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Abstract

In this article we study the growth of meromorphic solutions of high order linear differential equations
with meromorphic coefficients of [p, g]-order. We extend some previous results due to Cao-Xu-Chen,
Kinnunen, Liu-Tu-Shi, Li-Cao and others.
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1 Introduction and main results

Consider for k > 2 the linear differential equations
FO + Ay (2) fRD 4+ A (2) f + Ao (2) f =0, (1.1)

F® 4 Ay (2) FED o Ay () F 4 Ao (2) f = F(2), (1.2)

where Ay (2),- -+, Ak—1(2), F (2) are meromorphic functions. In [11, 12] Juneja, Kapoor
and Bajpai have investigated some properties of entire functions of [p, g]-order and ob-
tained some results about their growth. In [16], in order to maintain accordance with
general definitions of the entire function f of iterated p-order [13, 14], Liu-Tu-Shi gave
a minor modification of the original definition of the [p, g]-order given in [11, 12] . With
this new concept of [p, ¢J-order, Liu, Tu and Shi [16] have considered equations (1.1),
(1.2) with entire coefficients and obtained different results concerning the growth of their
solutions. In this paper, we continue to consider this subject and investigate the complex
linear differential equations (1.1) and (1.2) when the coefficients Ay, Ay, -+, Ax_1, F are
meromorphic functions of [p, ] —order.

In this paper, it is assumed that the reader is familiar with the fundamental results
and the standard notations of the Nevanlinna value distribution theory of meromorphic
functions [9, 14, 20]. For all » € R, we define exp, r := e” and €XPppq T i= €Xp (expp 7“) ,
p € N. We also define for all 7 sufficiently large log, 7 := log r and log,, . ; r := log (logp r) ,
p € N. Moreover, we denote by exp,r :=r, logyr :=r, log_; r :=exp; r and exp_; r :=
log; r.
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Definition 1. ([13]) Let p > 1 be an integer. The iterated p—order of a meromorphic
function f (z) is defined by

oo () = tim sup 22 LT

r—>+400 IOgT ’

where T (r, f) is the Nevanlinna characteristic function of f.

Now, we shall introduce the definition of meromorphic functions of [p, g]-order, where
p, q are positive integers satisfying p > ¢ > 1 or 2 < ¢ = p+ 1. In order to keep
accordance with Definition 1, we will give a minor modification to the original definition
of [p, qJ-order (e.g. see, [11, 12]).

Definition 2. ([15]) Let p > ¢ > 1 or 2 < ¢ = p+1 be integers. If f (z) is a transcendental
meromorphic function, then the [p, g]-order of f (z) is defined by

log, T'(r, f)
= limsup—2—""~,
Plp,q] (f) . Y % Iqu r

It is easy to see that 0 < pp, 4 (f) < co. If f(2) is a rational, then py, 4 (f) = 0 for any

p > q > 1. By Definition 2, we have that P[1,1] H=p(f)=p(f), P2,1] (f) = p2(f)
and ppp41,17 (f) = ppt1 (f) -

Definition 3. ([15]) A transcendental meromorphic function f (z) is said to have index-
pair [p, q] if 0 < ppp g (f) < 0o and ppp_1 4—1] (f) is not a nonzero finite number.

Definition 4. ([15]) Let p > ¢ > 1 or 2 < ¢=p+ 1 be integers. The [p, ¢] convergence
exponent of the sequence of zeros of a meromorphic function f (z) is defined by

log,, N (r, %)
A = limsup——~,
vl (f) oy log, r

where N (r, %) is the integrated counting function of zeros of f (z) in {z : |2| <r}. Sim-
ilarly, the [p, q] convergence exponent of the sequence of distinct zeros of f (z) is defined
by

S (1) =ty 2 1)
= lmsup————
[p.q] rﬁ\+o<I>) log, 7

)

where N (r, ) is the integrated counting function of distinct zeros of f (z)in {z : |z| < r}.

e

Remark 5. ([15]) If f(2) is a meromorphic function satisfying 0 < pp, 4 (f) < 0o, then
(1) Plp—n,q) = X (n <p), Plp,q—n] = 0 (n<gq), Plp+n,q+n] = 1(n<p)forn=123,-
(ii) If [p1, q1] is any pair of integers satisfying ¢1 = p1 +¢—p and p1 < p, then pp,, 4,) =0
if 0 < pppq < 1and ppp, 4, =00 if 1 < ppp g < 0.

