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Abstract

This paper extends some known results on the stability, boundedness and square integrability of solutions
of certain nonlinear vector differential equations of third-order. The Lyapunov’s second method is used
as basic tool in obtaining the criteria for the stability and boundedness of solutions. Example is included
to illustrate the results.
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1 Introduction

The study of the stability and boundedness of ordinary scalar and vector nonlinear
differential equations of third order have received tremendous attention. Many works
have been done by notable authors, for a comprehensive treatment of this subject see
Afuwape [T} 2, 3, 4], Ezeilo [8, 0, [10], Graef [IZ, 3], Remili [19, 20, 2T, 22, 23, 24], 25, 26
27, Tung [32], 33], B4}, B35}, 36}, 37, 38, [39], and the references cited therein.

In 1966, 1983,1993 and 2007 respectively, Ezeilo and Tejumola [§], Afuwape [I],
Meng [I6] and Omeike [I7] investigated the ultimately boundedness and existence of
periodic solutions of the nonlinear vector differential equation of the form

X"+ AX" + BX' + H(X) = P(t, X, X', X"). (1.1)
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Later in 1985, Afuwape [2] demonstrated a result associated with the existence of unique
periodic solution of the vector differential equation

X" 4+ AX" + G(X')+ H(X) = P(t, X, X', X").

In 1995, Feng [11] obtained a result associated with the existence of unique periodic
solution of the similar type equation

X"+ ADX" + B)X' + H(X) = P(t, X, X', X"). (1.2)

In this paper therefore, using Lyapunov’s direct method we obtain criteria for asymptotic
stability, boundedness and square integrability of solutions of the equation

(H(X(0))X'(1))" + AW)X"(t) + B(t)X'(t) + C()F(X (1)) = P(t), (1.3)

in which ¢ € RT and X(¢),P(t) € R™ A, B, and C are continuous n x n symetric
matrices. F : R" — R" with F(0) = 0, and H is a n x n symetric differentiable
and inversible matrix function. Let Jp(X), A'(t), B'(t),C'(t) and H'(X), denote the
Jacoblan matrices corresponding to F(X), A(t), B(t),C(t) and H(X) respectively, that
is, Jr(X) = (82), A(0) = S (ai; (1), B'() = % (bis(1)), C'() = (eis (1), H'(X (1)) =

%(hlj(X(t))v (7’7] = 17 2a ) )5 where (1'1,172, ey n)’ (f17 f27 .. fn) (G’U( ))7 (b7](t))7
(cij(t)) and h;;(X(t)) are components of X, F, A, B,C and H(X ) On the other hand
X(t),Y(t) and Z(t) are, respectively, abbreviated as X,Y and Z throughout the paper.
Additionally, the symbol (X,Y") corresponding to any pair X and Y in R" stands for the

usual scalar product > x;y;, that is, (X,Y) = > xy;.
i=1 i=1
2 Preliminaries

In this section, we present some lemmas that will be used to establish our main results.

Lemma 1. [1,[5,[8,[9,[10,[31] Let D be a real symmetric positive definite n x n matriz.
Then for any X in R™, we have

8al| XVert? < (DX, X) < Ag||XVert?,
where 64, Ag are the least and the greatest eigenvalues of D respectively.

Lemma 2. [1,[3,(8,[9,[10, (51 Let Q, D be any two real nxn commuting matrices. Then,

1) The eigenvalues \; (QD) (i =1,2...,n) of the product matriz QD are all real and
satisfy

min A (Q) A (D) €A (QD) < max A (@) A (D).

1<j,k<n 1<5,k<n

2) The eigenvalues \; (Q + D) (i = 1,2...,n) of the sum of matrices Q and D are all real
and satisfy.

{min & @+ min v (D)} < 3@+ D) < { a3y @+ max v D).

