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Abstract
This paper extends some known results on the stability, boundedness and square integrability of solutions
of certain nonlinear vector differential equations of third-order. The Lyapunov’s second method is used
as basic tool in obtaining the criteria for the stability and boundedness of solutions. Example is included
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1 Introduction

The study of the stability and boundedness of ordinary scalar and vector nonlinear
differential equations of third order have received tremendous attention. Many works
have been done by notable authors, for a comprehensive treatment of this subject see
Afuwape [1, 2, 3, 4], Ezeilo [8, 9, 10], Graef [12, 13], Remili [19, 20, 21, 22, 23, 24, 25, 26,
27], Tunç [32, 33, 34, 35, 36, 37, 38, 39], and the references cited therein.

In 1966, 1983,1993 and 2007 respectively, Ezeilo and Tejumola [8], Afuwape [1],
Meng [16] and Omeike [17] investigated the ultimately boundedness and existence of
periodic solutions of the nonlinear vector differential equation of the form

X ′′′ +AX ′′ +BX ′ +H(X) = P (t,X,X ′, X ′′). (1.1)
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Later in 1985, Afuwape [2] demonstrated a result associated with the existence of unique
periodic solution of the vector differential equation

X ′′′ +AX ′′ +G(X ′) +H(X) = P (t,X,X ′, X ′′).

In 1995, Feng [11] obtained a result associated with the existence of unique periodic
solution of the similar type equation

X ′′′ +A(t)X ′′ +B(t)X ′ +H(X) = P (t,X,X ′, X ′′). (1.2)

In this paper therefore, using Lyapunov’s direct method we obtain criteria for asymptotic
stability, boundedness and square integrability of solutions of the equation

(H(X(t))X ′(t))′′ +A(t)X ′′(t) +B(t)X ′(t) + C(t)F (X(t)) = P (t), (1.3)

in which t ∈ R+ and X(t), P (t) ∈ Rn;A,B, and C are continuous n × n symetric
matrices. F : Rn → Rn with F (0) = 0, and H is a n × n symetric differentiable
and inversible matrix function. Let JF (X), A′(t), B′(t), C ′(t) and H ′(X), denote the
jacobian matrices corresponding to F (X), A(t), B(t), C(t) and H(X) respectively, that
is, JF (X) =

(
∂fi
∂xj

)
, A′(t) = d

dt (aij(t)), B
′(t) = d

dt (bij(t)), C
′(t) = d

dt (cij(t)), H
′(X(t)) =

d
dt (hij(X(t)), (i, j = 1, 2, . . . , n), where (x1, x2, . . . , xn), (f1, f2, . . . , fn), (aij(t)), (bij(t)),
(cij(t)) and hij(X(t)) are components of X,F,A,B,C and H(X). On the other hand
X(t), Y (t) and Z(t) are, respectively, abbreviated as X,Y and Z throughout the paper.
Additionally, the symbol 〈X,Y 〉 corresponding to any pair X and Y in Rn stands for the
usual scalar product

n∑
i=1

xiyi, that is, 〈X,Y 〉 =
n∑
i=1

xiyi.

2 Preliminaries

In this section, we present some lemmas that will be used to establish our main results.
Lemma 1. [1, 3, 8, 9, 10, 31] Let D be a real symmetric positive definite n×n matrix.
Then for any X in Rn, we have

δd‖XV ert2 ≤ 〈DX,X〉 ≤ ∆d‖XV ert2,

where δd, ∆d are the least and the greatest eigenvalues of D respectively.
Lemma 2. [1, 3, 8, 9, 10, 31] Let Q,D be any two real n×n commuting matrices. Then,

1) The eigenvalues λi (QD) (i = 1, 2..., n) of the product matrix QD are all real and
satisfy

min
1≤j,k≤n

λj (Q)λk (D) ≤ λi (QD) ≤ max
1≤j,k≤n

λj (Q)λk (D) .

2) The eigenvalues λi (Q+D) (i = 1, 2..., n) of the sum of matrices Q and D are all real
and satisfy.{

min
1≤j≤n

λj (Q) + min
1≤k≤n

λk (D)
}
≤ λi (Q+D) ≤

{
max

1≤j≤n
λj (Q) + max

1≤k≤n
λk (D)

}
.

Lemma 3. [1, 3, 8, 9, 10, 31, 33] Let H(X) be a continuous vector function with
H(0) = 0. Then,

1) d

dt

(∫ 1

0
〈H (σX) , X〉 dσ

)
=

〈
H (X) , dX

dt

〉
.

2)
∫ 1

0
〈C(t)H(σX), X〉dσ =

∫ 1

0

∫ 1

0
σ[〈C(t)JH(στX)X,X〉]dσdτ.



Acta Univ. M. Belii, ser. Math. 26 (2018), 3–17 5

Lemma 4. [30] Let H(X) be a continuous vector function with H(0) = 0. Then,

1) 〈H(X), H(X)〉 =
∫ 1

0

∫ 1

0
σ〈JH(σX)JH(στX)X,X〉dσdτ.