(iii) ppp,,q,] = 00 for g1 —p1 > ¢ —p and pp,, 4,0 =0 for g1 —p1 < ¢ —p.

Remark 6. ([15]) Suppose that f; is a meromorphic function of [p, g]-order p; and f5 is
a meromorphic function of [p1, ¢1]-order pa, let p < p;. We can easily deduce the result
about their comparative growth:

(i) If p1 —p > ¢1 — q, then the growth of f; is slower than the growth of f.

(ii) If py —p < q1 — q, then f; grows faster than fs.
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(iii) If p1 —p = g1 — ¢ > 0, then the growth of f; is slower than the growth of fo if po > 1,
and the growth of f; is faster than the growth of fy if po < 1.

(iv) Especially, when p; = p and ¢; = ¢ then f; and f; are of the same index-pair [p, ¢].
If p1 > po, then f1 grows faster than fo; and if p; < ps, then f; grows slower than fo. If
p1 = p2, Definition 2 does not show any precise estimate about the relative growth of
J1and fa.

We recall the following definitions. The linear measure of a set E C (0, +00) is defined
as m(E) = 0+Oo XE (t) dt and the logarithmic measure of a set F' C (1,400) is defined
by Im (F) = f1+oo XFt(t) dt, where xp (t) is the characteristic function of a set H. The
upper density of a set E C (0,400) is defined by

densE = lim supw.
r—s—+o00 r

The upper logarithmic density of a set F' C (1, +00) is defined by

log dens (F') = lim supw.
r—>+00 IOgT
Proposition 7. For all H C [1,+00) the following statements hold :
(i) Iflm (H) = oo, then m (H) = oo;
(#) If densH > 0, then m (H) = oo;
(#ii) If logdensH > 0, then Im (H) = 0.

Proof. (i) Since we have X%(t) < xm (t) forallt € H C [1,4+00), then
m(H) >Ilm(H).

So, if Im (H) = oo, then m (H) = co. We can easily prove the results (ii) and (iii)
by applying the definition of the limit and the properties m (H N[0,7]) < m (H) and
Im(HN[1,7]) <Im(H). O

Definition 8. ([9, 20]) For a € C = C U {oo}, the deficiency of a with respect to a

meromorphic function f is defined as
1 1
m (7", E) N (7"7 ﬁ)
0(a, f) =liminf————% =1 —limsup—————~.
D=6 T
Extensive work in recent years has been concerned with the growth of solutions of
[p, q]-order of complex linear differential equations in the complex plane and in the unit

disc. Many results have been obtained [2, 3, 4, 10, 15, 16, 17, 18, 19]. Examples of such
results are the following two theorems:

Theorem 9. ([10]) Let H be a set of complex numbers satisfying dens{|z|: z € H} > 0,
and let Ag (2),--- , Ar—1 (2) be entire functions satisfying max{py, 4 (A;) : 5 =0,1,---  k—
1} < a. Suppose that there exists a positive constant B satisfying 8 < « such that for
any given e (0 < e < a— ), we have

| Ao (2)] > exp, 41 {(a —¢)log, 7"}

and
|Aj (2)] < exp,yq {Blog,r} (=1, ,k—1)
for z € H. Then, every solution f # 0 of equation (1.1) satisfies ppi1,4 (f) = .
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Theorem 10. ([15]) Let H C (1,00) be a set satisfying logdens{|z| : |z| € H} > 0, and
let Ag(2), -+, Ax—1(2), F # 0 be meromorphic functions satisfying max{pp, 4 (4;) :
j=1,2,--- k—1} < a, where « is a constant. Suppose that there exists a constant (3
satisfying B < « such that for any given e (0 < e < o — ), we have

| Ao (2)] > exp, 41 {(a —€) logqr}

and
|AJ (Z)| < epr+l {/BIqu ’I"} (.7 = 17' T ak - 1)

as |z| € H. Then the following statements hold:

