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Abstract

This paper is devoted to the study of the initial value problem for a class of k—dimensional systems of
fractional neutral functional differential equations involving ¢)—Caputo fractional derivative with respect
to another function. Existence and uniqueness results for the problem are established by means of some
standard fixed point theorems. Finally, we give an example to demonstrate our results.
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1 Introduction

Fractional calculus is a branch of mathematics which deals with non-integer order inte-
grals and derivatives. Though the fractional calculus developed as a pure mathematical
idea, now it has tremendous applications. Viscoelasticity, electro magnetism, electri-
cal circuits, sound propagation, lateral and longitudinal control, fluid mechanics, edge
detection, cardiac tissue electrode interface, earth system dynamics are some of them
[1, 2, 3, 4, 5, 6]. There are numerous definitions for fractional derivatives and inte-
grals. Nowadays many studies are being done in generalised fractional operators [1, 2],
[7,8,9, 10, 11]. Recently, Almeida [8] used the idea of the fractional derivative in the Ca-
puto sense to propose a new generalized fractional differential operator called ¢—Caputo
fractional derivative with respect to another function . There are many studies on the
existence and uniqueness of different fractional differential equations involving ¢)—Caputo
fractional differential and integral operators [8, 18, 19]. Neutral differential equations
have importance in many areas of applied Mathematics [12, 13, 14, 15, 16, 17].

The aim of this paper is to investigate the existence and uniqueness of solutions of Ini-
tial Value Problem for a class of k—dimensional systems of fractional neutral functional
differential equation with bounded delay involving the Caputo-type fractional derivative
of a function x with respect to another function .

Copyright © 2020 Matej Bel University
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CDtO:)hw(ml(t) _gl(ta xt)) = fl(ta xt)a
CDR Y (wa(t) — ga(t, ) = falt, ),

CDYEY () — gt ae)) = fult ),
L1, = o1, T2,y = P2, v, Tk, = bk,

where a,r € RT, tg > 0 and t € (tg,00), 0 < a; < 1, for i = 1,2,--- | k. Cfo)"’w is the
Caputo-type fractional derivative of a function x; with respect to another function .
fisgi: ([t07 OO) XC([*T, 0]7 Rn) XC([*T, O]a Rn) X ’XC([*Tv O]v Rn)) —-R"i=1,2,--- k
are R"—valued functions satisfying certain assumptions, which will be mentioned later.
Consider x;; = (x1,,x2,, - ,2k,) € R” and ¢; € C([-r,0],R™) for ¢ = 1,2,--- k. If
xz; € C([to — 7, to + a],R™) define z;; by x;4(0) = z;(t + 0) for 6 € [—r,0], for any
t € [to,to+al. Let p € C™[tg, 00) be a continuous increasing function such that ¢’ (z) # 0,
Ve [to, OO)

In this paper, the first section deals with the introduction about the ¥—Caputo
fractional differential equations and the problem is also given. In the second section we
present essential definitions and results and in the third section we prove the existence
and uniqueness results of the IV P(1.1) by means of Krasnoselskii’s and Banach’s fixed
point theorems. In the last section, we give an example to demonstrate our results.

2 Preliminaries

Here we deal with fractional derivatives and fractional integrals with respect to another
function.

Definition 1. [1] Let a > 0,1 = [a,b] be a finite or infinite interval, f an integrable
function defined on I and ¢ € C™(I) an increasing function such that ¢’(t) # 0, Vt € I.
Fractional integrals and fractional derivatives of a function f with respect to another
function 1 are defined as

1400 = g [ V610 v s
and
D) = [ | 1 s
:F(nlfoz [ (¢ dt} /w — ()" f(s)ds

where n = [o] + 1.

For different choices of the function v, we get the Riemann-Liouville, the Hadamard
and the Erdélyi-Kober fractional derivatives and fractional integrals, etc.