2) 〈C(t)H(X), X〉 =
∫ 1

0
〈JH(σX)C(t)X,X〉dσ.

3 Stability

We shall state here some assumptions which will be used on the functions that appeared in
equation (1.3). Suppose that there are positive constants δA, δB , δC , δF , δH , δH−1 ,∆A,∆B ,
∆C ,∆F ,∆H , and ∆H−1 , such that the matrices A(t), B(t), C(t), H(X), H−1(X) and
JF (X) (Jacobian matrix of F (X)) are symmetric and positive definite, and furthermore
the eigenvalues λi(A(t)), λi(B(t)), λi(C(t)), λi(H(X)), λi(H−1(X)) and λi(JF (X))(i =
1, 2, . . . , n) of A(t), B(t), C(t), H(X), H−1(X) and JF (X), respectively satisfy

0 < δA ≤ λi (A(t)) ≤ ∆A, 0 < δH ≤ λi (H(X)) ≤ ∆H ,

0 < δB ≤ λi (B(t)) ≤ ∆B , 0 < δH−1 ≤ λi
(
H−1(X)

)
≤ ∆H−1 ,

0 < δC ≤ λi (C(t)) ≤ ∆C , 0 < δF ≤ λi (JF (X)) ≤ ∆F .

Before stating the major theorem, we introduce the following notations

Ht = H(X(t)),
θ(t) = (H−1

t )′ = −H−1
t H ′tH

−1
t . (3.1)

We note that equation (1.3) is equivalent to the following system X ′ = H−1
t Y,

Y ′ = Z,
Z ′ = −A(t)H−1

t Z −
(
A(t)θ(t) +B(t)H−1

t

)
Y − C(t)F (X) + P (t),

(3.2)

which was obtained by setting

X ′′ = θ(t)Y +H−1
t Z. (3.3)

In this section, we establish some conditions for the asymptotic stability of all solutions
of (1.3) in the case P (t) = 0. We begin with the following Theorem.

Theorem 5. In addition to the basic assumptions imposed on the matrices A,B,C,H,H−1

and JF witch commute pairwise, assume that :

i) λi(C ′) ≤ 0.

ii) (∆C)2(∆F )2∆H

δCδF δB
< d < δA.

iii) d

2∆A′ + 1
2∆B′∆H + ∆C′∆H2 <

dδB −∆C∆F∆H

2 .

iv)
∫ +∞

0

∥∥∥∥ ddsHs

∥∥∥∥ ds < +∞.

Then any solution of (3.2) is asymptotically stable.
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Proof. Let η a positive constant which will be specified later. We define the Lyapunov
functional W = W (t,X, Y, Z) as

W = V exp
(
− 1
η

∫ t

0
‖θ(s)‖ ds

)
, (3.4)

where

V = d

∫ 1

0
〈C(t)F (σX), X〉dσ + 〈C(t)Y, F (X)〉+ 1

2 〈B(t)H−1
t Y, Y 〉 (3.5)

+d〈H−1
t Y,Z〉+ d

2 〈A(t)H−2
t Y, Y 〉+ 1

2 〈Z,Z〉.

It is clear from (3.5) that V (t, 0, 0, 0) = 0. By Lemma 1, we have the following inequality

〈C(t)Y, F (X)〉+ 1
2 〈B(t)H−1

t Y, Y 〉 ≥ 〈C(t)Y, F (X)〉+ δBδH−1

2 〈Y, Y 〉

= δBδH−1

2 ‖Y + 1
δBδH−1

C(t)F (X)‖2

− 1
2δBδH−1

〈C2(t)F (X), F (X)〉.

Observe that

d〈H−1
t Y, Z〉+ 1

2 〈Z,Z〉 = 1
2‖Z + dH−1

t Y ‖2 − d2

2 〈H
−2
t Y, Y 〉.

Hence

V ≥ d

∫ 1

0
〈C(t)F (σX), X〉dσ − 1

2δBδH−1
〈C2(t)F (X), F (X)〉

+d

2 〈A(t)H−2
t Y, Y 〉 − d2

2 〈H
−2
t Y, Y 〉+ 1

2‖Z + dH−1
t Y ‖2.

In view of Lemma 3 and Lemma 4, it follows that

〈C2(t)F (X), F (X)〉 ≤ (∆C)2(∆F )2 ‖X‖2
∫ 1

0

∫ 1

0
σdσdτ = 1

2(∆C)2(∆F )2 ‖X‖2
,∫ 1

0
〈dC(t)F (σX), X〉dσ ≥ dδCδF ‖X‖2

∫ 1

0

∫ 1

0
σdσdτ = 1

2dδCδF ‖X‖
2
.

Therefore, since δH−1 = ∆−1
H we have

V ≥ 1
2
(
dδCδF −

(∆C)2(∆F )2

δB∆−1
H

)
‖X‖2

+d

2 〈
(
A(t)− dI

)
H−2
t Y, Y 〉+ 1

2‖Z + dH−1
t Y ‖2.