(1) If pppt1,q (F) > «, then all meromorphic solutions f whose poles are of uniformly
bounded multiplicities of equation (1.2) satisfy ppi1,q (f) = Ppt1,q (F)-

(71) If pp+1,q (F) < o, then all meromorphic solutions f whose poles are of uniformly

bounded multiplicities of equation (1.2) satisfy Api1,q (f) = Npt1,9 () = Ppr1,q (f) =
a with at most one exceptional solution fo satisfying pp11,q (fo) < a.

The main purpose of this paper is to consider the growth of meromorphic solutions
of equations (1.1) and (1.2) with meromorphic coefficients of finite [p, g]-order in the
complex plane. We obtain the following results which generalize and improve Theorem
9 and Theorem 10.

Theorem 11. Let H be a set of complex numbers satisfying logdens{|z| : z € H} > 0,
and let Ao (2),--+, Ar—1(2) be meromorphic functions satisfying max{pp, q (A4;) : j =
0,1, k—1} < p (0 < p < o0). Suppose that there exist two real numbers satisfying
0 < B < « such that, we have

| 4o (2)| > exp, {a [log, 1 7]"} (1.3)

and
|4, (z)] < exp,, {ﬁ [logq_1 r]p} (G=1,---,k—1) (1.4)

as |z| = +oo for z € H. Then the following statements hold:

(i) Ifp 2 g >1o0r3 < q=p+1, then every meromorphic solution f #% 0 whose
poles are of uniformly bounded multiplicities or § (oo, f) > 0 of equation (1.1) satisfies
Plp+1,q (f) = p-

(it) If p = 1, ¢ = 2, then every meromorphic solution f % 0 of equation (1.1) satisfies
P2 (f) = p.

Theorem 12. Let H be a set of complex numbers satisfying logdens{|z| : z € H} > 0,
and let Ao (2),--+ , Ar—1(2) be meromorphic functions satisfying max{pp, q (A4;) : j =
0,1,---,k—1} < p (0 < p < o0). Suppose that there exist two positive constants «, [
such that, we have

m (r, Ag) > exp, ; {a[log, , r]p} (1.5)
and
m(r, Aj) < €XPp—1 {5 [Iqufl T}p} G=1-,k=1) (1.6)

as |z| = +oo for z € H. Then the following statements hold:

(0) If p > q>2and 0 < B < a, then every meromorphic solution f % 0 whose poles are of
uniformly bounded multiplicities or 6 (0o, f) > 0 of equation (1.1) satisfies pppi1,q (f) =
p.
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(it) If3<qg=p+1,0< 8 < aand p > 1, then every meromorphic solution f #Z 0 whose
poles are of uniformly bounded multiplicities or § (oo, f) > 0 of equation (1.1) satisfies
Pp+1p+1] (f) = p-

(ite) If p=1,¢=2,0< (k—1)B8 < a and p > 1, then every meromorphic solution
[ #0 of equation (1.1) satisfies pp2,2) (f) > p-

Corollary 13. Let F'(z) # 0, Aj(z) (j = 0,1,--- ,k — 1) be meromorphic functions.
Suppose that H, A;(z) (j =0,1,---,k—1) satisfy the hypotheses in Theorem 11. Then
we have the following statements:

(7)) Let p > q > 1. If ppya1,q (F) < p, then every meromorphic solution f # 0 whose
poles are of uniformly bounded multiplicities or ¢ (oo, f) > 0 of equation (1.2) satisfies
Apit,q] (F) = Apatng) (f) = Pppt1,q (f) = p with at most one exceptional solution fo
satisfying pip+1,q (fo) < p; if plpy1,q (F)) > p, then every meromorphic solution f # 0
whose poles are of uniformly bounded multiplicities or ¢ (oo, f) > 0 of equation (1.2)
satisfies pip11,q (f) = Plp+1,q (F)-