Definition 2. [8] Let o > 0,n € N, I be the interval —oo < a < b < oo, f,1 € C™(I)
be two functions such that 1 is increasing and ¢’'(t) #0 Vax € I. Then the )—Caputo
fractional derivative of f of order « is given by

1 41"
w)dt] 1)

eoypn =1 |
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where n = [a] + 1 for a ¢ N and n = a for « € N.
To simplify the notation, we are using the abbreviated symbol

L d
Y!(t) dt

From the definition it is clear that, given a = m € N, DXV f(t) = f}pm} (t)
and if « ¢ N, then

s = |2 s

a, _ 1 ! / n—a—1 p[n]
OO I) = ey L O 0 — v L s

In particular, if 0 < a < 1

1

DI = e

/ [(E) — ()]0 ' (s)ds

Lemma 3. [8, 18, 19] Given a function f € C™[a,b] and order a > 0,
we have forn=[a]+1:

C o sy — Pt nilfz[bk](a) k [K]
DV (1) = D | f(t) = Y = [t = b(@))* £, (a)
k=0

KA
I3V CDIV (1) = f(1) = D o () = b(a)]”
k=0

Also ISV CDV f(t) = f(t) — f(a), if 0 < a < 1.

Lemma 4. (Krasnoselskii’s Fized Point Theorem)[20]

Let X be a Banach space, let E be a bounded closed convex subset of X and let S,U be
maps of E into X such that Sz + Uy € E for every pair x,y € E. If S is a contraction
and U is completely continuous, then the equation Sz + Uz = x has a solution on FE.

Lemma 5. (Banach’s Fized Point Theorem)
Let (X,d) be a non-empty complete metric space with a contraction mapping T : X — X.
Then T admits a unique fized point z* in X.

Let I C R be any interval and X = C(I,R™) with the norm ||z|| = sup |z(¢)|, where
tel

| - | as a suitable complete norm on R™. Let (X*¥ = X x X x--- x X, || - ||+), where

k
[|(z1, 22, ,xp)|l« = max{||z1||,||z2|], -, ||zk]|} is the norm on the corresponding
product Banach space X*.

3 Main Results

Consider the Initial Value Problem (1.1). Let ¢ and v € R be positive constants, Iy =
[to, to + (5] and

A(éﬁ):{@lv@w“ 5‘Tk) :Iit,o :¢1 sup |x2(t)7¢1(0)‘ S'Y V’L:LQ, 7k}7
to<t<to+d
(3.1)

where z; € C([to—r,to+6], R™). Before starting and proving the main results, we assume
the following hypotheses.
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(H1) fi(t, 01,02, -, @) is measurable with respect to t on Iy, Vi=1,2,--- | k.
(H2) fi(t,¢1, 02, -, ¢r) is continuous with respect to ¢; on C([—r,0],R"),
Vi, j=1,2-- k.
_1
(H3) There exist oy, € (0,a;) and a real valued function m;(t) € L1 (Iy), such that
for any (21,2, - ,xx) € A(,7), Vi=1,2,--- |k

|filt, ze)] < mi(t), T € o, (3.2)

(H4) For any (331,.132, e ,l‘k) € A((sa 7)7 gl(t73f‘t) = Giy (taxt) + Gio (tvxt)'

(H5) g;, is continuous and |g;, (¢, 2¢) — i, (, y¢)| < Lil|z — yl].,
where l’L S (0; ]-), V= (:Elvaa e 7xk)7y = (y17y27 T 7yk) € A(577);t S IO)
i=1,2, k.

(H6) g, is completely continuous and for any bounded set A € A(4,~)
the set {t = ¢;,(t,z¢) : (x1,22, -+ ,xk) € A}, is equicontinuous on
C(Io,R™) x C(Io,R™) x --- x C(Io,R")  Vi=1,2,--- k.

k

(H7) ¢ € C([tg, 0]) is a continuous increasing function with
[(t) —(s)| < N[t —s|, N € (0,1) and |[¢/(s)| < K, K be any positive integer.

Lemma 6. If there exist 6 € (0,a) and v € (0,00) such that (H1) — (H3) are satisfied,
then for t € (to,to + 9], IVP (1.1) is equivalent to the following equation:

xl(t) = ¢’L(O) - gi(t07¢17¢25 o a(bk) + gi(taxt)
iy Jo () [(8) = ()] fils,ma)ds, t€ Iy (3.3)
Liy, :¢l
fori=1,2--- k and t € I.

Proof. From the conditions (H1) and (H?2), it is obvious that f;(¢,z;) is Lebesgue mea-
surable on Iy. A direct calculation using (H7) gives that

(1) [00) = (5™ ") € L7 (o, ) t € Iy

In the light of Holder’s inequality and (H3), we obtain that
(wl(s) [¥(t) — ¢(s)]a71) fi(s,xs) is Lebesgue integrable with respect to s € [to, ]
Vtely,i=1,2,--- kand (x1,z2, - ,2k) € A(J,7y) and

(06 o0 = w1 ™) s <
() ) =™l a(34)

11 (Io) L1 (Ip)
1
HNM@Z([UWWQ,

for any p integrable function F': J — R.

where
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According to the definition of fractional integral of a function f with respect to an-
other function ¥ and Caputo derivative of order «;, it is easy to see that if z; is a solution

of the IVP (1.1), then x; is a solution of equation (3.3).