1<j<n =n

Lemma 3. [1, 3, [8, [9, [10, (371, [33] Let H(X) be a continuous vector function with

H(0) =0. Then,
1) CZ(/;(H(UX),X)dU) <H(X),”Zf>.
/ / 1)1 (07 X)X, X)|dodr.

2) /O (C(H)H(0X), X)do
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Lemma 4. [30] Let H(X) be a continuous vector function with H(0) = 0. Then,

11
1) (HX),HX)) = //0(T<JH((TX)JH(O'7‘X)X,X>dO'dT.
2) (C(HH(X),X) = /O (T (0 X)C(#) X, X)do.
3 Stability

We shall state here some assumptions which will be used on the functions that appeared in
equation . Suppose that there are positive constants d 4,9, d¢, 0,0, 0g-1, A, AR,
Ac,Ap,Ay, and Ag-1, such that the matrices A(t), B(t),C(t), H(X), H 1(X) and
Jr(X) (Jacobian matrix of F(X)) are symmetric and positive definite, and furthermore
the eigenvalues X\;(A(t)), \;(B(t)), \i(C(t)), \i(H(X)), \i(H1(X)) and \;(Jp(X))(i =
1,2,...,n) of A(t),B(t),C(t), H(X), H }(X) and Jr(X), respectively satisfy

0<da <N (A(R) <Ay, 0<dg <N\ (H(X)) <Ap,
0<dp <A\ (B(t)) < Ap, 0<dy— <N (H X)) <Ay,
0<5C§)\Z(C(t))§AC7 0<6F§)\(F( ))<AF

Before stating the major theorem, we introduce the following notations

Ht = H(X(t))u
o(t) = (H;')'=—H; 'H{H". (3.1)

We note that equation (|1.3)) is equivalent to the following system
X' =H'Y,
Y' =2, (3.2)
Z'=-A@t)H; ' Z — (A(H)0(t) + B(t)H; " )Y — C(t)F(X) + P(t),

which was obtained by setting

X"=00t)Y + H 'Z (3.3)

In this section, we establish some conditions for the asymptotic stability of all solutions
of (1.3)) in the case P(t) = 0. We begin with the following Theorem.

Theorem 5. In addition to the basic assumptions imposed on the matrices A, B,C, H, H~1
and Jp witch commute pairwise, assume that :

i) Ai(C7) < 0.

2 2
i) % <d<éy.
1) gAA’ + %AB’AH + Ao A2 < 4o — AZCAFAH.
+o00
iv) /0 ’dSHS ds < +00.

Then any solution of is asymptotically stable.
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Proof. Let n a positive constant which will be specified later. We define the Lyapunov
functional W =W (¢, X,Y,Z) as

1 t
W= Vexp (- f/ 10(s)]| ds). (3.4)
nJo
where

vV = d/l(C(t)F(aX),XMa—i—(C(t)KF(X))+;(B(t)HtIY,Y) (3.5)
0

d

+d(H'Y, Z) + §<A(t)Ht_2Y, Y)+ =(Z,2).

1
2
It is clear from (3.5)) that V(¢,0,0,0) = 0. By Lemma |1} we have the following inequality

0pdg—1

(COY, FX)) + S BOHY.Y) > (CWY, F(X)) + (v.Y)

0By 1
= 5lr+

ot
26505

55— P

(C2(H)F(X), F(X)).

Observe that

1 1 d?
d(H'Y, Z) + 5<Z, Z) = 5||Z +dH;'Y|)? — ?<H{2Y, Y).

Hence

! 1

Vo2 d [ (COFEX). X)do - S (CU)F(X). F(X)

2

1
+= (A H;?Y,Y) — %<H;2Y, Y) + 5|\Z + dH; 'Y |2.