(71) Let 3< q=p+1 and p > 1. If pppi1,p41] (F) < p, then every meromorphic solution
f #Z 0 whose poles are of uniformly bounded multiplicities or 0 (0o, f) > 0 of equation (1.2)
satisfies Ajp1,p+1] (f) = Apt+1.p41) (f) = Plps1,p+1) (f) = p, with at most one exceptional
solution fo satisfying pppr1,p+1) (fo) < p; i pp+1,p+1) (F)) > p, then every meromorphic
solution f # 0 whose poles are of uniformly bounded multiplicities or § (oo, f) > 0 of
equation (1.2) satisfies pppi1,p1) (f) = Pppt1,p41] (F)-

Corollary 14. Let F(z) # 0, Aj(z) (j=0,1,--- ,k —1) be meromorphic functions.
Suppose that H, A;(z) (j =0,1,--- ,k — 1) satisfy the hypotheses in Theorem 12. Then
we have the following statements:

(1) Letp > q>2,0< B <a. If ppyi,q (F) < p, then every meromorphic solution f # 0
whose poles are of uniformly bounded multiplicities or ¢ (oo, f) > 0 of equation (1.2)
satisfies Ap+1,q (f) = MNpt1,q) (f) = plpt1,q (f) = p with at most one exceptional solution
fo satisfying prpr1,q (fo) < p; if pipy1,q (F) > p, then every meromorphic solution f # 0
whose poles are of uniformly bounded multiplicities or 6 (oo, f) > 0 of equation (1.2)
satisfies pipr1,q) (f) = Plp+1,q (F)-

(i) Let 3<q=p+1,0< B <aandp>1. If pppi1,pt1) (F) < p , then every meromor-
phic solution f % 0 whose poles are of uniformly bounded multiplicities or § (oo, f) > 0
of equation (1.2) satisfies Ajpi1,p41] (f) = Ap+1,p41] (f) = Ppos1,p41) (f) = p with at most
one exceptional solution fo satisfying pppi1 p+1) (fo) < p; if ppt1,p+1) (F) > p, then ev-
ery meromorphic solution f Z 0 whose poles are of uniformly bounded multiplicities or
§ (00, f) > 0 of equation (1.2) satisfies pipy1,p+1) (f) = Pp+1,p+1) (F)-

Recently, the author [2, 3, 4], J. Tu and Z. X. Xuan [17] and J. Tu and H. X.
Huang [18] have investigated the growth of solutions of differential equations (1.1) and
(1.2) with analytic coefficients of [p, g]-order in the unit disc. So, it is also interesting to
consider the growth of meromorphic solutions of differential equations with coefficients
of [p, g]-order in the unit disc?

2 Some preliminary lemmas

Our proofs depend mainly upon the following lemmas.

Lemma 15. ([1]) Let g : (0,00) = R, h: (0,00) — R be monotone increasing functions
such that g (r) < h(r) outside of an exceptional set Ey of finite linear measure. Then,
for any X\ > 1, there exists r1 > 0 such that g (r) < h (Ar) for all r > ry.
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Lemma 16. ([8]) Let ¢ : [0,400) — R and ¢ : [0,400) — R be monotone non-
decreasing functions such that ¢ (r) < 1 (r) for all r ¢ E2U|0,1], where E2 C (1,400)
is a set of finite logarithmic measure. Let v > 1 be a given constant. Then there exists
an ro =12 () > 0 such that ¢ (r) < (yr) for all r > rs.

Lemma 17. ([9]) Let f be a meromorphic function and let k € N. Then

m<r7f;k)> =S(rf),

where S (r,f) = O (logT (r, f) +logr), possibly outside of an exceptional set Ez C
(0, +00) with finite linear measure, and if f is of finite order of growth, then

m (r, f;k)) =0 (logr).