Again, in view of Lemma 1, easily, we obtain that

d

2 〈
(
A(t)− dI

)
H−2
t Y, Y 〉 ≥ d

2
(
δA − d

)
δH−2〈Y, Y 〉.



Acta Univ. M. Belii, ser. Math. 26 (2018), 3–17 7

Hence, according to the last estimates, we obtain

V ≥ 1
2
(
dδCδF −

(∆C)2(∆F )2∆H

δB

)
‖X‖2 + d

2
(
δA − d

)
δH−2‖Y ‖2

+1
2‖Z + dH−1

t Y ‖2,

with the coefficients
(
dδCδF−

(∆C)2(∆F )2∆H

δB

)
> 0 and

(
δA−d

)
> 0 in view of condition

(ii).
Thus, there exists a constant k > 0 small enough such that

V ≥ k
(
‖X‖2 + ‖Y ‖2 + ‖Z‖2

)
. (3.6)

On applying (3.1) and condition (iii) there exists positive constant N such that∫ t

0
‖θ(s)‖ ds ≤

∫ t

0

∥∥H−1
s

∥∥2
∥∥∥∥ ddsHs

∥∥∥∥ ds
≤ (∆H−1)2

∫ t

0

∥∥∥∥ ddsHs

∥∥∥∥ ds ≤ N, for all t ≥ 0. (3.7)

On combining this last estimate with (3.4) and (3.6) we get

W ≥ V exp(−N
η

) ≥ K0

(
‖X‖2 + ‖Y ‖2 + ‖Z‖2

)
, (3.8)

with K0 = k exp(−Nη ).

Now, let V ′(3.2)(t,X, Y, Z) = V ′(3.2) denote the time derivative of the functional V (t,X, Y, Z)
along the trajectories of the system (3.2). An easy computation shows that

V ′(3.2) = G1 +G2 +G3 +G4, (3.9)

where

G1 = d

∫ 1

0
〈C ′(t)F (σX), X〉dσ + 〈C ′(t)Y, F (X)〉 − 〈C ′(t)Y, Y 〉 ,

G2 =
〈(d

2A
′(t) + 1

2B
′(t)Ht + C ′(t)H2

t − dB(t) + C(t)JFHt

)
H−2
t Y, Y

〉
,

G3 =
〈(
dI −A(t)

)
H−1
t Z,Z

〉
,

G4 = d

2
〈
A(t)θ(t)Y,H−1

t Y
〉

+ d

2
〈
A(t)H−1

t Y, θ(t)Y
〉

+ 1
2 〈B(t)θ(t)Y, Y 〉

−d〈H−1
t Y,A(t)θ(t)Y 〉 − 〈A(t)θ(t)Y, Z〉+ d〈θ(t)Y,Z〉.

Under the assumption (i) of Theorem 5, we have

G1 ≤ d

∫ 1

0
〈C ′(t)F (σX), X〉dσ −

∥∥∥∥C ′ 12 (t)Y − 1
2C
′ 12 (t)F (X)

∥∥∥∥2
+ ∆C′

4 ‖F (X)‖2

≤ d

∫ 1

0
〈C ′(t)F (σX), X〉dσ.
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By Lemma 3 and Lemma 1 we get

G1 ≤ d

∫ 1

0
〈C ′(t)F (σX), X〉dσ =

∫ 1

0

∫ 1

0
σ[〈dC ′(t)JF (στX)X,X〉]dσdτ

≤
∫ 1

0

∫ 1

0
σ[〈d∆C′∆FX,X〉]dσdτ

= d∆C′∆F ‖XV ert2 ≤ 0. (3.10)

If we take into consideration condition (ii) of Theorem 5, we have that

δA > d >
(∆C)2(∆F )2

δCδF δB∆−1
H

>
∆C∆F∆H

δB
.

Witch implies

M1 = dδB −∆C∆F∆H

2 > 0,

M2 = −(d− δA)∆H−1 > 0.

Clearly, as a result of the assumption (iii) we have

G2 ≤
(d

2∆A′ + 1
2∆B′∆H + ∆C′∆H2 − dδB + ∆C∆F∆H

)
∆H−2‖Y ‖2

≤ −M1‖Y ‖2 ≤ 0,

and
G3 ≤ (d− δA)∆H−1‖Z‖2 = −M2‖Z‖2 ≤ 0.

By applying the inequality 2V ertuvV ert ≤ ‖uV ert2 + ‖vV ert2 we estimate G4 as
follows

G4 = 1
2 〈B(t)θ(t)Y, Y 〉 − 〈A(t)θ(t)Y,Z〉+ d〈θ(t)Y, Z〉

≤ K‖θ(t)‖V,

where K = 1
k

( 1
2 ∆B + 1

2 ∆A + d
2
)
.

Bringing together the estimates just obtained for Gi(i = 1, 2...4) in (3.9) we get

V ′(3.2) ≤ −M1 ‖Y ‖2 −M2 ‖Z‖2 +K ‖θ(t)‖V. (3.11)

From (3.4), we have

W ′(3.2) =
(
V ′(3.2) −

1
η
‖θ(t)‖V

)
e
− 1
η

∫ t
0
‖θ(s)‖ds

.