R S—

In view of Lemma [3] and Lemma [4] it follows that

(C2(H)F(X), F(X))

IN

1 1
AP IXI [ [ ododr = S(acPar? X,

Y%

1 1 1
1
/(dC(t)F(aX),X}do oo ||X|\2/ / ododr = Sdicir | X
0 0 0

Therefore, since -1 = Al_f we have

1 (Ac)*(AR)? 2
V > —(dédcdp — ————)||X
> g esr — SEEER) I
d —2 1 —1v-12
+§<(A(t)—dI>Ht Y.Y) + 512 +dHYP.

Again, in view of Lemma [I] easily, we obtain that

g((A(t) - dI) H72Y,Y) > g(aA — d)dy-2(Y,Y).
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Hence, according to the last estimates, we obtain

(Ac)*(Ar)*An
0B

1Z + dH Y |2,

d
V. > (décor — ) 11X + 5(5,4 —d)éy—[|Y]?

1
2
4L
2
(Ac)*(Ap)*An

with the coefficients (décép — 5
B

(ii).

Thus, there exists a constant k > 0 small enough such that

) > 0 and (5A —d) > 0 in view of condition

vk (IXIP+ Y12+ )1217) - (3.6)

On applying (3.1)) and condition (iii) there exists positive constant N such that

[no(s)nds /OtHHsl||2
(Ag-1)? /Ot

On combining this last estimate with (3.4) and (3.6) we get

IA

d
£Hs ds

IA

%Hs ds <N, forallt>0. (3.7)

N
W2 V(=) 2 Ko (X + IVI* +112)) (3.8)

with Ko = kexp(f%).

Now, let V t,X,Y,Z) = V denote the time derivative of the functional V (¢, X, Y, Z)
along the trajectories of the system (3.2]). An easy computation shows that

Vigg = G1+ G2+ Gs + Gy, (3.9)
where
G = d /O OB F(0X), X)do + (C(B)Y. F(X)) — (C/(HY. V),
G, = <(ZA’(t) + %B’(t)Ht +C'(HH? — dB(t) + O(t)JFHt>Ht_2Y, Y> :
Gy = (1 - AW 17,2).
G = S(AWPWY,H'Y) + 5 (AWHY.00)Y) + L (BOIDY.Y)

CAUHTYY, AO)Y) — (AOQ)Y, Z) + d{O()Y, Z).

Under the assumption (i) of Theorem [5| we have

2

G, < d/o (C'(t)F(0X), X)do — ‘ CE ()Y — %C’%(t)F(X) + %HF(X)H?

IN

d / O F(0X). X do.
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By Lemma [3] and Lemma [I] we get

1 1 1
Gy < d./o (C (t)F(oX),X}daz/o /0 o[(dC'(t)Jp (o7 X)X, X)|dodT

IN

1 1
/ / O’[<dAclAFX, X>]d0'd7'
o Jo
= dAcAp|XVert® <0. (3.10)
If we take into consideration condition (ii) of Theorem [5] we have that

(Ac)*(Ar)? S AcApAg

0qa>d>
4 PR N 0B
Witch implies
dép — AcApA
M, = B 20 FAH 0,
My, = 7(d7(5A)AH71 > 0.

Clearly, as a result of the assumption (iii) we have

d 1
Gy < (§AA, + 588 Ak + Aoz — dop + ACAFAH>AH_2 Y2
—M[[Y[* <0,

A

and
G3 < (d—04)Ag1||Z|]” = =M, Z||* < 0.

By applying the inequality 2VertuvVert < |[uVert? + |[vVert? we estimate Gy as
follows

Gy = %(B(t)H(t)Y, Y) = (A1)01)Y, Z) + d{6()Y, Z)
< K[o@)[V;

where K = %(%AB + %AA + g)
Bringing together the estimates just obtained for G;(i = 1,2...4) in (3.9) we get

2 2
Ve < —Mi Y] = M| Z) + K 60)] V. (3.11)
From (3.4]), we have
1 —1 [")o(s)llds
W :(v’ — e V)«;nfo' .
A0l
Using l) 1) and choosing 1 = %, we get

2 2\ _—1 ["1o¢s)d
W < (M V17— My [12)7) 5 Jo 10N

Clearly from 1) we have e~ 7 Jone@ s >e .