On the other hand, if equation (3.3) is satisfied then V¢ € (¢o,to + ¢], we have:

P (w4(t) — gilt, 1)) =

“Dyit (asi(m — gilto, b1, da, -+, ) + ﬁ / Di(s) [(t) — ()™ ﬁ(s,xs)ds)

=0 (s [ ) = v s

to

D (wi(t) = gilt ) = C DRI filt, @)

n—=1 rro;p r. T (k]
= Dp llz’;wfxt,xt)—z LGkl C) <¢<t>—w<to>>’“]

k!
k=0
aith o — [Iai’d)fi(t?xt)][k] (to) k—a;
= Dy"" I filt ) — 2 Tk — i + 1) (¥(t) = (to)) )
. _lrend g, (Y(t) —(to)) ™ _
- fl(t7xt) [I wfl(t7xt)} t=to 1—\(1 — ai) - fl(tvxt)
since [1°0Y fi(t, :ct)}t:to =0.

Hence we get CD,?O“IP (i (t) — gi(t,xp)) = fi(t,x), t € (to,to + ]
And this completes the proof. O

Theorem 7. If there are 6 € (0,a) and v € (0,00) satisfying the assumptions (H1) —
(HT), then IVP(1.1) has at least one solution on [to,to + 1] for n € RT.

Proof. According to (H4), equation (3.3) is equivalent to the following equation:
zi(t) = $i(0) — gi, (to, d1, P2, -+, Pk) — Gin (to, P1, P2, -, D)
+3i, (t,2¢) + g3, (t, 1)
i S W) () — ()] fi(s,xa)ds, te Iy
T, = i=12--k

Let (41, o, ,dr) € A(6,7) be defined as
iy = bis Dilto+1) =¢i(0) Vte[0,6],i=1,2- k.

If 2 = (x1, 2, ,x3) is a solution of the IVP(1.1), let x;(to +1) = ¢i(to +1t) +yi(t),
te[-rdl,i=1,2--k

Then we have, x;, ,, = Q’SitOth +yi,, t€[0,6],i=1,2,--- k.
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Thus

yz(t) = —0i (t()a d)la ¢27 e 7¢k‘) — Giy (t07 (rbl) ¢27 e ad)k) (35)
+g’i1 (tO + t? Y1, + ¢1t0+t7y2t + ¢210+t7 oy Yk + ¢kt0+t)
+ iy (tO + ta Y1, + ¢1t0+t7y2t + (52t0+t7 oy Yk, + qgktoﬂ)

1 ¢ / a;—1
i [ Ve B ) (s o)
fi(tO +5,y1, + ¢1t0+s?y25 + ¢2t0+s7 Yk, T ¢k}t0+s)d87
tef0,8],i=1,2---,k.

Since gi,, ¢i, are continuous and x;, is continuous in ¢ for all 1 = 1,2,.-- ,k, there
exists ¢’ > 0 such that:

: ; : g
192 (b0 + 1, Y1, + D1y ys Y2, T P20 s Yk T Pl i) — Gin (Fo, P15 B2, -+, dk)| < 3 (3.6)

- - - v
|9y (Po + 1, y1, + P10 10s Y2, + D24 0o s Yk T Py y) — i (P05 P1, B2, -, k)| < 3 (3.7)
for0<t<d andi=1,2,--- k.

Choose

1
() (1 + B;) A=)\ TFFIT=oi)
n:mm{é,(g’,('y (o >?()M+]@ ) 1 } (3.8)

where 3; = 2L ¢ (~1,0) and M; = ||m1||La1 .
T (I

5i:1327"' ak

Define E(n,~) as follows:

E(n,y) =
{(ylay27"' ayk) 1Y € C([*ﬁ??]aRn)/yz(S) = OfO’I‘S € [77‘30]7 ||yz|| < Tyi = 1a2"" ak}

Then E(n,7) is a closed, bounded and convex subset of C([—r, n], R™)xC([—r, n], R™) x
- x C([-r,n],R™).

