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Abstract

We present a survey of selected new results about graceful labellings of graphs which were published
during the last seven years. Among them a proof of famous Ringel-Kotzig Conjecture from the 1960s,
which for “large” trees was announced in February 2020, has a prominent role. Many of the new results
are complemented by our own representations of the discovered graceful labellings of graphs via their
graph chessboards and labelling tables. The aim of creating these representations has been to provide
an extra value of visualization, in particular to allow seeing better a pattern of the graceful labelling in
graph chessboards or in labelling sequences.
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1 Introduction

The study of graph labellings started in the late 1960s. Since then a lot of methods and
techniques on graph labellings have been studied in almost 3000 research papers, surveys
and theses. The best source of information on results concerning the graph labellings is
the electronic book Dynamic Survey of Graph Labeling by Gallian [I0]. Our survey is
mainly, though not entirely, based on the information provided in this book.

The history of the study of graph labellings began with a problem on decompositions
of a complete graph into trees. In 1963 Ringel conjectured at a conference in Smolenice,
Slovakia [40] that for any tree of size m the complete graph Ko,,+1 can be decomposed
into 2m + 1 copies of the given tree. Kotzig conjectured (as far as we know at the
same conference) that this decomposition can be cyclic. A proof of the Ringel-Kotzig
Conjecture has recently been announced in [32] for large trees. (By “large” is meant that
the size of the tree is comparable with the size of the complete graph.)
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With the aim to give a better insight to the Ringel-Kotzig Conjecture, in 1965 Rosa
in his dissertation [42], and two years later in his seminal paper [43], defined four new
labellings of graphs: «, 3,0, p. Here « is the strongest and p is the weakest labelling.
A graph with m edges has a (-labelling if its vertices can be assigned different labels
from the set {0,1,...,m} such that the absolute values of the differences in the vertex
labels between adjacent vertices form exactly the set {1,...,m}. Later on Golomb [12]
called (-labellings graceful labellings and the graphs possesing graceful labellings are
called graceful graphs. The famous Graceful Tree Conjecture stated by Rosa in [42] and
[43], which implies the Ringel-Kotzig Conjecture, says that every tree is graceful, that is,
every tree can be gracefully labelled. The conjecture, due to its close relationship with
the Ringel-Kotzig Conjecture, which we explain later on, is known also as the Ringel-
Kotzig-Rosa Conjecture (see also [32, Conjecture 8.1]).

In this survey of recent developments on gracefulness of graphs we mapped selected
new results on gracefully labelled graphs over the last seven years. We divided these
results into four sections. The first section relates to the mentioned recent proof of the
Ringel-Kotzig Conjecture for large trees and explains some background related to it.
The second section informs about selected new results on gracefulness of certain trees,
among them specific trees of diameter six, spider graphs, symmetrical trees and specific
caterpillars and lobsters. The third section focuses on recent results on graceful cyclic
graphs such as linear cyclic snakes, certain cycle related graphs, unicyclic graphs and
corona product of an aster flower graph. The last section is about recent results on
graceful subdivisions of selected graphs such as complete bipartite graphs and wheels.
We finalize our survey with so-called shell and bow graphs.

Most of the presented results are complemented by our own representations of the
given graceful labelling of a graph by its simple chessboard, labelling relation and labelling
sequence. They have been created in order to provide the extra value of visualization and
to allow seeing better a certain pattern in the graceful labelling. These representations
have not been done in each case, only when the corresponding simple chessboards to the
graceful graphs have reasonable sizes enabling their presentations (considering up to 45
vertices). The diagrams of the presented gracefully labelled graphs were taken from the
original papers or created, by applying the formulas for the graceful labellings provided
in the papers, with the help of a Graph processor — a computer program which was
developed by and is presented in Haviar and Ivaska [I7, Chapter 7).

2 Preliminaries

We note that all basic concepts and facts in this chapter concerning graphs are taken
from [I7] and [29].

By a graph in this paper we mean what is called a simple graph, that is, an undirected
finite graph without loops and multiple edges. To denote the vertex set of some known
graph G, we use the symbol Vs and to denote the edge set of some known graph G, we
use the symbol Eg.

The order of a graph G is the number of vertices in G. The size of a graph G is the
number of edges in G.

Definition 2.1. ([I7, Definition 1.2.1]) A vertex labelling f of a graph G is a mapping
of its vertex set Vi into the set of non-negative integers (which are called vertex labels).

Throughout our survey by a labelling we mean a vertex labelling. If f(u), f(v) are
the labels of vertices u, v respectively, then the number |f(u) — f(v)| will be called an
induced label of the edge uv in the labelling f. Assigning to every edge uv € Eg the
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induced label of the edge uv in the labelling f naturally yields the usual understanding
of the labelling f as acting also on the set Fg of the edges of G.

The following two labellings play an important role with respect to the Ringel-Kotzig
Conjecture and the Graceful Tree Conjecture.

Definition 2.2. ([IT, Definition 1.2.5]) Let G be a graph of size |Eg| = m and let f be
its one-to-one labelling. Then f is called a p-labelling if

1. f(Vg) €{0,1,...,2m}, and
2. f(Eq) = {z1,22,..., @}, where z; = i or z; = 2m+1—i, foralli € {0,1,...,m}.

Definition 2.3. ([I7, Definition 1.2.3]) Let G be a graph of size m and let f be its
one-to-one labelling. Then f is called a graceful labelling (in the old terminology a
B-labelling) if

1. f(Vg) €{0,1,...,m}, and
2. f(Eg)=11,2,...,m}.
The Ringel-Kotzig Conjecture ([40], [43]) says:

Conjecture 2.4. (Ringel-Kotzig Conjecture): For any tree of size m the complete
graph Ko,,4+1 has a cyclic decomposition into 2m + 1 copies of the given tree.

Tt is important to note that Rosa showed ([42], [43]) that the Ringel-Kotzig Conjecture
is equivalent to the existence of the p-labelling of every tree.
The Graceful Tree Conjecture, which is due to Rosa ([42], [43]) says:

Conjecture 2.5. (Graceful Tree Conjecture): All trees are graceful.

In Figure [I] we see an example of a graph with its graceful labelling.