Hence ) .
Wiz < -L (I +12)1) , (3.12)
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where L = ¢~ min{M;, M5}. In view of 1) and 1) it follow from ([6, Theorem
4.1.14]) that the solution (X (¢),Y (), Z(t)) of (3.2) is stable. Now E = {(X,Y,Z) :
W (X,Y,Z) =0} ={(X,0,0) : X € R"} and the largest invariant set contained in E
is F'={(0,0,0)}. By LaSalle’s invariance principe (see, for example, Haddock [14] )
lim X(t) = tlim Y (t) = lim Z(t) = 0.
—00

t—o0 t—o0

4 Boundedness

Our main theorem in this section is the following boundedness result which is stated with
respect to P(t) # 0.

Theorem 6. Let all the conditions of Theorem[3] be satisfied and in addition we assume
that there exist positive constants p1 and Py such that:
L) [[P@)] < p(t) <p1, VE=0.

L) [ip(s)ds < Pi, Vt>0.
. / .
I3) tli)r&HHtH exists.

Then there exists a positive constant Ps such that any solution X (t) of and their
derivatives X'(t), and X" (t) satisfy

XN < Ps, X' O] < Ps, X" ()] < Ps. (4.1)

Proof. For the case P(t) # 0, on differentiating (3.5)) along the system (3.2]) we obtain

Vg < —U+EK0@IV +dH 'Y, P(t) + (Z,P(t))
< —U+ K0V +p) (dlH Y]+ 12])
<

U+ K001V +p0K: (1Y +1121).
where K7 = max {déy;',1} and U = M; IY|? + M || 2]

By using VertuVert < [uVert® 41, it is clear that

Vigg < —U + K00V +p) K (Y I? + 12) +2). (42)
From (3.4) we have
, , 1 I
Wag = |V 1001V ew (= | l6Gs)]ds). (4.3)

1
Since K — — = 0, it follows that
n

Wi < [0 ORIV + 1217+ 2) ] e (~ 1 [ 1066 ds).
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In view of (3.12) and the fact that

1 t
exp (7 / 16(s)] ds) < 1,

we have X
Wi < —L(|Y]2+ 1 Z]?) + =2p(t) W + Kop(t 4.4
Gz < LAY+l H)+K0p() + Kop(t), (4.4)
with Ko = 2K;. Integrating both sides (4.4) from 0 to ¢, one can easily obtain
t Kl t
W(t)—W(0) < Kg/ p(s)ds+ — [ W(s)p(s)ds
0 Ko Jo
Let
P, =W(0) + KyP;. (4.5)
Thus
W(t) < Po+ — | W(s)p(s)ds
0 Jo
On applying Gronwall inequality we have
Ky [f
W(t) < Pyexp (K (s )ds) <P, (4.6)
where Ps = Ps exp ( P1 Comblnlng ) and , we have
[X@I < P, YO < Py, [|Z2(0)]] < P, (4.7)
where Py = &
Ko
Now, by (3.2) we get
IX'® = [1H Y @)
[E Y ()

ININA

Pyt

According to condition (I3) of Theorem [6] there exists positive constant hy such that

IH}l < ha. (4.8)
So, by (3.1) we have
0N < 1H 2 H < ha(657) = B. (4.9)
In view of (3.2) and (3.3) we have
1X" @)l oY (&) + [1H Z(1)]

<
< (h1 (51}1)2 + 51_{1)134
Therefore, there exists positive constant Ps such that
X)) < Ps, || X'(t)|| < Ps, | X"(t)]| < P5, forall t>0, (4.10)

where Ps = max { (h1 ((5;11)2 —|—(51f11)P47 P4}. This completes the proof of Theorem @ O
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5 Square integrability of solutions

Our next result concerns the square integrability of solutions of equation (|L.3]).