Using (3.11), (3.6) and choosing η = 1
K , we get

W ′(3.2) ≤
(
−M1 ‖Y ‖2 −M2 ‖Z‖2

)
e
− 1
η

∫ t
0
‖θ(s)‖ds

.

Clearly from (3.7) we have e−
1
η

∫ t
0
‖θ(s)‖ds ≥ e−

N
η .

Hence
W ′(3.2) ≤ −L

(
‖Y ‖2 + ‖Z‖2

)
, (3.12)
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where L = e−
N
η min{M1,M2}. In view of (3.8) and (3.12), it follow from

(
[6, Theorem

4.1.14]
)
that the solution

(
X(t), Y (t), Z(t)

)
of (3.2) is stable. Now E = {(X,Y, Z) :

W ′(3.2)(X,Y, Z) = 0} = {(X, 0, 0) : X ∈ Rn} and the largest invariant set contained in E
is F = {(0, 0, 0)}. By LaSalle’s invariance principe (see, for example, Haddock [14] )

lim
t→∞

X(t) = lim
t→∞

Y (t) = lim
t→∞

Z(t) = 0.

4 Boundedness

Our main theorem in this section is the following boundedness result which is stated with
respect to P (t) 6= 0.

Theorem 6. Let all the conditions of Theorem 5 be satisfied and in addition we assume
that there exist positive constants p1 and P1 such that:

I1) ‖P (t)‖ ≤ p(t) < p1, ∀t ≥ 0.

I2)
∫ t

0 p(s)ds < P1, ∀t ≥ 0.

I3) lim
t→∞

‖H ′t‖ exists.

Then there exists a positive constant P5 such that any solution X(t) of (1.3) and their
derivatives X ′(t), and X ′′(t) satisfy

‖X(t)‖ ≤ P5, ‖X ′(t)‖ ≤ P5, ‖X ′′(t)‖ ≤ P5. (4.1)

Proof. For the case P (t) 6= 0, on differentiating (3.5) along the system (3.2) we obtain

V ′(3.2) ≤ −U +K‖θ(t)‖V + d〈H−1
t Y, P (t)〉+ 〈Z,P (t)〉

≤ −U +K‖θ(t)‖V + p(t)
(
d‖H−1

t ‖ ‖Y ‖+ ‖Z‖
)

≤ −U +K‖θ(t)‖V + p(t)K1

(
‖Y ‖+ ‖Z‖

)
,

where K1 = max
{
dδ−1
H , 1

}
and U = M1 ‖Y ‖2 +M2 ‖Z‖2

.

By using V ertuV ert ≤ ‖uV ert2 + 1, it is clear that

V ′(3.2) ≤ −U +K‖θ(t)‖V + p(t)K1

(
‖Y ‖2 + ‖Z‖2 + 2

)
. (4.2)

From (3.4) we have

W ′(3.2) =
[
V ′ − 1

η
‖θ(t)‖V

]
exp

(
− 1
η

∫ t

0
‖θ(s)‖ ds

)
. (4.3)

Since K − 1
η

= 0, it follows that

W ′(3.2) ≤
[
−U + p(t)K1

(
‖Y ‖2 + ‖Z‖2 + 2

)]
exp

(
− 1
η

∫ t

0
‖θ(s)‖ ds

)
.
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In view of (3.12) and the fact that

exp
(
− 1
η

∫ t

0
‖θ(s)‖ ds

)
≤ 1,

we have
W ′(3.2) ≤ −L(‖Y ‖2 + ‖Z‖2) + K1

K0
p(t) W +K2p(t), (4.4)

with K2 = 2K1. Integrating both sides (4.4) from 0 to t, one can easily obtain

W (t)−W (0) ≤ K2

∫ t

0
p(s)ds+ K1

K0

∫ t

0
W (s)p(s)ds.

Let
P2 = W (0) +K2P1. (4.5)

Thus
W (t) ≤ P2 + K1

K0

∫ t

0
W (s)p(s)ds.

On applying Gronwall inequality we have

W (t) ≤ P2 exp
(K1

K0

∫ t

0
p(s)ds

)
≤ P3, (4.6)

where P3 = P2 exp
(K1

K0
P1

)
. Combining (4.6) and (3.8), we have

‖X(t)‖ ≤ P4, ‖Y (t)‖ ≤ P4, ‖Z(t)‖ ≤ P4, (4.7)

where P4 =
√
P3

K0
.

Now, by (3.2) we get

‖X ′(t)‖ = ‖H−1
t Y (t)‖

≤
∥∥H−1

t

∥∥ ‖Y (t)‖
≤ P4δ

−1
H .

According to condition (I3) of Theorem 6, there exists positive constant h1 such that

‖H ′t‖ < h1. (4.8)

So, by (3.1) we have

‖θ(t)‖ ≤ ‖H−2
t ‖ ‖H ′t‖ ≤ h1(δ−1

H )2 = β. (4.9)

In view of (3.2) and (3.3) we have

‖X
′′
(t)‖ ≤ ‖θ(t)Y (t)‖+ ‖H−1

t Z(t)‖
≤

(
h1(δ−1

H )2 + δ−1
H

)
P4.