Figure 1. An example of a gracefully labelled graph

Since the p-labelling is weaker than the graceful labelling, it follows immediately that
the Ringel-Kotzig Conjecture is weaker than the Graceful Tree Conjecture.

In 2016 the authors of [2] proved that the Graceful Tree Conjecture holds asymptoti-
cally for trees of maximum degree at most ->—. Almost all studies on the graph labellings
since the 1960s have been devoted to the graceful labellings and to the Graceful Tree
Conjecture, and its elder cousin, the Ringel-Kotzig Conjecture, and the corresponding
p-labellings of trees, have received much less attention. However, recent progress has
been mainly made on the Ringel-Kotzig Conjecture as we shall see in Section

In [I7] the second author of this survey together with his former student Ivaska
described the idea that every labelled graph of order n can be visualized by a simple
chessboard (called also a graph chessboard or just a chessboard). It is a table with n rows

and n columns, in which every edge uv is represented by a pair of dots with coordinates
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[u,v] and [v,u]. (In Figure |2 we see a graph and its corresponding chessboard.) One can
also obtain such a graph chessboard using the adjacency matrix of a graph by placing
dots to the cells corresponding to “ones” in the matrix.
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Figure 2. A graph and its corresponding chessboard

Let G be a graph whose vertices are labelled by distinct numbers from the set
{0,1,2,...,n—1}. Consider a chessboard of size n, i.e. table with n rows and n columns.
Let the r-th diagonal (or the diagonal with value r) be the set of all cells with the coor-
dinates [i, j] where i — j = r and ¢ > j. The 0-th diagonal is called the main diagonal of
the chessboard and the other diagonals are called associate diagonals. We do not need
to consider the diagonals “above” the main diagonal, since the chessboard is symmetric
with respect to the main diagonal.

A simple chessboard will be called graceful if there is exactly one dot on each of its
associate diagonals.

Example 2.6. In Figure [3| we see a graceful labelling of a graph G and its coresponding
chessboard. We can clearly see the gracefulness of the graph because on each of the
associate diagonals there is exactly one dot.
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Figure 3. Graceful labelling of graph G and its graceful chessboard

Each gracefully labelled graph can be represented by labelling sequence, whose concept
was introduced by Sheppard in [55]. He proved there that there is unique correspondence
between gracefully labelled graphs and labelling sequences. In [I7] Haviar and Ivaska
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introduced and studied the graph chessboards and labelling relations, and showed a one-
to-one correspondence between these two concepts and the labelling sequences. Let us
now give more details on this.

Definition 2.7. ([55], |[I7, Definition 3.1.1]) For a positive integer m, the sequence of
integers (41, j2, .- -, Jm), denoted (j;), is a labelling sequence if

0<ji<m-—i forallie{l,2,...,m}. (LS)

The labelling sequences can be understood as a tool to encode graceful labellings
of graphs. The correspondence between gracefully labelled graphs (without isolated
vertices) and the labelling sequences is described in the following theorem.

Theorem 2.8. ([55], [I7, Theorem 3.1.2]) There is a one-to-one correspondence between
graphs with m edges having a graceful labelling f and between labelling sequences (j;)
of m terms (entries). The correspondence is given by

jLZmlH{f(u),f(’U)}, (&S {1,2,...,771},
where u, v are the end-vertices of the edge labelled 1.

Since the graceful simple chessboards also encode gracefully labelled graphs, it is
natural that also the following result holds:

Proposition 2.9. ([I7, Proposition 3.1.3]) There is a one-to-one correspondence between
all graceful simple chessboards and all labelling sequences.

Now we turn to the concept of a labelling relation which is the third main tool of [I7]
to encode gracefully labelled graphs.

(1[2]3[4]5]6[7[8]9[10]
2[1[5[1]0]2]1]0
1755107710 1010

Figure 4. The labelling table of graph G above

Definition 2.10. ([I7) Definition 3.5.1]) Let L = (41, jo2, - - -, jm ) be a labelling sequence.
Then the relation A(L) = {[j;,j; +4,¢ € {1,2,...,m}} is called a labelling relation
assigned to the labelling sequence L.

From the book [I7] we also use the concept of a labelling table to visualize a labelling
relation (for particular case see Figure 4| above and for a general case see Figure below).

1 [ 2 [ 3 J...] m |
J1 J2 Js Jm
Jji+1 | ge+2 | 53+3 | ... | jm+m

Figure 5. Displaying a labelling relation in a table (taken from [I7, Figure 3.3])

The table header contains the numbers 1,2, ..., m. The numbers from the labelling
sequence are situated in the first row and the sums of numbers from the heading and the
first row are in the second row. The pairs from first and second row in each column are
then the elements of the labelling relation (and also the edges of the graph).
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3 Proof of Ringel's Conjecture for large trees

As we mentioned, the history of the study of graph labellings began with a problem on
decompositions of the complete graph into trees. This led to the Ringel’s Conjecture
that for any tree of size n the complete graph Ko, 11 can be decomposed into 2n + 1
copies of the given tree [40]. As also mentioned, Kotzig strengthened the conjecture by
claiming that this decomposition can be cyclic.

In the area of the conjecture only some partial general results have been achieved
for almost six decades. As already mentioned, Rosa (cf. [42], [43]) showed that the
Ringel-Kotzig Conjecture is equivalent to the existence of the p-labelling for any tree.
Hence the existence of the stronger graceful labelling for any tree, thus the Graceful Tree
Conjecture, implies the Ringel-Kotzig Conjecture.

In February 2020, Montgomery, Pokrovskiy and Sudakov published in arXiv a proof of
the Ringel-Kotzig Conjecture [32] for large trees, where the size of the tree is comparable
with the size of the complete graph. In their proof they used a language of rainbow
subgraphs, which describe the p-labellings.

Definition 3.1. ( [32, page 2] ) A rainbow copy of a graph H in an edge-coloured
graph G is a subgraph of G isomorphic to H whose edges have different colours.