Theorem 7. Let all the conditions of Theorem[5 and Theorem [q satisfied and in addi-
tion we assume that

14) 2506JF — Ay —Ap >0.

Then, every solution X of equation and their derivatives are elements of L*[0, +00).

Proof. Let X (t) be a solution of and define Q(t) = Q(¢, X (¢),Y (t), Z(t)) by

Q) = W(t) + A / (Y ()2 + 12(3)]P)ds. (5.1)

where A > 0 is a constant to be specified later and W(t) is given in (3.4). By differenti-
ating Q(t) and using (4.4) we obtain

Q1) < (A= L)ZWI + IV (1)) + (KW + K2 )p(0).
Taking A — L = 0 and using we get

Q'(t) < K3p(t), (5.2)

where K5 = K1 P; + Ko. Integrating (5.2]) from 0 to ¢, ¢ > 0, and using condition (I5)
of Theorem [ we obtain

t
Q1) - Q(0) = / Q (s)ds < KsP..
0
With (4.5)) and equality Q(0) = W(0) we get
Q(t) < K3Py + P, — Ky Py
We can conclude by (5.1) that

KsPy + P, — Ko P
A )

t
/0 (I Z ()P + 1Y (s)II*)ds <
which imply the existence of positive constants p; and po such that
t t
[ e <m ad [ 2] < e
0 0
Observe that from ((3.2))
> 2 R 2
| oixera = [y as

< [ lE P v P

< (AH—l)zul =1 < o0. (53)
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On the other hand, using (4.9) and (3.3) we obtain
t t t
/0 1X7(s)|2ds = / V212 (s)|%ds + / 1)1 ()]s

+2/0 (0(s)Y (s), H; ' Z(s))ds

IN

(A2, + BA )/t|Z( 2
2+ BAp R
0

t
(B + fAy) / 1 (s) | 2ds
M(ul + IJQ) =y < o0, (54)

where M = max A%,l + BAy-1, 5%+ ﬁAH_l}.
Next, multiply (1.3) by X (¢) and integrate by parts from 0 to ¢ all the terms on the LHS

of (|1.3]) obtaining

IN

/O (C(s)F(X(5)), X (s))ds = I(t) + J (1), (5.5)

—(H;X'(t) + HX"(t), X (t)) + (H:X'(t), X' (t)) — /t<HsX’(s),X”(s)>ds + kq,

~
—

o~
~

I

J(t) = /O<(—A(8)X”(8)—B(S)X'(S)+P(S))7X(8)>>d87

ki = (HpX'(0),X(0)) + (HoX"(0), X(0)) — (HoX'(0), X"(0)).

Using and (4.10) we get
| (X () + H X" (6, X(0) + (H X0, X'0) | < P2(h+285)

It is clear that
t AH t
/ (HX'(5), X" (s)ds < S| (X)) + X7 ()2 ds.
0 0

A
< TH(ll +1) =1s.

Hence
1(6) <ls + PE(hy + 280 )+ | 1 = L. (5.6)
By using assumption (I3) of Theorem @ Lemma |1} and inequality 2uv < u? 4 v?, we get

Ay (1

o< 5 (1% 4 X (5)? ) s + 22 /Ot(||X'2+||X<s>|2)ds

t
P, / |P(s))|ds
0

IN

Aa+Ap [*
o+ S22 [ x(|Pas, 5.7
0
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A A
where [5 = TAZQ + TBll + P P;. By Lcmmawc have