Therefore, there exists positive constant P5 such that

‖X(t)‖ ≤ P5, ‖X ′(t)‖ ≤ P5, ‖X ′′(t)‖ ≤ P5, for all t ≥ 0, (4.10)

where P5 = max
{(
h1(δ−1

H )2 +δ−1
H

)
P4, P4

}
. This completes the proof of Theorem 6.
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5 Square integrability of solutions

Our next result concerns the square integrability of solutions of equation (1.3).

Theorem 7. Let all the conditions of Theorem 5 and Theorem 6 satisfied and in addi-
tion we assume that

I4) 2δCδJF −∆A −∆B > 0.

Then, every solution X of equation (1.3) and their derivatives are elements of L2[0,+∞).

Proof. Let X(t) be a solution of (1.3) and define Q(t) = Q(t,X(t), Y (t), Z(t)) by

Q(t) = W (t) + λ

∫ t

0

(
‖Y (s)‖2 + ‖Z(s)‖2)ds, (5.1)

where λ > 0 is a constant to be specified later and W(t) is given in (3.4). By differenti-
ating Q(t) and using (4.4) we obtain

Q′(t) ≤ (λ− L)(‖Z(t)‖2 + ‖Y (t)‖2) +
(
K1W +K2

)
p(t).

Taking λ− L = 0 and using (4.6) we get

Q′(t) ≤ K3p(t), (5.2)

where K3 = K1P3 +K2. Integrating (5.2) from 0 to t, t ≥ 0, and using condition (I2)
of Theorem 6 we obtain

Q(t)−Q(0) =
∫ t

0
Q′(s)ds ≤ K3P1.

With (4.5) and equality Q(0) = W (0) we get

Q(t) ≤ K3P1 + P2 −K2P1.

We can conclude by (5.1) that∫ t

0
(‖Z(s)‖2 + ‖Y (s)‖2)ds < K3P1 + P2 −K2P1

λ
,

which imply the existence of positive constants µ1 and µ2 such that∫ t

0
‖Y (s)‖2ds ≤ µ1 and

∫ t

0
‖Z(s)‖2ds ≤ µ2.

Observe that from (3.2)∫ ∞
0
‖X ′(s)‖2

ds =
∫ ∞

0

∥∥H−1
s Y (s)

∥∥2
ds

≤
∫ ∞

0

∥∥H−1
s

∥∥2 ‖Y (s)‖2
ds

≤ (∆H−1)2µ1 = l1 <∞. (5.3)
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On the other hand, using (4.9) and (3.3) we obtain∫ t

0
‖X ′′(s)‖2ds =

∫ t

0
‖H−1

s ‖2‖Z(s)‖2ds+
∫ t

0
‖θ(s)‖2‖Y (s)‖2ds

+2
∫ t

0
〈θ(s)Y (s), H−1

s Z(s)〉ds

≤
(
∆2
H−1 + β∆H−1

) ∫ t

0
‖Z(s)‖2ds

+
(
β2 + β∆H−1

) ∫ t

0
‖Y (s)‖2ds

≤ M(µ1 + µ2) = l2 <∞, (5.4)

where M = max
{

∆2
H−1 + β∆H−1 , β2 + β∆H−1

}
.

Next, multiply (1.3) by X(t) and integrate by parts from 0 to t all the terms on the LHS
of (1.3) obtaining ∫ t

0
〈C(s)F (X(s)), X(s)〉ds = I(t) + J(t), (5.5)

where

I(t) = −〈H ′tX ′(t) +HtX
′′(t), X(t)〉+ 〈HtX

′(t), X ′(t)〉 −
∫ t

0
〈HsX

′(s), X ′′(s)〉ds+ k1,

J(t) =
∫ t

0
〈
(
−A(s)X ′′(s)−B(s)X ′(s) + P (s)

)
, X(s)〉〉ds,

and

k1 = 〈H ′0X ′(0), X(0)〉+ 〈H0X
′′(0), X(0)〉 − 〈H0X

′(0), X ′(0)〉.

Using (4.8) and (4.10) we get

| −〈H ′tX ′(t) +HtX
′′(t), X(t)〉+ 〈HtX

′(t), X ′(t)〉 | ≤ P 2
5

(
h1 + 2∆H

)
.

It is clear that∫ t

0
〈HsX

′(s), X ′′(s)〉ds ≤ ∆H

2

∫ t

0

(
‖X ′(s)‖2 + ‖X ′′(s)‖2

)
ds.

≤ ∆H

2 (l1 + l2) = l3.

