditions are derived for this integral operator belonging to various subclasses of starlike
functions under certain conditions.
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1 Introduction

Let A denote the class of functions f of the form
fE) =2+ a2 (1.1)
k=2

which are analytic in the open unit disc U = {z: 2z € C and |z] < 1} and satisfy the
normalization condition f(0) = f’(0) —1 = 0. Further, we denote by S the subclass of A
consisting of functions of the form (1.1) which are also univalent in U. A function f(z)
in A is said to be starlike of order §(0 < ¢ < 1) if the following condition is satisfied

R { ZJ{(S)} >4, (z € U), (1.2)

we denote by S*(J) the class of starlike functions of order §. Clearly S*(6) C S*(0) =
S*(0<6<1)and S* CS.
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The Bessel function of the first kind of order v is defined by the infinite series

R NG VL
Tu(z) = Z pl(n+v+1)

n=0

(1.3)

where I' stands for the Euler-Gamma function z € C and v € R . Recently, Szasz and
Kupan [I7] investigated the univalence of the normalized Bessel function of first kind
gy : U —> C defined by

gu(2) = 2T(v + 1)2" 757, (22). (1.4)

Baricz and Frasin [3] have obtained the sufficient condition for the univalence of the
various integral operators involving Bessel functions of the first kind of order v.

Recently, Frasin [5] introduced the following integral operator involving the normal-
ized Bessel function of the first kind

T (2 O\
FV17"'7V1L bl S R IR AR [0 2%) (Z) - /0 H (t) dt, (15)
i=1

and obtain several sufficient condition for this operator to be convex and strongly convex
of given order in the open disc U. Recently analogous to these result Porwal and Breaz
[15] studied the sufficient condition for the operator defined by (1.5) for certain class
of univalent functions. Very recently, Mishra and Panigrahi [9] obtain some sufficient
conditions for starlikeness of certain integral operator. In this paper, motivated with the
above mentioned work and work of Kumar [6] we obtain some sufficient condition for the
operator defined by (1.5) is in the class S*.

To prove our main results we shall require the following lemmas:

Lemma 1. ([I7]) Let v > _5%‘/5 and consider the normalized Bessel function of the
first kind g, : U — C defined by

gu(2) = 2°T(v 4+ 1)z 75 7, (27),

where J, stands for Bessel function of the first kind, then the following inequality hold
for all z € U.

2g,(2) ’< v+2

9u(2) T 42+ 10v+5
Lemma 2. ([16]) If feA satisfies
zf" (=) 0+1
%{1 T } “ap-n Y

for some 2 < 6§ < 3,
or

zf"(z) 50 —1
8‘%{1+ 70 }< %1 (zeU),

for some 1 <6 <2, then feS*.
Lemma 3. ([16]) If feA satisfies

2f"(2) 0+l B
éR{1+f,<Z) }> BE—1) (=€),
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for some § < —1,

or
zf"(2) 30+1
Rq1 > , el),
{5 > ey e
for some § > 1, then feS*(%55).
Throughout this paper, we frequently use the notation F,,,...... ,ays---ra, (2) =
Fyisa, (2)-

2 Main Results

Theorem 4. Let n be a natural number such that vy, v, ....... ,Up > (75%‘/5) Consider
the function g, : U—=C defined by

gv;(2) =2"T(v; + l)zl_%in(Z%).

Let v = min{vy,va, ..., vn} and suppose that the inequality
V42 n
<00 2.1
4V2+10V+5Za_2 —1) (2.1)

is satisfied. Then the function F,,,q, (z) defined by (1.5) is in the class S* for some
2<46<3.

Proof. First we observe that, since for all i€ {1,2,...,n}, we have g,,€A i.e.
90,(0) =g,,(0)—1=0.

From (1.5) we have

Taking logarithmic differentiation

m:zﬂ:a<m_i)

| Z7Rle2

%{Hw}ﬂim(lﬁ? )

Vi, i=1
n /
29,,(2)
<1+ o :

- Vz+2
<1 Y . a— 2.2
= +;a (4y¢2+10ui+5> (2.2)

For all z€U and vy,vs, ....... SV > _5%‘/5. Since the function ¢ : (_5%‘/5,00) — R,
defined by,

_1‘

T+ 2

o) = I 10s 15
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is decreasing and consequently for all i€ {1,2, ....... ,n}. We have

v, +2 < v+2
42 +10v; +2 — 2+ 100 +5°

Using this result, inequality (2.7) can be written as

2F)) ., (2) v+2 =
ROl 2 /bl — —— & ”
{ + F;i,m(z)}— T 0,75 2

i=1

Since

v+ 2 Z": _ §+1
_VTE N e 02T
A +10v+54< " " 26— 1)

n

v+ 2 o+1
S e <

41/2+101/+5;al< 200 — 1)
G4 1-242

- 2(6-1)

3-6

206 —1)

Hence from Lemma 2 F,, ., (2)€S* for some 2 < § < 3.
Thus the proof of Theorem 4 is established. O

Theorem 5. Let n be a natural number and vy, v, ...... s Up > (_5%‘/5)
Consider the function g,, : U—=C defined by

9v;(2) =2"T(v; + l)zl_% JW(Z%).

Let v = max {v1,va, .....,vn} be a positive real numbers and suppose that the inequality
v+2 - 202 —5+1
D ai<

4v? +10v +5 & 26(6—1) °

(2.3)

is satisfied then F,,,q, () defined by (1.5) is in the class S* (%) for some § < —1.
Proof. First we observe that since for all i€ {1,2,3,...,n}, we have g,,€A i.e.