Lemma 18. ([7]) Let f(z) be a transcendental meromorphic function, and let o > 1 be
a given constant. Then there exist a set By C (1,00) with finite logarithmic measure and
a constant B > 0 that depends only on « and i,j (0 < i < j < k), such that for all z
satisfying |z| = r ¢ [0,1] U E4, we have

f(j)(z)

f®(2)

.B({chi”jjaogayglogzxam,f)}j i

Lemma 19. (/5]) Let f be a meromorphic solution of (1.1), assuming that not all coeffi-

cients A; are constants. Given a real constant v > 1, and denoting T (r) = Z T(r,A;),
=
we have
logm (r, f) < T (r){(logr)log T (r)}", if s =0,
logm (r, f) < T 1T (r) {log T (r)}7, if s >0

outside of an exceptional set Ey with f t*7ldt < +o0.

Es
Remark 20. We note that in the above lemma, s = 1 corresponds to Euclidean measure
and s = 0 to logarithmic measure.

Lemma 21. Let Ay (z), -+, Ax—1 (2) be nonconstant meromorphic functions of [p, q] —order.
Assume the existence of the meromorphic solutions of (1.1). Then the following state-
ments hold:

(¢) If p > q > 1, then every meromorphic solution f # 0 whose poles are of uni-
formly bounded multiplicities or 6 (oo, f) > 0 of equation (1.1) satisfies pyp41,q (f) <
max{ppp.q (A;) 1§ =0,1,---  k—1}.

(it) If 3 < q = p+ 1, then every meromorphic solution f % 0 whose poles are of uni-
formly bounded multiplicities or & (0o, f) > 0 of equation (1.1) satisfies pppi1py1] (f) <

maX{p[PvP‘*‘l] (AJ) (] = 07 13 te 7k - 1)}

Proof. We prove only (ii) . For the proof of (i) see [15, 19]. From (1.1), we know that the
poles of f (z) can only occur at the poles of Ag (z),- -, Ax—1 (2). Since the multiplicities
of poles of f are uniformly bounded, we have

k—
N (r, f) < MyN (r ZNTA
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< Mmax{N(r,A4;):5=0,1,--- [k —1}, (2.1)

where M; and M are some suitable positive constants. This gives
T(r,f)y=m(r, f)+ O (max{N (r,4;): j=0,1,--- ,k—1}). (2.2)
Set 0 (00, f) :=n > 0, for sufficiently large r, we have
m(r.f) = 3T (r.f). (2:3)
From Lemma 19 and (2.2) or (2.3), we obtain
log T (r, f) <logm(r, f) + O (log T'(r)) < O (T (r) {(log ) log T (r)}") (2.4)

or

08T (1) < g (2 (1)) < 0T () (o) log T (1)) (25)

outside of an exceptional set Ey with finite logarithmic measure. From (2.4) or (2.5), we
get for p > 2

logp_HT(T, f) < max {long(r), log,, 1 T} (2.6)
outside of an exceptional set Fy with finite logarithmic measure. If at least one of the
coefficients Ag (2),- -+, Ag—1 (2) of (1.1) is transcendental, then by using Lemma 16 and

(2.6), we obtain
Pip1p1] (F) S max {pp pi) (4;) (G=0,1,-- k=1),1}

= max {p[p,erl] (4;) (4=0,1,--- k- 1)}

If all the coefficients Ag (2),---, Ag—1(2) of (1.1) are rational functions, then by using
Lemma 16 and (2.6), we obtain

Plp+1,p+1] (f) < max {p[p7p+1] (A]) (.7 =0,1,-- ak - 1) ) 1} =1

= max {p[p,erl] (45) (J=0,1,--- k- 1)}
O
Lemma 22. ([17]) Let 1 < q < p or2 < q = p+1 and let f be a meromorphic

function with 0 < pp, o (f) = p < 0o. Then there exists a set Es C [1,+00) with infinite
logarithmic measure such that

i log, T'(r, f)
m — =
r—+00 logq r

reEs

Lemma 23. Let 1 < qg<por2<qg=p+1 andlet fi and fo be meromorphic functions
of [p,q] —order satisfying pip.q (f1) > ppp,q (f2). Then there exists a set Eg C (1,400)
having infinite logarithmic measure such that for all r € Eg, we have

im T(Tan) _
r—o0 T (r, f1)
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Proof.  Set p1 = ppp.q (f1): P2 = Ppp,q (f2) . By using Lemma 22, there exists a set
Eg with infinite logarithmic measure such that for any given 0 < ¢ < 2522 and all
sufficiently large r € Fjg

T (r, f1) > exp, {(p1 —€)log, 7}
and for all sufficiently large r, we have

T (r, f2) < exp, {(pg +e) logqr} .