The Ringel-Kotzig Conjecture is implied by the existence of a rainbow copy of every
tree T of size n in a so-called near distance colouring of the complete graph Koy, 11:

Definition 3.2. (|32, page 2]) Let {0, 1, ..., 2n} be the vertex set of Kg,1. Colour the
edge ij by colour k, where k € {1,...,n}, if either i = j + k or j = i + k with addition
modulo 2n + 1. This is called the near distance (ND) colouring.
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Figure 6. Left is a distance and right the ND-colouring of K1; (taken from [I6])

Example 3.3. ([I6]) Let us consider the complete graph Ky; of order 11. We color the
edges the way that edges of the same distance have the same colour. The distance is
defined as the number of edges of circuit we need to move from one vertex to another.
No shortcuts through the inside of the circle are allowed (see Figure @ We always
have two options, but we choose the shorter one. Now color the edges of the graph
considering distance. All edges connecting vertices of distance 1 paint, say, by blue. All
edges connecting vertices of distance 2 paint, say, by yellow. Etc. (See Figure @) On
the complete graph of order 2n + 1 we need n different colors to paint the whole graph.

Kotzig realized that this colouring can be helpful to place a given tree over the
complete graph. By a placement of a rainbow copy of the tree is meant to position
the tree so that every edge of the tree has different colour (see Figure @
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o}

Figure 7. A rainbow copy of a tree (taken from [16])

If the ND-colouring of Ks, 41 contains a rainbow copy of a tree T', then K5, 1 can be
decomposed into copies of T' by taking 2n + 1 cyclic shifts of the original rainbow copy.
This idea and Ringel’s Conjecture motivated Kotzig to conjecture that the ND-colouring
of Ko,41 contains a rainbow copy of every tree of size n. It is important to note that a
rainbow copy of a tree T with vertex set {0,1,...,n} in the ND-colouring of Ka,1 is
equivalent to a graceful labelling of the tree T

Montgomery, Pokrovskiy, and Sudakov already in 2019 [33] gave a new approach
to embedding large trees (with no degree restrictions) into edge-colourings of complete
graphs, and used this to prove the Ringel’s Conjecture asymptotically. In [32] they further
developed and refined their approach, combining it with several critical new ideas to prove
Ringel’s Conjecture for large complete graphs:

Theorem 3.4. ([32, Theorem 1.2]) For every sufficiently large n the complete graph
Ky, 41 can be decomposed into copies of any tree with n edges.

In [32] the authors, instead of working directly with tree decompositions or studying
graceful labellings, proved for large n that every ND-coloured complete graph Kop,11
contains a rainbow copy of every tree of size n:

Theorem 3.5. ([32, Theorem 2.1]) For sufficiently large n, every ND-coloured Ko, 11
has a rainbow copy of every n-edge tree.

Then they obtain a decomposition of the complete graph by rotating one copy of a
given tree. Hence this gives a proof of the whole Ringel-Kotzig Conjecture for large n.

The proof approach of the authors of [32] builds on ideas from the previous research
on both graph decompositions and graceful labellings. From the work on graph decompo-
sitions, their approach is inspired by randomized decompositions and so-called absorption
technique. The rough idea of the method of “absorption” is as follows (cf. [32]):

(1) Before the embedding of a tree T prepare a template which has some useful prop-
erties.

(2) Find a partial embedding of the tree T with some vertices removed such that it
does not use the edges of the template.

(3) Use the template to embed the remaining vertices extensively since then.

This idea was introduced by Ro6dl, Rucinski and Szemerédi [41]. Also the proof of
Ringel’s Conjecture for bounded degree trees is based on this method [23].
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From the work on graceful labellings, the proof approach of [32], when dealing with
trees with very high degree vertices, is based on a completely deterministic approach
for finding a rainbow copy of the tree. This approach heavily relies on features of the
ND-colouring and produces something very close to a graceful labelling of the tree. Their
theorem is the first general result giving a perfect decomposition of a graph into subgraphs
with arbitrary degrees. All previous comparable results placed a bound on the maximum
degree of the subgraphs into which they decomposed the complete graph. Hence all these
techniques encounter some barrier when dealing with trees with arbitrarily large degrees.
Having overcome this “bounded degree barrier” for Ringel’s Conjecture, the authors of
[32] hope that further development of their techniques can help overcome the “bounded
degree barrier” also in other problems (cf. [32, page 3]).

The authors of [32] in their concluding remarks return to two other conjectures, the
first one is the Graceful Tree Conjecture. They mention that this conjecture was proved
for many isolated classes of trees, among them caterpillars, trees with at most 4 leaves,
firecrackers, all trees with diameter at most 5, symmetrical trees, trees with at most 35
vertices, and olive trees (see [10]). They also mention that the Graceful Tree Conjecture is
known to hold asymptotically for trees of maximum degree at most % [2]. But as they
emphasize, solving the Graceful Tree Conjecture for general trees, even asymptotically,
is still wide open.

The second conjecture the authors of [32] mention in their concluding remarks is the
Tree Packing Conjecture ([13], [32, Conjecture 8.2]):

Conjecture 3.6. (Tree Packing Conjecture) Let Ty,...,T,, be trees with |T;| = ¢
for each i € {1,...,n}. The edges of K, can be decomposed into n trees which are
isomorphic to 11, ..., T, respectively.

In 2018 this conjecture was proved for bounded degree trees by Joos, Kim, Kiihn
and Osthus [23], but in general it is also wide open. The authors of [32] remark that it
would be interesting to see if any of their techniques could be used here to make further
progress on the Tree Packing Conjecture.

4 Recent results on graceful trees

4.1 Diameter six trees

In [19] Hrnciar and Haviar proved that all trees of diameter five are graceful, which is
still the best result on gracefulness of all trees with a bounded diameter. Mishra and
Panigrahi in [30] and [3T] gave a new class of graceful lobsters obtained from diameter
four trees. Based on their techniques, in 2015-2017 Mishra and Panda [36] found graceful
labellings for some new classes of diameter six trees [34], [35] and [36]. We briefly present
the main results of [36].

Definition 4.1. (|36, Definition 1.2] ) A diameter six tree can be represented as
(ap;a1,a2, ..., am;b1,ba, ..., by 1, ca, ..., ¢ ), where ag is the center of the tree; a; for
i=1,2,...,m; b for j =1,2,...,n, and ¢; for k = 1,2,...,r are the vertices of the
trees adjacent to ag such that each a; is a central vertex of some diameter three tree,
each b; is the central vertex of some star, and each c¢;, is some pendant vertex.