9v.(0) = g,,(0) =1 =0.

From (1.5) we have

Taking logarithmic differentiation,

) Ens(E )

v 10
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From Lemma 1, we have

0 (2) | wni+?
T A2 +10v; + 5

Since R(z) < |7|

/ .
§R{IZQW(Z)}< Vi +2

9, (2) | 7 42 +10v;,+5
/
NEAC S nit?2
9u; (Z) 41/1‘2 + 101/1' +5

n

2F! 0, (2) - v + 2
14 2 AL 11— —= 1— i
%{ T E ) }—ZO‘ ( 4%-2+10ui+5>+ D o

=1 =1

v+ 2
= 1
(41/2+10u+5)20"+

> __0+1
=726 -1)
v+2 " §+1
A2 10v+5 Z 206 —1)
v+2 = d+1
402 +10v + 2 Z; 26(6—1)
v+2 —26+6+1
4y2+10y+5za1— 6-1)
207 -6+1
200 —-1)

Hence from Lemma 3, F,, o, (2)€S*(%) for some § < —1.
Thus the proof of Theorem 5 is established.

O
Theorem 6. Let n be a natural number such that vi,vs, ... v, > (_5%‘/5)
Consider the function g,, : U—=C defined by
gv;(2) =2"T(v; + 1)21_%%(2%).
Let v =min{vi,va,....... ,Un} and suppose that the inequality
v+ 2 - 55 —1
< — 2.4
4y2+10u+5;a_2(6+1) (24)

is satisfied. Then the function F,,,q, (z) defined by (1.5) is in the class S* for some
1<6<2.
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Proof. First we observe that, since for all i€ {1,2,...,n}. We have g,,(z)eA i.e.

91,;(0) =g, (0) =1 =0.

n g o
V;
V’”aZ - < 7 )
iy

" n
(Fyl,al z) o ( (2) 1)

’ i -

FIJL o2 (Z i=1 ng Z z

From (1.5) we have

<

1/1»—&—2
<1 T
+;a <4uz —|—101/,-—0—5)

v+ 2 n
<14 -——= Ny,
=i 4y2+10u+5;a

For all z€U and vy, s, ........ yUp > %\/5.

Since the function,

b (*51%”,00) R defined by

T+ 2
o) = I 10r 15

is decreasing and consequently for all i€ {1,2, ...... ,n}, we have

v+ 2 < v+2
4v2 +10v; +5 — 42 +10v +5

Since,

n

v+2 5 —1
41/2+1OV—|—5Z 2(6 +1)
v+2 " 55 — 1

P — D
4u2+10y+5;a1* 2(6 +1)

50— 1-2(6+1)

- 20 +1

50 —1-26—2

- 260 +1)

3(6—1)
206 +1)

Hence from Lemma 2 , F, o, (2)€S* for some 1 < §<2
Thus the proof of Theorem 6 is established.
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Theorem 7. Let n be a natural number and vy, vs...... S Up > (#)
Consider the function g,, : U—=C defined by

Nl

gv.(2) = 29T (s + 1)z 2 J, (22).

Let v = max {v1,va, ...... ,Un} be positive real numbers and suppose that the inequality

v+2 z": _<5+1—252
A2 +10v+54< " 7 2000 +1)

is satisfied then F), ., (2) defined by (1.5) is in the class S*( L) for some 6 > 1.

Proof. First we observe that since for all i€ {1,2,...,n}. We have g,,€A i.e.

9v.(0) = g,,(0) =1 =0.

n (673
l/7 o H < )
=1

1=

From (1.5) we have

Taking logarithmic differentiation

2F)! ., zg,,(2)
1+ =A== A B |
§R{ + Flii’ai ( } z; { Vi ) } *

29,,(2) 1 vi+2
g,,i(z) ~ 4v2 +10v; + 5
N AC Y
9u, (2) 4v;2 +10v; + 5
NEACN S
9v; (%) 4v;2 +10v; + 5
2F! 0, (2) - v +2 "
R4 T H AL 11— —= 1— i
{ " F) 0 (2) }_ i:1OL ( 4Vz‘2+10”i+5> " ;a
2F) 0, (%) v+2 - ~
RT+ L2 > (1l i+ 1— i
U e ) () e e
Here ¢(z) = m is decreasing. So for all i€ {1,2,...,n}.

v+2 30+1
l1l-—— 1-—
( 4y2+10u+5>za1+ Za’—255+1)

n

v+ 2 Z 30+1

S i P s
W2 1100+ 54" T 266 1 1)

36+1—25(5+1)
=20+
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30 +1-26%-26
B 20(6+1)

_6+1-24
25(5+1)

Hence from Lemma (2), F,, o, €5*(%5t) for some § > 1.
Thus the proof of Theorem 7 is established. O

Remark 8. 1. One may also obtain the analogukes of these results for various sub-

classes of analytic functions e.g. Convex functions, Strongly convex functions and
Strongly starlike functions, Spiral-like functions etc.

. The results of this paper can also be extended by using the integral operator studied

by Breaz et al. [4], Merkes and Wright [7], Miller et al. [§], Pesker [10], Porwal and
Kumar [I3] and Porwal and Singh [I4].

Recently Baricz [1] introduced generalized Bessel functions of first kind which is
a natural generalization of Bessel function, Modified Bessel function, Spherical
Bessel function and Modified spherical Bessel function and give wide applications
in Geometric Function Theory. For detailed study one may refer [2], (see also [I1],

[12).

It is interesting to find the analogues of these results for harmonic starlike and
convex functions.
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