From this we can get

T(r fo) _ &Py {(p2+¢)log, 7}
T(r, f1) ~ exp,{(pr —¢)log,r}

= exp {epr_1 {(p2+¢) log, r}— exp,_1 {(p1—¢) logqr}} , T € Fg.

Since 0 < e < 2522 then we have

lim T(r,f2)
r—oc T’ (Ta fl)

=0, r e E.

O

Lemma 24. Let A; (j=0,---,k—1), F # 0 be meromorphic functions. Then the
following statements hold:

(9) If p > q > 1, then every meromorphic solution f of equation (1.2) such that max{py, 4 (A;)
(j=0,1,---,k—1) s Plp,q (F)} < Plp.q] (f) satisfies Alp.g] (f)= Alp.q] (f)= [p,q] (f)-

(7)) If 2 < q = p+ 1, then every meromorphic solution f of equation (1.2) such that
ma‘x{p[Pyp-‘rl] (AJ) (] = 07 17 T 7k_1)7 Plp,p+1] (F) ) 1} < Plp,p+1] (f) satisﬁes )‘[p,p+l] (f) =
A1) (F) = Py (f)-

Proof. We prove only (ii) . For the proof of (i) see [15]. By (1.2), if f has a zero at z
of order a (> k) and if Ay, Ay, -+, Ag_1 are all analytic at zo, then F' must have a zero
at zg of order o — k. Hence,

1 1 1 &
n (7“, f) <km (r, f) +n (r, F) + ;n (r, Ap_;)
and
N <r, 1) <kN <r, 1) +N (r, 1) + Xk:N (r,Ag—j) . (2.7)
7 7 F) &
Now (1.2) can be rewritten as
O

By Lemma 17 and (2.8), we have

m (r, }) < ilm (T, f;?) + im (r,Ap—j) +m (7“7 ;) +0(1)

Jj=1
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b 1
= ;m (r,Ap—j) +m (T’F> + O (logT (r, f) +logr) (2.9)

holds for all  outside a set E5 C (0, 400) with a finite linear measure m (E3) = § < +o0.
By (2.7) and (2.9), we get

T(r, f) :T<r, ;) +0(1)

k
<kN (r, ;) +ZT (r,Ap—;)+T (r, F)+0 (log T (r, f) +logr) (|z| =7 ¢ E3). (2.10)

Since max{p[P7p+l] (A]) (.] = Oa 17 e ak - 1)7 p[P:P+1] (F)} < p[l%P*H-] (f) ) then by Lemma
23, there exists a set Fg C [1,+00) with infinite logarithmic measure such that

j=1

max{w (j=0,-- ,k—l)yg((:”l;’))}%Q r — +o00, r € Eg. (2.11)

Thus, by (2.10) and (2.11), we have for all r € Eg\E5

(1—o(N)T(r,f) < kN(r, ch> +O (logT (r, f) +1logr).

Then, we obtain pp, p11] (f) < Appt1] (f) < Appt1] (f)- Therefore, by

Appt1] (F) S Aoty () < ppppray (f)

we have Ay, p11) (f) = Mppr1] () = pppra) (f) - O

Lemma 25. Let f be a meromorphic function of [p,q] —order. Then the following state-
ments hold:

() If p > q > 1, then p, g (f) = pip.q (f)-

(%) If 3 < ¢ =p+1 then pppra (f) < max{pppr1 (f),1} and pppin (f) <
max {pfppi1) ()1}

(i) If p=1,q =2, then pjy 5 (f') < max {pp o (f), 1} and pp o (f) <1+ ppay (f)-

Proof. (i) — (ii) By Lemma 17, we have

!

Tl ) =mr f') + N () <m(r, f) +m ( J;) LN (. f)

!