Hence
I(t) ≤ l3 + P 2

5

(
h1 + 2∆H

)
+ | k1 |= l4. (5.6)

By using assumption (I2) of Theorem 6, Lemma 1, and inequality 2uv ≤ u2 + v2, we get

J(t) ≤ ∆A

2

∫ t

0

(
‖X ′′2 + ‖X(s)‖2

)
ds+ ∆B

2

∫ t

0

(
‖X ′2 + ‖X(s)‖2

)
ds

+P5

∫ t

0
‖P (s)‖ds

≤ l5 + ∆A + ∆B

2

∫ t

0
‖X(s)‖2ds, (5.7)
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where l5 = ∆A

2 l2 + ∆B

2 l1 + P1P5. By Lemma 4 we have

〈C(t)F (X(t)), X(t)〉 ≥ δCδJF ‖X(t)‖2
.

Thus, (5.6), (5.7) and condition (I4) imply that∫ t

0
‖X(s)‖2

ds ≤ l0,

where l0 =
2
(
l4 + l5

)
2δCδJF −

(
∆A + ∆B

) . This fact completes the proof of Theorem.

Example 8. As a special case of the following equation

(H(X(t))X ′(t))′′ +A(t)X ′′(t) +B(t)X ′(t) + C(t)F (X(t)) = P (t) (5.8)

where

X(t) =
(
x (t)
y (t)

)
, F

(
X
)

=
(

0.2 arctan x
0.16y

)
,

JF (X) =
( 0.2

1+x2 0
0 0.16

)
, Ht =

(
h11(x(t)) 0

0 h22(y(t))

)
,

P (t) =
( 1

1+t2
sin t

3+cos2 t

)
, A(t) =

(
esin t

10 + 1
4 0

0 9 cos t
100 + 1

3

)
,

B(t) =
(

e−t
2

+1
2 0
0 sin t

4 + 1
2

)
, C(t) =

(
e−2t + 5 0

0 e−t + 5

)
,

and

h11(x(t)) = 0.02
6

( sin(x(t))
(1 + x2(t)) + 3

)
,

h22(y(t)) = 0.02
6

( cos(y(t))
(1 + y2(t)) + 5

)
.

Clearly, H (X) , A,B and JF (X) are diagonal matrices, hence they are symmetric and
commute pairwise. Then, by an easy calculation, we obtain eigenvalues of the matrices
H, A, B, C and JF (X) as follows:

δh = 0.02
3 ≤ λ1 (H) = 0.02

6

( sin x
(1 + x2) + 3

)
,

λ2 (H) = 0.02
6

( cosx
(1 + x2) + 5

)
≤ 0.02 = ∆h,

δA = 0.24333 ≤ λ1 (A(t)) = 9
100 cos t+ 1

3 , λ2 (A(t)) = esin t

10 + 1
4 ≤ 0.52183 = ∆A,

δB = 0.5 ≤ λ1 (B(t)) = sin t
4 + 3

4 , λ2 (B(t)) = e−t
2

2 + 1
2 ≤ 1 = ∆B ,

δC = 5 ≤ λ1 (C(t)) = e−2t + 5, λ2 (C(t)) = e−3t + 5 ≤ 6 = ∆C ,

δF = 1.6
10 = λ1 (JF (X)) , λ2 (JF (X)) = 0.2

1 + x2 ≤
2
10 = ∆F .
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A simple computation gives

λ1 (A′(t)) = − 9
100 sin t, λ2 (A′(t)) = cos t

10 esin t ≤ e

10 = ∆A′ ,

λ1 (B′(t)) = −te−t
2
, λ2 (B′(t)) = −cos t

4 ≤ 1
4 = ∆B′ ,

λ1 (C ′(t)) = −2e−2t, λ2 (C ′(t)) = −e−t ≤ 0 = ∆C′ .

A trivial verification shows that H is nonsingular matrix and we have

d

dt
Ht =

(
d
dth11(x(t)) 0

0 d
dth22(y(t))

)
,

where

d

dt
h11(x(t)) = 0.02

6

( cos(x(t))
(1 + x2(t)) −

2x(t) sin(x(t))
(1 + x2(t))2

)
x′(t),

d

dt
h22(y(t)) = 0.02

6

(− sin(y(t))
(1 + y2(t)) −

2y cos(y(t))
(1 + y2(t))2

)
y′(t).

Thus
‖ d
dt
Ht‖ = max

{ ∣∣∣∣ ddth11(x(t))
∣∣∣∣ , ∣∣∣∣ ddth22(y(t))

∣∣∣∣ } = D(t),

and
‖θ(t)‖ ≤ 1

δ2
h

D(t), for all t ≥ 0.