On E(n,7), we define the operators S and U on E(n,~) by:

Sl(y17y27 e ayk)(t)

S(y1, o, yr)(t) = S2<y17y2,:" L Yk)(t)

Sk(yhy% ce 7yk)(t)
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Ul(y17y27 e ayk)(t)

Us(yi,92, -, ¢
Uy g2, ue)(t) = (w1, . yr)(t)

Uk:(yhyQa T 7yk)(t)

Si(y1,y2, -+, yk)(t) =
0 te[-r0]
—Gi, (to, d1, 02, -+, Px)
+gi, (to +t, 11, + éhoﬁaym + ¢32t0+t7 Yk, sztoﬁ) t € 10,n]

Ui(y1, Y2, yx)(t) =
0 te -0
i, (to, d1, b2, -+, D)
+9i, (to + 1,91, + letﬁﬂyzt + ¢~>2t0+” Yk, T ngk,oﬁ)
i Jo ¥ (s + to) (W(t + to) — (s + o)) ™
filto + 8,51, + Gy s Y2, + B2 pas Uk + Phyyy)ds € [0,7]
fori=1,2,--- k.

It is easy to see that if the operator equation y = Sy 4+ Uy has a solution y =
(y1,92, - ,yx) € E(n,v) if and only if y; is a solution of (3.5) Vi = 1,2,--- , k. Thus
zi(to+t) = y;(t)+¢i(to+t) is a solution of equation (1.1) on [0, 5]. Therefore the existence
of a solution of the IV P(1.1) is equivalent to the existence of a fixed point for the opera-
tor S+U on E(n,~). Hence it is sufficient to show that S+ U has a fixed point in E(n, ).

The proof is divided into three steps.

Step I: Sz+ Uy € E(n,v) for every pair z = (21,292, ,2k), ¥y = (Yy1,Y2," " ,Yk) €
E(n,7).

In fact, for every pair z,y € E(n,v), Siz+ Uy € C([—r,n],R™), i =1,2,--- , k, which
implies (Sz + Uy)(t) =0, Vt € [-r,0].

Now we have
|Siz(t) — Uiy(t)| <
| = giy (to, 1, B2, -+, Pk) + giy (o + 1,21, + D1, s 22, + P2y st 5 2ky + Dy )|
+ ‘ - giz(th ¢17 ¢27 o a¢k) + giz(to + ta Y1, + é1t0+t7y2t + é2t0+t7 Sy Yk, + éktoﬂ)‘
1 ¢ .
e I+ ) 06t + to) — 05+ 1))
(i) Jo

fi(tO + 5,91, + (rz’glt0+.e7y25 + J)Qt(ﬁ_m Yk, T q‘;kt0+s) ds
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2y

1 ¢ ’ a;—1 ﬁ
<3 Ty (/O 9" (s +to) [¥(t +to) — (s +10)]" | 1d8>

</t:0+t(mi<s>)ail ds) iy

27 MiKNaifl n(1+6i)(17ai1)

=3t T(o;) (1+B) o
<v,Vte[0,nand i=1,2,---,k

Therefore

[Siz + Uiyl = sup [(Siz)(t) + (Usy)(t)] <, Vi=1,2,--- |k

s
t€[0,n]
which means that Sz + Uy € E(n,~) for any z,y € E(n,7).

Step II: To prove that S is a contraction on E(n,~).

Let y' = (y1. 43,y ¥ = (o w3, yi) € E(n,7),
then, (Y}, + @1,y erUh, + P2+ +Yhy + Phugsr) € A(8,7) and
(i, + letoﬁayé’t + ¢~>2t0+” Lyt ¢~7kf,0+1,) € A(9,7).

Also by (H5), we get that

1Sy’ (t) — Siy” (1)
= [gi, (to + 6,05, + Brug o Yoy + P2 Yy + Phigre)

— gi, (to H .Y, + D1y U Do YR T Pl
<Ully" —y"|l«

which implies [|Sy — Sy”||. <Uly — y"||« where | = maz{li,la, - I}
Since 0 < I < 1,5 is a contraction on E(n, 7).

Step I1I: Now we show that U is a completely continuous operator.