(COF(X (1), X (1) = dcdsp | XD

Thus, (5.6)), (5.7) and condition (I4) imply that

t
/ IX ()% ds < o,
0

2(ly +1
( 1 5) . This fact completes the proof of Theorem. O

2505JF — (AA + AB)

where [y =

Example 8. As a special case of the following equation

(H(X(0))X'(1)" + A0 X"(t) + B{)X'(t) + C()F(X (1)) = P(t) (5.8)
where
- x (1) ~( 0.2arctanz
X = (y(t))’ F(X)_( 0.16y >’
_ e 0 _( haa(x(t)) 0
Tr(X) = ( 0 0.16>’Ht_( 110 fm(y(t)))’
o = (B ). A= ()
and
~0.02 / sin(x(t))
) = =5 (i gz )
0.02 cos( (t))

Clearly, H (X),A, B and Jp (X) are diagonal matrices, hence they are symmetric and
commute pairwise. Then, by an easy calculation, we obtain eigenvalues of the matrices
H, A, B, C and Jp(X) as follows:

o = %SM(H):%(% ),
Ao (H) = %(%M) <0.02 = Ay,
54 = 024333 < Ay (A1) = %cost+3 AQ(A(t)):esli;t+%§0.52183:AA,
55 = 05<\(B() = SIZH%, /\Q(B(t)):e_;—i-;gl:AB,
o = BE<M(CH)=e 215, A (C() = +5<6= A,
Sr = 35 =M URX), A (R(X) = iy < o5 = A,
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A simple computation gives

cost

M (A1) = —13—0 sint, A (A'(t) = 0 esint < 1—60 = A,
M(B() = —te X (B'(t)) = _TSt < i — A,
M(C(1) = =27, A (C'(t) = =" <0 =Ac.
A trivial verification shows that H is nonsingular matrix and we have
d o Lhi(2(t)) 0
dth N < ‘ 0 L haa(y(t)) ) ’
where
d _0.02 7 cos(z(t))  2x(t)sin(z(t)) 4
&hu(x(t)) = 6 ((1+x2(t)) (1—|—x2(t))2 ) (1),
d _0.02 /—sin(y(t))  2ycos(y(t))y ,
&m0 = (T ) O
Thus J J
I = max { | o) | Grastuton)] | = 00,
and

1)l <

52 D(t), forallt>D0.

A straightforward calculation give

t t
/||0(5)Hds < 2.25><104/ D(s)ds
0 0

t
= 225x 104/ max{ ’dhu(ﬂc(s))
0 ds

t
.02
2.25><104/ 0.0
0

6
N /t 0.02
0 6
w2 (t)
300 /
wl(t)
w2(t)
T / (
w1 (t)
+o00
< 300 /
— 00

= 150(7 +2),

halulo)| bas

)

ds

(cosx 7 Q:vsinx) /(s)
L+22 (14 22)°

IN

(fsiny_ 2ycosy) ()| ds

L+ (1492

IN

(

cosu 2usinu
T+u? (14 u2)?

—sinwv 2v cosv
L+v2  (1402)°

)dv

+oo
du + /
— 00

1442+ 2u
(1+u2)?

1442 +2u
(1+u2)?

where

w1 (t) = min{x(0), z(¢)}, wa(t) = max{z(0), z(¢)},




Acta Ungv. M. Belii, ser. Math. 26 (2018), 3-17 15

and
¢1(t) = min{y(0), y(?)}, p2(t) = max{y(0),y(t)}.
Now, it is easy see that
1P = /PR + P20 < Pulo) + Patt) = p(0) < 5 = 1,

where Py (t) = H-%’ Py(t) = 3+Sf£st%. So, we have for t € [0, +00)

/0 Ip(s)l1ds = / 1Py(s)llds + / 1Py (s)]|ds < oo.

By taking d = 0.23, it follows easily that
(Ac)*(Ap)*An
0pdcip
d 1 d 1
iAA/ + iAB/AH + A A2 < §AA/ + iAB/AH

dép — AcArpAg
2

=0.072 <d < 64 =0.24333.

=3.376 x 10% < = 0.0455.

We have also A A
Scbp — % = 3.9086 x 102 > 0.

Thus, all the conditions of Theorem [7] are satisfied.
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