A straightforward calculation give∫ t

0
‖θ(s)‖ds ≤ 2.25× 104

∫ t

0
D(s)ds

= 2.25× 104
∫ t

0
max

{ ∣∣∣∣ ddsh11(x(s))
∣∣∣∣ , ∣∣∣∣ ddsh22(y(s))

∣∣∣∣ }ds
≤ 2.25× 104

∫ t

0

0.02
6

∣∣∣∣∣( cosx
1 + x2 −

2x sin x
(1 + x2)2

)
x′(s)

∣∣∣∣∣ ds
+
∫ t

0

0.02
6

∣∣∣∣∣(− sin y
1 + y2 −

2y cos y
(1 + y2)2

)
y′(s)

∣∣∣∣∣ ds
≤ 300

(∫ ω2(t)

ω1(t)

∣∣∣∣∣( cosu
1 + u2 −

2u sin u
(1 + u2)2 )du

∣∣∣∣∣
+
∫ ϕ2(t)

ϕ1(t)

∣∣∣∣∣(− sin v
1 + v2 −

2v cos v
(1 + v2)2 )dv

∣∣∣∣∣
)

< 300
(∫ +∞

−∞

∣∣∣∣∣1 + u2 + 2u
(1 + u2)2

∣∣∣∣∣ du+
∫ +∞

−∞

∣∣∣∣∣1 + u2 + 2u
(1 + u2)2

∣∣∣∣∣ du
)

= 150(π + 2),

where
ω1(t) = min{x(0), x(t)}, ω2(t) = max{x(0), x(t)},
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and
ϕ1(t) = min{y(0), y(t)}, ϕ2(t) = max{y(0), y(t)}.

Now, it is easy see that

‖P (t)‖ =
√
P 2

1 (t) + P 2
2 (t) ≤ P1(t) + P2(t) = p(t) < 4

3 = p1,

where P1(t) = 1
1+t2 , P2(t) = sin t

3+cos2 t . So, we have for t ∈ [0,+∞)∫ t

0
‖p(s)‖ds =

∫ t

0
‖P1(s)‖ds+

∫ t

0
‖P2(s)‖ds <∞.

By taking d = 0.23, it follows easily that

(∆C)2(∆F )2∆H

δBδCδF
= 0.072 < d < δA = 0.24333.

d

2∆A′ + 1
2∆B′∆H + ∆C′∆H2 <

d

2∆A′ + 1
2∆B′∆H

= 3.376× 102 <
dδB −∆C∆F∆H

2 = 0.0455.

We have also
δCδF −

∆A + ∆B

2 = 3.9086× 102 > 0.

Thus, all the conditions of Theorem 7 are satisfied.

References
[1] A. U. Afuwape, Ultimate boundedness results for a certain system of third-order nonlinear

differential equations, J. Math. Anal. Appl 97 (1983), 140–150.
[2] A. U. Afuwape, Further ultimate boundedness results for a third-order nonlinear system of

differential equations, Unione Mathematica Italiana Bollettino C. Serie VI 4 (1985), No. 1,
347-361.

[3] A. U. Afuwape and M. O. Omeike, Further ultimate boundedness of solutions of some system
of third-order nonlinear ordinary differential equations, Acta Univ. Palacki. Olomuc., Fac.
rer. nat., Math 43 (2004), 7–20.

[4] A. U. Afuwape and M. O. Omeike, On the stability and boundedness of solutions of a kind of
third order delay differential equations. Applied Mathematics and Computation 200 (2000),
444–451.

[5] T. A. Burton, “Volterra Integral and Differential Equations”, Mathematics In Science And
Engineering V(202) (2005), 2nd edition.

[6] T. A. Burton, “Stability and Periodic Solutions of Ordinary and Functional Differential
Equations”, Academic Press, Orlando, 1985.

[7] T. A. Burton, S. Zhang, Unified boundedness, periodicity and stability in ordinary and
functional differential equations, Ann. Math. Pura Appl 145 (1986), 129–158.

[8] J. O. C. Ezeilo, H. O. Tejumola, Boundedness and periodicity of solutions of a certain system
of third-order nonlinear differential equations, Ann. Math. Pura Appl 74 (1966), 283–316.

[9] J. O. C. Ezeilo, n-dimensional extensions of boundedness and stability theorems for some
third-order differential equations, J. Math. Anal. Appl 18 (1967), 395–416.

[10] J. O. C. Ezeilo, H. O. Tejumola, Further results for a system of third-order ordinary dif-
ferential equations, Atti. Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur 58 (1975),
143–151.



16 Djamila Beldjerd, Lekhmissi Belaib, Moussadek Remili

[11] C. Feng, The existence of periodic solutions for a third -order nonlinear differential equation,
(Chinese), Gongcheng Shuxue Xuebao 11 (1994), No. 2, 113–117.

[12] J. R. Graef, D. Beldjerd and M. Remili, On stability, ultimate boundedness, and existence
of periodic solutions of certain third order differential equations with delay, PanAmerican
Mathematical Journal 25 (2015), 82–94.

[13] J. R. Graef, L. D. Oudjedi and M. Remili, Stability and square integrability of solutions of
nonlinear third order differential equations, Dynamics of Continuous, Discrete and Impulsive
Systems Series A: Mathematical Analysis 22 (2015) 313-324.

[14] J. Haddock, “Stability theory for nonautonomus systems. Dynamical systems”, An inter-
national symposium vol 2, 271–274, Academic press, New Work, 1976.

[15] J. K. Hale, “Theory of Functional Differential Equations”, Springer Verlag, New York, 1977.

[16] F. W. Meng, Ultimate boundedness results for a certain system of third-order nonlinear
differential equations, J. Math. Anal. Appl 177 (1993), 496–509.