<2T(r,f)+m <r, ]}> <2T(r, f) + O (logT (r, f) + logr) (2.12)

holds outside of an exceptional set E3 C (0,400) with finite linear measure. By (2.12)
and Lemma 15, it is easy to see pp, g (f') < pp.q (f) (P> ¢ > 1) and pp, i1y (f) <
max {pp p+1) (f), 1} if 3 < g =p+1. On the other hand, [0], ([20], p. 35), we have for
r— 400

T(r,f) <O(T2r,f") +1ogr). (2.13)

Hence, by using (2.13) we obtain pp, g (f') = ppp,q (f) if p > ¢ > 1 and pp, pi1y (f) <
max {p[p,p+1] (", 1} if 3<gq=p+ 1. We can easily obtain the conclusion (iii) by using
(2.12) and (2.13). O
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3 Proof of Theorem 11

Proof. (i) Suppose that f # 0 is a meromorphic solution whose poles are of uniformly
bounded multiplicities or ¢ (0o, f) > 0 of equation (1.1). From the conditions of Theorem
11, there is a set H of complex numbers satisfying log dens{|z| : z € H} > 0 such that
for = € H, we have (1.3) and (1.4) as |z| — +oo. Set Hy = {r = |z] : z € H}, since
logdens{|z| : z € H} > 0, then H; is a set with le dr = c0. By Lemma 18, we know
that there exists a set B4y C (1,400) with finite logarithmic measure and a constant
B > 0, such that for all z satisfying |z| =r ¢ [0,1] U Ey, we get

‘f.j:()Z()Z) < B[T(2T7f)]j+l (] =1, 7k) (31)
By (1.1), we can write
(k) (k—1) /
a0 < [T @ S+ el E e
It follows by (1.3), (1.4), (3.1) and (3.2) that
exp, {a [log, r]°} <A (2)| < kB exp, {8 [log,_, r|°} (T (2r, HIE? (3.3)

holds for all z satisfying |z| = r € H1\([0,1] U E4) as |z| — +o0. If p > ¢ > 1 or
3 < ¢ =p+1, then by (3.3) and Lemma 16, we obtain p < pp,41,4 (f). On the other
hand, by Lemma 21 (i) — (ii), we have

p[erl,q] (f) < max {p[p,q] (A]> j = 07 17 U 7k - 1} < P

ifp>q>1or3<qg=p+ 1. Hence every meromorphic solution whose poles are of
uniformly bounded multiplicities or § (oo, f) > 0 of equation (1.1) satisfies ppp41,4 (f) = p
ifp>g>lor3<g=p+1.

(ii) If p =1, ¢ = 2, then from (3.3), we have

exp {a [logr]’} < |Ag (2)| < kBexp {3 [logr]’} [T(2r, £)]"* (34)

holds for all z satisfying |z| = r € H;\([0,1] U Ey) as |z| — +occ. By (3.4) and Lemma
16, every meromorphic solution f # 0 of equation (1.1) satisfies pa,9) (f) > p. O

4 Proof of Theorem 12

Proof. (i) Suppose that f # 0 is a meromorphic solution whose poles are of uniformly
bounded multiplicities or § (oo, f) > 0 of equation (1.1). By (1.1), we can write

[k =1 f

Ap(2) =— (f+Ak1 (=) 7 +--+A1(2) f) . (4.1)

From the conditions of Theorem 12, there is a set H of complex numbers satisfying
logdens {|z] : z € H} > 0 such that for z € H, we have (1.5) and(1.6) as |z| — +o0.
Set Hy = {r =|z|: z € H}, since logdens{|z| : z € H} > 0, then H; is a set of r with
Ju, dr — oo Tt follows by (1.5), (1.6), (4.1) and Lemma 17 that

T

exp,_; {a[log,_, 7]"} <m(r, Ao)
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k—1