Ui1 (ylay27 T 7yk)(t) =
0

_giz(t0a¢l7¢2a"'~7¢k) ~ )
+9i, (to + Y1, + G140 Y2, T P20 irs 5 Yk T Phig i)

17041-1

te[-r0],

t € 1[0,7].
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and

Uiz(ylay27 e 7yk>(t) =

0 te [—7’70]
1 t 12 aifl

e v )+ 1)~ 10"

fi(tO + 5,91, + ¢1t0+say25 + ¢2t0+s7 Yk, ¢kt0+s)d8 le [0777]

fori=1,2,--- )k

Uin + Uiz
Us1 + U2z
Clearly U= )
Ui + Uk
Since g;, is completely continuous for all ¢ =1,2,--- |k, U;; is continuous and also

{Uin(y) : y € E(n,7)} is uniformly bounded. By using the condition (H6), it is easy to
check that {U;1(y) : y € E(n,7)} is a completely continuous operator.

On the other hand

t
Ui y(0)] < r(;) /O [0 (5 + to) [t + to) — (s + to)]ai—j
filto + s,u1, + ¢~51t0+57y25 + ¢2t0+57 Yk, + q;kto+s) ds
1 ! / ai—1 # 1_0‘171
= () </O [ (s +to) [0(t +to) — (s +10)] " | )

Qg

( mtsnas)

1 ptFo(=—ci) pp g Nei—1
T T(ag) 4 8) % D(ew)

vtel0,n], i—1,2,---,k

Hence {U;,(y) : y € E(n,7)} is uniformly bounded.

Now we will prove that {U,,y : y € E(n,~)} is equicontinuous.

For any 0 <t; <to <mnmandy € E(n,7), we get that
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Ui, y(t2) — Us,y(ta)]

1 h ;— R
< pe [ ) [l t0) = (s 1) = e+ t0) = s+ 1)
i) Jo
filto + 8,91, + ¢~51t0+5)7y25 + ¢~>2,,0+s7 Yk, T ¢~7kt0+s> ds
1 t2 -
“"7/ w/S‘i‘tO P(ta + to —’L/)S-i-to)%
R . V610 lEs £ 10) s+ o)
fi(tO + S, Y1, + ¢1t0+s7y25 + ¢21,0+37 5 Yk, + ¢kt0+s)|d$
MZ‘KNO”_l [/tl a;—1 MiKN(’”_l to 1—ayy
< —— (t1 — 8)P — (ta — s)Pids + [/ (ta — s)ﬂids]
I(a) 0 ['(a;) ty
2M; K Nvi—t

(ty — ,51)(1+ﬁi)(1*04i1)7

= Tan (B + )

which means that {U2y : y € E(n,v)} is equicontinuous. Moreover, it is also clear that
U, is continuous. So Us is a completely continuous operator. Then U = Uy + Us is a
completely continuous operator.

Therefore, Krasnoselskii’s fixed point theorem shows that S + U has a fixed point
on E(n,v) and hence the IV P(1.1) has a solution = (z1, 22, ,2x) where z;(t) =
@i (0) + y; (t — to) for all t € [tg,to +7n],i =1,2,--- , k. This completes the proof. O

In the case where g;, =0,Vi=1,2,.---  k, we get the following result:

Corollary 8. [16] Assume that there exist § € (0,a) andy € (0,00) such that (H1)—(H3)
hold, g;1is continuous for alli=1,2,---  k and

‘gi(tamt) _gi(t7yt))| < lin - y||*,VCL' = ($1,$2,~ o >x7€)’y = (ylay%"' 7yk) € A((S”V)

and t € Iy where l; € (0,1) is a constant for all i = 1,2,--- k. Then IVP (1.1) has at
least one solution on [tg,tg + 1] for some positive number 1.

In the case where g;, =0,Vi=1,2,.-- ,k, we have the following result:

Corollary 9. [16] Assume that there exist § € (0,a) and~y € (0,00) such that (H1)—(H3)
hold, g; is completely continuous for all i = 1,2,--- ,k and the family {t — ¢;(t,z:¢) :
(x1,29, - ,xk) € A} is equicontinuous on C(Iy,R™) x C(Iy,R™) x --- x C(Ip,R"™) for
all bounded sets A in A(d,v). Then IVP (1) has at least one solution on [to,to + 1] for
some positive number 1.

Theorem 10. Assume that the functions f and g are Lipschitz continuous with respect
to the second variable, that is, there exist positive constants L;1 and L;o such that

[ fi(t, zie) — fi(t, zize) | < Lix and ||gi(t, zit) — gi(t, Tizt) || < Lia.