[17] M. O. Omeike, Ultimate Boundedness Results for a Certain Third Order Nonlinear Matrix
Differential Equations. Acta Univ. Palacki. Olomuc., Fac. rer. nat., Mathematica 46 (2007),
65–73.

[18] M. O. Omeike, Stability and Boundedness of Solutions of a Certain System of Third-
order Nonlinear Delay Differential Equations, Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica 54(1) (2015), 109–119.

[19] M. Remili, D. Beldjerd, On the asymptotic behavior of the solutions of third order delay
differential equations, Rend. Circ. Mat. Palermo 63(3) (2014), 447–455.

[20] M. Remili, D. Beldjerd, Stability and ultimate boundedness of solutions of some third order
differential equations with delay, Journal of the Association of Arab Universities for Basic
and Applied Sciences 23 (2017), 90-95.

[21] M. Remili, D. Beldjerd, On ultimate boundedness and existence of periodic solutions of
kind of third order delay differential equations, Acta Universitatis Matthiae Belii, series
Mathematics 24 (2016), 1-15.

[22] M. Remili, D. Beldjerd, A boundedness and stability results for a kind of third order delay
differential equations. Applications and Applied Mathematics 10(2) (2015), 772-782.

[23] M. Remili, D. L. Oudjedi,Stability and boundedness of the solutions of non autonomous
third order differential equations with delay, Acta Univ. Palack. Olomuc. Fac. Rerum Natur.
Math. 53(2) (2014), 139-147.

[24] M. Remili, L. D. Oudjedi, Uniform Stability and Boundedness of a Kind of Third Order
Delay Differential Equations, Bull. Comput. Appl. Math 2(1) (2014), 25–35.

[25] M. Remili, L. D. Oudjedi, Stability of the solutions of nonlinear third order differential equa-
tions with multiple deviating arguments, Acta Univ. Sapientiae, Mathematica 8(1) (2016),
150-165.

[26] M. Remili, L. D. Oudjedi, Boundedness and stability in third order nonlinear differential
equations with multiple deviating arguments, Archivum Mathematicum (BRNO) Tomus 52
(2016), 79-90.

[27] M. Remili, L. D. Oudjedi, Boundedness and stability in third order nonlinear differential
equations with bounded delay, Analele Universitãţii Oradea Fasc. Matematica XXIII:1,
(2016), 135-143.

[28] A. I. Sadek, Stability and Boundedness of a Kind of Third-Order Delay Differential System,
Applied Mathematics Letters 16 (2003), 657–662.

[29] A. I. Sadek, On the stability of solutions of certain fourth order delay differential equations,
Applied Mathematics and Computation 148 (2004), 587–597.



Acta Univ. M. Belii, ser. Math. 26 (2018), 3–17 17

[30] H. O. Tejumola, On the boundedness and periodicity of solutions of certain third-order
nonlinear differential equation, Ann. Math. Pura Appl 83(4) (1969), 195–212.

[31] A. Tiryaki, Boundedness and periodicity results for a certain system of third-order nonlinear
differential equations, Indian J. Pure Appl. Math. 30(4) (1999), 361–372.

[32] C. Tunç, and M. Gözen, Convergence of Solutions to a Certain Vector Differential Equation
of Third Order, Abstract and Applied Analysis 2014 Article ID 424512 (2014).

[33] C. Tunç, On the boundedness of solutions of certain nonlinear vector differential equations
of third order, Bull. Math. Soc. Sci. Math. Roumanie (N.S.) 49(97) (2006), No. 3, 291–300.

[34] C. Tunç, On the stability and boundedness of solutions of nonlinear vector differential
equations of third order, Nonlinear Anal 70(6) (2009), 2232-2236.

[35] C. Tunç, On the qualitative properties of differential equations of third order with retarded
argument. Proyecciones 33 (2014), No. 3, 325–347.

[36] C. Tunç, New ultimate boundedness and periodicity results for certain third-order nonlinear
vector differential equations. Math. J. Okayama Univ. 48 (2006), 159–172.

[37] C. Tunç, Boundedness of solutions of a certain third-order nonlinear differential equations.
J. Inequal. Pure and Appl. Math. 6(1) (2005), 1–6.

[38] C. Tunç, On the stability and boundedness of solutions of nonlinear vector differential equa-
tions of third order. Nonlinear Analysis 70, 6 (2009), 2232–2236.

[39] C. Tunç and M. Ates, Stability and boundedness results for solutions of certain third order
nonlinear vector differential equations. Nonlinear Dynam. 45, 3-4 (2006), 273–281.

[40] Y. Zhu, On stability, boundedness and existence of periodic solution of a kind of third order
nonlinear delay differential system, Ann. of Diff. Eqs, 8(2) (1992), 249–259.

[41] T. Yoshizawa, “Stability Theory by Liapunov’s Second Method”, The Mathematical Society
of Japan, Tokyo, 1996.


	Introduction
	Preliminaries
	Stability
	Boundedness
	Square integrability of solutions