We note that in the above definition the authors mistakenly wrote in [36] that “cach
a; is the center of some diameter four tree” while above we correctly write “each a; is
a central vertex of some diameter three tree” (meaning by a; that of the two central
vertices that is adjacent to ag). Also the authors mistakenly wrote in [36] the following:
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Figure 8. A diameter six tree (a corrected figure from [30])

“It is readily observed that for a diameter six tree with the above representation there
are at least two neigbours of ay which are the centers of diameter four trees.” It should
be corrected such that “there are at least two neighbours of ag which are central vertices
of diameter three trees”.

In summary, in [36] graceful labellings were given for new classes of diameter six trees
in which the diameter three trees adjacent with the center ag consist of six different
combinations of odd, even, and pendant branches.

Example 4.2. In Figure[J] we see a diameter six tree Dg with its graceful labelling found
by Mishra and Panda in [34]. The size of the graph is 90, the degree of ag is 11.

41 - ) 74
6l ~
38,
8 29 1 2 A, 7

27 23
64
47 23

L B

Figure 9. Dg of order 91 (taken from [34] Figure 2(b)])
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4.2 Spider graphs

In the early 1980s graceful labellings were found for all spider graphs with three or four
legs [20]. Ten years ago it was proved in [5] that a spider graph for which the lengths of
all legs (paths from the center to a leaf) differ by at most one is graceful. In 2014 in [21]
some other classes of spiders were shown to be graceful, too.

Definition 4.3. A tree with at most one vertex of degree greater than two is called a
spider, and this vertex is called a branch vertex. A path from the branch vertex to a
leaf is called a leg of the spider.

Let us denote by Sy, (m1,ma, ..., my) the spider with n legs such that n > k and the
legs have lengths one except for k legs of the lengths mq,mo, ..., mg, where m; > 2 for
alli=1,2,... k.

Figure 10. A graceful labelling of a spider Ss(2,4, 3)

In 2016 in [37] graceful labellings were found for all spiders with at most four legs of
lengths greater than one.

012345678 91011121314

(1]2[3[4]5[6]7[8][9 1011 ]12]13]14]
3[3[s5 221111 [1[1]1]17]0O
als5]8]6]7]7[8[9f10[11[12[13[14[ 14

Figure 11. The representations of the gracefully labelled spider Ss(2,4, 3)
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Example 4.4. In Figurewe see a gracefully labelled spider graph Ss(2, 4, 3) of order 15
with 8 legs with lengths 2,1,1,1,1,1,4,3. The branch vertex has label 1. Below the graph we
added in Figure[l11]also the simple chessboard and the labelling relation of this gracefully
labelled graph. We see that the labelling sequence is (3,3,5,2,2,1,1,1,1,1,1,1,1,0).

4.3 Symmetrical trees

5 Rz =F 1 2 3 14 15 16 10 11 12 23 24 25 19 20 21
Figure 12. A symmetrical tree (taken from [45, Figure 3])

A rooted tree is known as a tree with a countable number of vertices, in which a
particular vertex is distinguished from the others and called the root.

] ]
012345678 9101M1213141516171818202122232425 2627

1123|4567 (8]9]10f11]12]13| 14
31131139 (12117109 |18 8| 8 | 8| 8| 4
14 |15 (16 | 13 | 17 | 17 | 17 | 17 | 27 | 18 | 19 | 20 | 21 | 18

15116 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27
7165944140321 |01]0
22 1222227 |23 |24 |25 |22|26 26|26 | 26|27

Figure 13. The representations of the symmetrical tree

For a given vertex, a number of vertices in the path from the root to this vertex is
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called the level of the vertex. A symmetrical tree is a rooted tree with k levels, where
every level contains vertices of the same degree.

In [38] an algorithm for graceful labelling of symmetrical trees was given. In 2018
Sandy, Rizal, Manurung, and Sugeng [45] gave an alternative construction of graceful
symmetrical trees.

Example 4.5. In Figure [12] we see a symmetrical tree with graceful labelling. Again,
below the graph we added in Figure [I3] the simple chessboard and the labelling re-
lation of this gracefully labelled graph. One can see that the labelling sequence is
(13,13,13,9,12,11,10,9,18,8,8,8,8,4,7,6,5,9,4,4,4,0,3,2,1,0,0). Here we very well
see that creating the graph chessboard provides an extra value of visualization to the
graceful labelling, and enables us seeing better a certain pattern of the graceful labelling
in the graph chessboard.

4.4 Caterpillars and lobsters

Definition 4.6. ([I7, page 72]) A caterpillar is a tree with the property that the
removal of its vertices of degree one leaves a path.

Figure 14. Example of a caterpillar
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77 20 G 123
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106 & 92
107 :%17

o4
95
101
194 97 &J(} 102
105 08 96

.

Figure 15. A graceful labelling of a tree (taken from [58, Figure 9])

By combining known graceful trees one can construct larger graceful trees. This idea
was used by Sethuraman and Murugan [58] in 2016 and they constructed graceful trees
from caterpillars in a specific way. An example of a gracefully labelled tree obtained from
caterpillars by their method is seen in Figure Also in this case the representations by



Acta Univ. M. Belii, ser. Math. 28 (2020), 39-65 51

the simple chessboard, the labelling relation and the labelling sequence would be possible,
but we do not provide them here due to the enormous size of the graph.

Definition 4.7. ([47, Definition 1.2]) For each vertex v of a graph G, take a new vertex
v’ and join v’ to all vertices of G adjacent to v. The graph thus obtained is called the
splitting graph of G and denoted S’ (G).

Sekar in [48] found graceful labellings of S’(P,) for all n (where P, is a path) and
S'(Cy) for n =0,1 (mod 4) (where C,, is a cycle). A gracefulness of the splitting graph
of a bistar and a star was proved in [57]. Latest result from 2017 is proved in [47] and it
says that the splitting graphs of caterpillars are graceful.

Figure 16. A graceful labelling of a splitting graph (taken from [47, Figure 3])

Example 4.8. In Figure [16| we see an illustration of a splitting graph constructed to a
caterpillar by the above definition and its graceful labelling according to [47].
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Figure 17. The chessboard of the splitting graph

And in Figures and we added its representations by the simple chessboard
and the labelling relation, respectively. The labelling sequence of this gracefully labelled
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splitting graph (‘split’ according to the labelling table below) is
(27,25,24,22, 22,20, 20, 18,18, 16, 16, 15, 16, 16, 16,
15,16, 15,16, 16,15,14,13,12,11,9,9,7,7,5,5, 3, 3,
1,1,0,1,1,1,1,0,1,0,1,0).