Then there is a constant h € R such that there exists a unique solution to the IV P(1.1)
in. the interval [to,to + h]  [a,8] if (=g (b(to + h) = (1)) + Liz) < 1.
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Proof. For t € Iy, define the function F' by

Fi(x,t) = ¢i(0) — gi1(to, d1, 02, - .., k) — Gi2 t07¢17¢27---’¢k) + gi1(t, z) + gio(t, z4)

7/’(5))%_1 fi(s,zs)ds.

Let U = {x; € C([to — 7, to + a],R™) : Csz]i’¢xi(t) exists and is continuous in [tg, to+h]}.
It is enough to prove that F; : U — U is a contraction.

Let us see that F; is well defined, i.e., F;(U) C U.

Given the function x; € U, we see that CD%i’w(Fi(xi)(t) — gi(zi)) = fi(t,zq) is
continuous and

Fi(x;)(t) = Igf’wfi(t,xit) + gi(t, zit).
Now let x;1,x;0 € U be arbitrary, then by assumptions H;y, Ha, we have

IF(xi1) = Fi(io) || < |12 (fi(t, wine) — filt, maze)) || + 1]gi (8, wine) — gi(t, wioe) |

Lil «
— L (o + h) — (to)) + Liz| ||lzin —
Mo + 1) (P(to + h) —¥(to)); + Liz| [|lxin — 42,
which proves that Fj is a contraction. By the Banach fixed point theorem, we get the
result of the theorem. O
4 Example

Here we give an example to demonstrate our results.

Consider the 3-dimensional system of ©»—Caputo neutral fractional differential equa-
tions

D3® (xl(t) - %(Sin x1(t) + coswa(t) + sin xg(t)))

r) =8 sint(z(8) |, (z(t))?
H(E+3)T T X e P

D1

N
8
8
—~
S~—

1 |z2(t)] |z3(t)]
2t svssooe (cosai(t) + mf gy + 4+|903(t)|))
(%) 3\ =7 cos (z (1))

i (t+3)% 1+51n4(a:3(t)1)+(12(t))2

La et cos? 1 (t) 25|x2(t)]
D3 (x3(t) — (1 + =5+ 10+\12'2(t)|)

8
L) (4 4 1)3 ENON
)

)=
T+ (@1 (D)2 +6[z2 (D)

zi, =t,i=1,2,3,te[-1,0].

Define the maps
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CT(),, st -1) (- )
Silbmnaos) = e DT TG T el — P
T 3, cos?(x1(t — 1))
falts oy, w2, ) = ré) ) T s @t — 1) T (et~ D)2
r'3) -1 lz1(?))]

faltwr, @2, @3) = — 2 (0 )7 g G

t,x1,x2,x3) = ———=(sinx1(t) + cosxo(t) + sinx3(t
91(t, @1, T2, 73) 12 6400+t4( 1(t) 2(t) 3(t))

oot 31, 09, 73) = 1 <c sz1(t) + |z2(t)] + |z3(t)] )
121/3600 + £2 2+ [z2(t)] 4+ [as(t)]

et cos?xi(t) 25|xo(t)]

18 9 10+\x2(t)\

g3(t,x1,22,23) =

w

¥(z) = = and if mq(t) = F( )(t—|—3) (t):FE (¢ +
%)%7, ms(t) = = (t +1)=, it is easy to check that \fl(t,xtl,xtg,xt3)(t)\ < mq(t),
|f2(t7xt1axt2axt3)(t)| < mQ(t ‘f3(t mtlvirtht%)(t)‘ < m3(t)'

fool wo
—

00|

Also gl(t,mtlmtz,mtg) 92(t, Tty X1y, Tey ) () and gs(t, x4, Tr,, Tty ) (t) satisfy Lipschitz
condition with I} = 535, lo = 545 and I3 = 15 respectively.

Thus, all conditions of Theorem (7) hold and so this system of ©)— Caputo fractional
functional differential equation has a solution.

5 Conclusion

The main reason behind the unpopularity of fractional calculus is that there are many
nonequivalent definitions for integral and differential operators in it. Hence nowadays
many researchers concentrate on defining generalized operators, from which the classi-
cal definitions can be obtained. Different phenomena can be interpreted with the help
of systems of equations more effectively than with single equation. In this paper we
concentrated on generalized fractional differential operators in k—systems and proved
the existence and uniqueness of solutions of a k—systems of ) —caputo fractional neu-
tral functional differential equations under the specified conditions using Krasnoselskii’s
Fixed Point theorem and Banach’s Fixed Point theorem respectively. Finally, we give an
example to illustrate our results.
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