1 2 (3|45 |6 |7 |8 |9 |10|11|12]13 |14 |15
2712512412222 120 20|18 |18 |16 |16 | 15 | 16 | 16 | 16
28 | 27 | 27 | 26 | 27 | 26 | 27 | 26 | 27 | 26 | 27 | 27 | 29 | 30 | 31

16 | 17 | 18 | 19| 20 | 21 | 22 | 23 | 24 | 25| 26 | 27 | 28 | 29 | 30
15116 15|16 |16 |15 |14 |13 |12 |11 | 9 | 9 | 7| 7 | b
3113333 |35]36 |36 |36 36|36 |36|35]|36|35|36] 35

3113233343536 |37 38|39 |40 |41 |42 |43 |44 | 45
51 3|3 |1 1701 1j1{1}j0}1]0]|1]O0
36 | 35 | 36 | 35| 36 | 36 | 38 | 39 | 40 | 41 | 41 | 43 | 43 | 45 | 45

Figure 18. The chessboard of the splitting graph

Definition 4.9. ([I0]) A lobster is a tree with the property that the removal of the
vertices of degree 1 leaves a caterpillar.

1110 9 5 3 7 6 2 1

7
15 14 18 16 24 23 22 20 19

25

Figure 19. A graceful labelling of a lobster (taken from [I1, Figure 18])

Bermond in [7] conjectured that all lobsters are graceful. Then Ghosh in [I1] gave
some methods how to join graceful graphs and graphs with the a-labeling. He defined
three special classes of gracefully labelled lobsters. In 2015 Krop in [27] showed graceful-
ness of each lobster that has a perfect matching that covers all but one vertex. Some new
constructions of graceful classes of caterpillars and lobsters were given in 2018 in [56] by
Suparta and Ariawan.

Example 4.10. In Figure we see an example of a gracefully labelled lobster. We
added its representations by the simple chessboard and the labelling relation that are
seen in Figure The labelling sequence representing this gracefully labelled graph is
(12,11,10,9,12,8,8,5,12,7,6,4,12,4,2,1,8,3,0,0,4,0,0,0,0).
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Figure 20. The representations of the gracefully labelled lobster

5 Recent results on graceful cyclic graphs

5.1 Linear cyclic snakes

29 25 21 17

Figure 21. The graceful labelling of (2,4)C4 (taken from [3 Figure 3] and corrected)

Recalling briefly a history of linear cyclic snakes, we start with Barrientos who in [6]
gave graceful labelings of cyclic snakes. Rosa in [44] glued together triangles in a special
way and called it a triangular snake.

In 2015 Badr proved gracefulness of linear cyclic snakes (1,k)Cl4, (2,k)C4, (1,k)Cs
and (2,k)Cs and showed that every linear cyclic snake of type (m,k)C, for m = 0
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(mod 4) and m = 3 (mod 4) is graceful [3].
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8|8 | 8| 8|44 |4 |4 4| 4|4]4|0|0]0]0O0
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Figure 22. The representations of the gracefully labelled linear cyclic snake

We notice that the way Badr in [3] defined his “linear cyclic snakes” is rather badly
written and hardly understandable. That is why we do not present his definition and try
to explain the notation (m, k)C,, in our own words via the example below.

Example 5.1. In Figure [21| we see a linear cyclic snake (2,4)Cy obtained by joining 4
copies of Cy graphs in such a way that each of them contains inside an another copy of
Cy.

This graph is gracefully labelled. We added its representations by the simple chess-
board and the labelling relation which can be seen in Figure The labelling sequence
representing this gracefully labelled graph is

(16,16,16,16,12,12,12,12,12,12,12,12,8,8,8,8,8,8,8,8,4,4,4,4,4,4,4,4,0,0,0,0).

This is an excellent example where one can see that creating the graph chessboard pro-
vides the mentioned extra value of visualization to the graceful labelling, and allows to
see, very clearly in this case in the graph chessboard, the pattern of the graceful labelling.

5.2 Cycle related graphs
Let C}, be a cycle of length n.
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Definition 5.2. ( [59] Definition 1.1] ) A chord of the cycle is an edge connecting two
non-neighbouring vertices of the cycle.

4ivy)

A“]\\\\_Ll

Ofwa) 1{vy)
37 38
3Tivs) 39(vy)
3 32
o(vs) T(va)
25 26
Ilvs) 33(vs)
19 20
12(v5) 13(vg)
13 14
23(v1) 27(vy)
7 B
18(vs) 19(vs')

\\4 3 /
2 \?/
2vq)

Figure 23. Graceful labelling of Cfy , (taken from [59, Figure 4])

Recalling briefly a history of cycle related graphs, we start with Rosa, who in [43]
showed that a cycle C,, is graceful if and only if n = 0 or 3 (mod 4). Later the authors
of [8] proved gracefulness of a cycle with a chord. The authors of [25] proved that each
cycle with Ps—chord is graceful and conjectured that, more generally, each cycle with
P —chord is graceful. (We recall that a cycle with a Pg-chord is a cycle with the path
Py, joining two nonconsecutive vertices of the cycle.)

The mentioned conjecture was proved in [39] for all & > 4. In [49] the authors defined
a graph obtained from a cycle C,, (n > 6) so that disjoint paths Py (where k > 3 is
fixed) are added between each pair of non-adjacent vertices of C,, and they call it a cycle
with parallel Py, chords. They verified that each cycle C,, (where n > 6) with parallel Py
chords is graceful in cases k = 3,4,6,8 and 10.

Definition 5.3. ( [59, Definition 1.2] ) A graph acquired from the cycle C;, by adding
the cycle C between every non-adjacent vertices is called a cycle with Cy — chord and
denoted C, .

Definition 5.4. ( [59, Definition 1.3] ) A graph acquired from the cycle C,, by adding the
cycle Cy between every pair of non-neighbouring vertices (va, vy, ), (V3,Vn—1), .-, (Va, Vp)
where a = |§],b= |5] +2ifniseven, and a = [§],b = |§] + 3 if n is odd, is called a
parallel cycle with Cj, — chord and denoted C’;; K

Latest result in this direction was proved in 2017 by Venkatesh and Sivagurunathan
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n [59]. It says that graphs C), 4 and C;“A for each n =0 (mod 4) and C,, ¢ for each odd
n > 5 are graceful.

Example 5.5. In Figure[23|we see a gracefully labelled parallel cycle Cy¢ with Cy—chord.
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Figure 24. The representations of the gracefully labelled of CTG’ 4

We added its representations by the simple chessboard and the labelling relation that
are seen in Figure The labelling sequence representing this gracefully labelled graph
is

(19,18,19,18,19,18,18,19,16,15,16,15,12,13,13,12,13,12,12,
13,10,9,10,9,6,7,7,6,7,6,6,7,4,3,4,3,0,1,1,0,1,0, 1,0).
5.3 Corona product of aster flower graph

Definition 5.6. ([24, Definition 1]) An aster flower graph (A, ,)) is a graph which
is generated from a cycle graph C,, (m > 3) by connecting path graphs P, 41 (n > 1) at
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two adjacent vertices. A corona product (A, ) ® K,.) of aster flower graph is a graph
which is generated from an aster graph (A, ) (m > 3,n > 1) by adding r leaf vertices
on each vertex.

In [I4] the gracefulness was proved for corona product of two graphs. Later in [9] it
was proved that any cycle with a leaf connected at each vertex is graceful. In 2018 in [24]
Khairunnisa and Sugeng found graceful labelling for each corona product (A(s,1) ® K,)
of aster flower graph (for r > 1).

Figure 25. A corona product (A3 1) ® K3) (taken from [24, Figure 4])

Example 5.7. In Figure we see a gracefuly labelled corona product (A3 1) © K3)
of aster flower graph. We added its representations by the simple chessboard and the
labelling relation which can be seen in Figure The labelling sequence representing
this gracefully labelled graph is

(26,25,23,23,21,15,20,0,16,17,12,9,13,0,10,11,6,5, 7, 1,0,4, 2, 0,0, 0, 0).
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Figure 26. The representations of the gracefully labelled (A1) ® K3)
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5.4 Unicyclic graphs
Definition 5.8. ([I5] page 41]) A graph is unicyclic if it contains just one cycle and is
connected.

In Figure 27] we see an example of unicyclic graph.

Figure 27. An example of unicyclic graph

Recalling briefly a history of embedding graphs into graceful graphs (see [53 page
11]), we start with Acharya who in [I] proved that each connected graph can be embedded
in a graceful graph. Later, the authors of [50] generalized this result and showed that
any set of graphs can be “packed” into a graceful graph.

In 2015 Bagga, Fotso, Max, and Arumugam in [4] explored the gracefulness of graphs
with only one cycle with some pendant caterpillars at two neighbouring vertices of cycle
and pendant edges at some other vertices of the cycle. A cycle with a pendant caterpillar
is obtained by identifying a vertex of the cycle with a leaf of caterpillar.

In 2016 Sethuraman in [5I] showed that every tree can be embedded in a graceful
tree. This inspired Sethuraman and Murugan who proved in 2019 in [563] that any acyclic
graph can be embedded in a unicyclic graceful graph. The authors found an algorithm
that from any acyclic graph constructs a graceful unicyclic graph.

Also in 2019 Sethuraman and Murugan [52] presented a construction of graceful
labeling of a graph G from a graceful tree T in case the number of vertices of G is equal
to number of vertices of T'. The constructed graph is unicyclic.

6 Recent results on graceful subdivisions of graphs

6.1 Complete bipartite graphs

Definition 6.1. ([40]) If in a graph G an edge uv is replaced by the path P : uwv, where
w is the new vertex, then the edge uv is called subdivided. A subdivision of a graph
G is the graph obtained by subdividing each edge of the graph G and it is denoted by
S(G).

In 2016 Sankar and Sethuraman in [46] proved that each subdivision of the complete
bipartite graph K , is graceful for every n > 1.

Example 6.2. In Figure we see the subdivisiom graph S(K34) and its graceful
labeling. Its representations by the simple chessboard and the labelling relation can be
seen in Figure 29] The labelling sequence representing this gracefully labelled graph
is (8,8,8,8,7,5,3,1,7,5,3,1,0,0,0,0). This is an another excellent example where one
can see that creating the graph chessboard allows to see very clearly the pattern of the
graceful labelling.
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0

8
Figure 28. A graceful labeling of S(K2,4)
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Figure 29. The representations of the gracefully labelled S(K2,4)

6.2 Wheels

Definition 6.3. ([54]) A wheel is a graph obtained by connecting a single vertex K; to
all vertices of a cycle C,. A wheel W), is the graph C,, + K; forn > 3 .

Some authors use the symbol W, to denote the wheel with n vertices.

In [I8] it was proved that all wheels for n > 3 are graceful. In [28] graceful labellings
of directed wheels were presented. In 2015 in [54] Sethuraman and Sankar proved that
the subdivision S(W,,) of the wheel W,, is graceful for even numbers n > 4.
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7 17 9

16 15

3 4 1
Figure 30. Gracefully labeled wheel S(W5s)

Example 6.4. In Figure |30| we see a gracefully labelled subdivison S(Ws) of order 19
and size 24.
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01234567 8210111213141516817 18192021 222324

Caninn

Figure 31. The chessboard of the gracefully labelled S(Ws)

We added its representations by the simple chessboard in Figure [31|and the labelling
table which can be seen in Figure The labelling sequence representing this gracefully
labelled graph is (3,11,1,11,5,9,3,9,7,7,5,1,11,9,7,5,3,1,0,0,0,0,0, 0).
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Figure 32. The labelling table of the gracefully labelled S(W5s)

6.3 Shell and bow graphs

Figure 33. The graph S(C(6,3))

Definition 6.5. ([40]) A shell graph is a cycle C,,(vg, v1,v2, . .
connecting vertex vg, we denote it C'(n;n — 3). The vertex vy is called apex of the shell

graph.

Figure 34. The chessboard of the gracefully labelled S(C(6, 3))
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112134 |5 |6 |7 |8 |9 |10]11]12|13 |14 |15 16| 17| 18
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Figure 35. The labelling table of the gracefully labelled S(C(6, 3))

Example 6.6. In Figure we see a gracefully labelled subdivision of the shell graph
C(6,3). The graph S(C(6,3)) is of size 18. Its representations by the simple chessboard
can be seen in Figure 34| and the labelling table can be seen in Figure The labelling
sequence representing this gracefully labelled graph is

(3,9,1,7,5,7,3,5,9,7,5,3,1,0,0,0,0,0).

Figure 36. A uniform bow graph (taken from [22] Figure 2])

Definition 6.7. (]22]) A bow graph is a graph consisting of two shells of any orders.
If each shell has the same order, we call it a uniform bow graph. A special case of a
bow graph is a shell butterfly graph. This is a bow graph with two special edges from
the apex.

In 2015 Jesintha and Hilda in [22] proved gracefulness of all uniform bow graphs. In
Figure [36] we see a gracefully labelled uniform bow graph of size 34.

I OO T 9 07 S0P IeeEe|

B
0123456785 9101M12131415161718192021 222324252627 28293031 3233 34

Figure 37. The chessboard of the gracefully labelled uniform bow graph
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22 1281222623 |126|20|24]18 |24 |18| 0 |16| 0 |16 | 0 | 14
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0|14y0}(12{0)0}0]0JO}O0O]O0OJO0O[O0O]O0O|0]O0]0O0
18133120 (33 |22 (23|24 |25 |26 |27 |28 |29 30|31 |32|33]| 34

Figure 38. The labelling sequences of the gracefully labelled uniform bow graph

Its representations by the simple chessboard and the labelling relation can be seen
in Figures [37] and The labelling sequence representing this gracefully labelled graph
is

(22,28,22,26,23,26,20,24, 18,24, 18,0, 16, 0, 16,
0,14,0,14,0,12,0,0,0,0,0,0,0,0,0,0,0,0,0).

Acknowledgements

The authors would like to thank the editor Jan Karabas for several helpful comments
improving the presentation of the paper.

References

[1] B.D. Acharya: Construction of certain infinite families of graceful graphs from a given
graceful graph. Def. Sci. J. 32 (1982), 231-236.

[2] A. Adamaszek, P. Allen, C. Grosu and J. Hladky: Almost all trees are almost graceful.
arXiv:1608.01577, 2016.

[3] E.M. Badr: On graceful labeling of the generalization of cyclic snakes. J. Discrete Math.
Sci. Cryptogr. 18 (2015), 773-783.

[4] J. Bagga, L.P. Fotso, P.B. Max and S. Arumugam: New classes of graceful unicyclic graphs.
The Eighth International Workshop on Graph Labelings (IWOGL 2014), Electron. Notes
Discrete Math. 48 (2015), 27-32.

[5] P. Bahl, S. Lake and A. Wertheim: Gracefulness of families of spiders. Involve 3 (2010),
241-247.

[6] Ch. Barrientos: Graceful labelings of cyclic snakes. Ars Combinatorica 60 (2001), 85-96.

[7] J.C. Bermond: Graceful graphs, radio antennae and french windmills. Graph Theory and
Combinatorics, Pitman, London, 1979, pp. 18-37.

[8] C. Delorme, M. Maheo, H. Thuillier, K.M. Koh and H.K. Teo: Cycles with a chord are
graceful. Journal of Graph Theory 4 (1980), 409-415.

[9] R. Frucht, Graceful numbering of wheels and related graphs. Ann. N.Y. Acad. Sci. 319
(1979), 219-229.

[10] J.A. Gallian: A Dynamic Survey of Graph Labeling. The Electronic Journal of Combina-
torics DS6, Twenty-second edition, December 15, 2019.

[11] S. Ghosh: On certain classes of graceful lobsters. Ars Combin. 136 (2018), 67-96.

[12] S.W. Golomb: How to number a graph. Graph Theory and Computing, R.C. Read (ed.),
Academic Press, New York, 1972, pp. 23-37.

[13] A. Gyarfds and J. Lehel: Packing trees of different order into K,. Combinatorics (Proc.
Fifth Hungarian Colloq.), Keszthely, 1976, Vol 1, 1978, pp. 463—469.



64 Katarina Kotulovd, Miroslav Haviar

[14] F. Harary and R. Frucht: On the Corona of Two Graphs. Aequationes mathematicae 4
(1970), 322-325.

[15] F. Harary: “Graph Theory”. Addison Wesley, Reading, MA, 1969.

[16] K. Hartnett: Rainbow Proof Shows Graphs Have Uniform Parts. Quanta maga-
zine, February 2020. Available at https://www.quantamagazine.org/mathematicians-prove-
ringels-graph-theory-conjecture-20200219/.

[17] M. Haviar and M. Ivaska: “Vertex Labellings of Simple Graphs”. Research and Exposition
in Mathematics, Vol. 34, Heldermann-Verlag, Lemgo, Germany, 2015.

[18] C. Hoede and H. Kuiper: All wheels are graceful. Util. Math. 14 (1987), 311.

[19] P. Hrnéiar and A. Haviar: All trees of diameter five are graceful. Discrete Mathematics 233
(2001), 133-150.

[20] C. Huang, A. Kotzig and A. Rosa: Further results on tree labellings. Utilitas Mathematica
21 (1982), 31-48.

[21] P. Jampachon, K. Nakprasit and T. Poomsa-ard: Graceful labeling of some classes of spider
graphs with three legs greater than one. Thai J. Math. 12 (2014), 621-630.

[22] J. Jeba Jesintha and K. Ezhilarasi Hilda: All uniform bow graphs are graceful. Math.
Comput. Sci. 9 (2015), 185-191.

[23] F. Joos, J. Kim, D. Kithn and D. Osthus: Optimal packings of bounded degree trees. J.
European Math. Soc., to appear, 2018.

[24] E. Khairunnisa and K.A. Sugeng: Graceful labelling of corona product of aster ower graph.
Adv. Intel. Systems Res. (AISR) 157 (2018), 68-71.

[25] K.M. Koh and K.Y. Yap: Graceful numberings of cycles with a P3 chord. Bull. Inst. Math.
Acad. Sinica 12 (1985), 41-48.

[26] K. Kotulovd: “Recent research on gracful labellings of simple graphs”. Be. thesis, M. Bel
University, Banska Bystrica, 2020.

[27] E. Krop: Lobsters with an almost perfect matching are graceful. Bull. Inst. Combin. Appl.
74 (2015), 21-24.

[28] A.M. Marr: Graceful labelings of directed graphs. J. Combin. Math. Combin. Comput. 66
(2008), 97-103.

[29] J. Matousek and J. Nesetfil: “Invitation to Discrete Mathematics”. Oxford University Press,
2008.

[30] D. Mishra and P. Panigrahi: Some graceful lobsters with all three types of branches incident
on the vertices of the central path. Computers and Mathematics with Applications 56, (2008),
1382-1394.

[31] D. Mishra and P. Panigrahi: New class of graceful lobsters obtained from diameter four
trees. Utilitus Mathematica 80 (2009), 183-209.

[32] R. Montgomery, A. Pokrovskiy and B. Sudakov: A proof of Ringel’s Conjecture.
arXi:2001.02665v2, February 2020.

[33] R. Montgomery, A. Pokrovskiy and B. Sudakov: Embedding rainbow trees with applications
to graph labelling and decomposition. J. European Math. Soc., to appear, 2019.

[34] A.C. Panda and D. Mishra: Some new classes of graceful diameter six trees. Turkic World
Math. Soc. J. Appl. Engin. Math. 5 (2015), 269-275.

[35] A.C. Panda, D. Mishra and R. B. Dash: A class of diameter six trees exhibiting graceful
labeling. J. Discrete Math. Sci. Cryptogr. 19 (2016), 947-963.

[36] A.C. Panda and D. Mishra: A family of graceful diameter six trees generated by component
moving techniques. British J. Math. Comput. Sci. 21 (2017), 1-15.



Acta Univ. M. Belii, ser. Math. 28 (2020), 39-65 65

[37] A. Panpa and T. Poomsa-ard: On graceful spider graphs with at most four legs of lengths
greater than one. J. Appl. Math. 3 (2016), 1-5.

[38] S. Poljak and M. Sura: An algorithm for graceful labeling of a class of symmetrical trees.
Ars Combin. 14 (1982), 57-66.

[39] N. Punnim and N. Pabhapote: On graceful graphs: cycles with a P, chord, k& > 4. Ars
Combinatoria 23A (1987), 225-228.

[40] G. Ringel: Problem 25. Theory of Graphs and its Application. Proc. Sympos. Smolenice
1963, Nakl. CSAV, Prague, 1964.

[41] V. Rodl, A. Rucinski and E. Szemerédi: A dirac-type theorem for 3-uniform hypergraphs.
Combin. Probab. Comput. 15 (2006), 229-251.

[42] A. Rosa: “O cyklickych rozkladoch kompletného grafu”. PhD thesis (in Slovak).
Ceskoslovenské akadémia vied, Bratislava, 1965.

[43] A. Rosa: On certain valuations of the vertices of a graph. Theory of Graphs (Internat.
Symposium, Rome, July 1966), Gordon and Breach, N. Y. and Dunod Paris, 1967, 349-355.

[44] A. Rosa: Cyclic Steiner Triple Systems and Labeling of Triangular Cacti. Scientia 5 (1967),
87-95.

[45] I.P. Sandy, A. Rizal, E.N. Manurung and K. A. Sugeng: Alternative construction of graceful
symmetric trees. J. Phys.: Conf. Ser. 1008 (2018), 012031.

[46] K. Sankar and G. Sethuraman: Graceful and cordial labeling of subdivision of graphs.
Electronic Notes Disc. Math. 53 (2016), 123-131.

[47] G. Sathiamoorthy, C. Natarajan, S.K. Ayyaswamy and T.N. Janakiraman: Graceful label-
ing of splitting graph of a caterpillar. Internat. J. Mech. Engin. Tech. (IJMET) 8 (2017),
663-667.

[48] C. Sekar: “Studies in Graph Theory”. Ph. D. Thesis, Madurai Kamaraj University, 2002.

[49] G. Sethuraman and A.Elumalai: Gracefulness of a cycle with parallel Pk chords. Aus-
tralasian Journal of Combinatorics 32 (2005), 205-211.

[50] G. Sethuraman and A. Elumalai: Packing of any set of graphs into a graceful/ harmo-
nious/elegant graph. Ars Combin. 76 (2005), 297-301.

[561] G. Sethuraman and V. Murugan: Generating graceful trees from caterpillars by recursive
attachment. Electronic Notes Discrete Math. 53 (2016), 133-147.

[62] G. Sethuraman and V. Murugan: Generating graceful unicyclic graph from a given graceful
tree. Ars. Combin., to appear, 2019.

[63] G. Sethuraman and V. Murugan: Generating graceful unicyclic graphs from a given forest.
AKCE Internat. J. Graphs Combin., to appear.

[54] G. Sethuraman and K. Sankar: Subdivision of wheel is graceful and cordial. Internat. J.
Math. Anal. 17 (2015), 817-822.

[55] D.A. Sheppard: The factorial representation of major balanced labelled graphs. Discrete
Math. 15 (1976), 379-388.

[56] N. Suparta and D.M.A. Ariawan: Some methods for constructing some classes of graceful
uniform trees. Indonesian J. Combin. 2 (2018), 123-135.

[57] S.K. Vaidya and N.H.A. Shah: Graceful and odd graceful labeling of some graphs. Internat.
J. Mathematics Soft Comput. 3 (2013), 61-68.

[68] M. Varadhan and S. Guruswamy: Generating graceful trees from caterpillars by recursive
attachment. FElectronic Notes Disc. Math. 53 (2016), 133-147.

[59] S. Venkatesh and S. Sivagurunathan: On the gracefulness of cycle related graphs. Int. J.
Pure Appl. Math. (IJPAM) 117 (2017), 589-598.



	Introduction
	Preliminaries
	Proof of Ringel's Conjecture for large trees
	Recent results on graceful trees
	Diameter six trees
	Spider graphs
	Symmetrical trees
	Caterpillars and lobsters

	Recent results on graceful cyclic graphs
	Linear cyclic snakes
	Cycle related graphs
	Corona product of aster flower graph
	Unicyclic graphs

	Recent results on graceful subdivisions of graphs
	Complete bipartite graphs
	Wheels
	Shell and bow graphs