<Smirap+om (n L) <o

Jj=1

< (k—1)exp, {B [logq% r]p} + O (logT (r, f) + logr) (4.2)

holds for all z satisfying |z|] = r € Hi\E5 as |z| — 400, where E3 C (0,400) is a
set with a finite linear measure. If p > ¢ > 2 and 0 < § < «, then by (4.2) and
Lemma 15, we obtain p < pp41,4 (f). On the other hand, by Lemma 21 (i), we
have ppp11,4 (f) < max {p[p,q] (A4;):j=0,1,--- k- 1} < p. Hence every meromorphic
solution whose poles are of uniformly bounded multiplicities or § (oo, f) > 0 of equation
(1.1) satisfies pp11,q (f) = p-

(i) f3<g=p+1,0< 8 <aand p> 1, by the similar proof in case (i) and Lemma
21 (ii), we can obtain the conclusion.

(iii)fp=1,¢=2,0< (k—1)8 < aand p > 1, then from (4.2), we have

allogr])” <m(r,Ag) < (k—1)B[logr]” + O (log T (r, f) + logr) (4.3)

holds for all z satisfying |z| = r € H1\E3 as |z| = +00. By (4.3) and Lemma 16, every
meromorphic solution f # 0 of equation (1.1) satisfies pjz 9 (f) > p. O

5 Proof of Corollary 13

Proof. (i) Suppose that f # 0 is a meromorphic solution whose poles are of uniformly
bounded multiplicities or § (co, f) > 0 of equation (1.1).

(a) Suppose that 1 < ¢ < p and pp,1,q (F) < p. We assume that f is a solution of (1.2)
and {f1, f2, -, fx} is a solution base of the corresponding homogeneous equation (1.1)
of (1.2). By Theorem 11, we know that pp,41,4 (fj) =p (j =1,2,--- ,k). Then f can
be expressed in the form

f(z) = B1(2) fr(2) + B2 (2) f2(2) + - + Bi (2) i (2), (5.1)

where By (2),- -, Bi (2) are suitable meromorphic functions determined by

Bi(2) f1(2) + By (2) fa (2) + -+ -+ By, (2) fi. (2) = 0,
Bi(2) f1(2) + B (2) f5(2) + -+ + By, (2) f;, (2) = 0,

.............................. (5.2)
k—1 k—1 k—1
Bi () TV @+ By () 5V )+ + B KT () = Fa).
Since the Wronskian W (f1, fa,---, fx) is a differential polynomial in fi, fo, -, fx
with constant coefficients, it is easy by using Theorem 11 to deduce that
Pipi1.q (W) <max {ppi1q (f;):7=1,2,--- ,k} =p. (5.3)
From (5.2), we get
B; = FGJ (flvf?a"' 7fk)~(W(flvf23"' 7fk))71 (,7 = 1a2,"' ak)a (54)
where G; (fi, fa,--- , fx) are differential polynomials in fi, fa,-- -, fr with constant co-

efficients. Thus

Ppi1.q (Gi) Smax{ppi1q (fi):i=1,2,-k}=p (j=1,2,--- k). (5.5)
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Since pppy1,q (F) < p, then by using Lemma 25 (i), (5.3) and (5.5), we have from (5.4)
for j=1,2,--- k

Pip+1,) (Bj) = Plp+1,q) (B;) < max {p[p+1,q] (F), p} =p- (5.6)

Then, by (5.6), we get from (5.1)

Plp+1,q) (f) < max {p[zﬂ-l,q] (f) s Ppt1,q (Bj) 13 =1,2,--- 7k} =p- (5.7)

Now, we assert that every meromorphic solution f whose poles are of uniformly bounded
multiplicities or § (co, f) > 0 of (1.2) satisfies pp,11,4 (f) = p with at most one exceptional
solution fo satisfying pp,41,4 (fo) < p. In fact, if f* is another meromorphic solution
with ppi1,q (f*) < p of equation (1.2), then pp,1,4 (fo — f*) < p. But fo — f*is a
meromorphic solution of the corresponding homogeneous equation (1.1) of (1.2). This
contradicts Theorem 11. Then pp,11,4 (f) = p holds for all meromorphic solutions of
(1.2) with at most one exceptional solution fy satisfying pjp+1,q] (fo) < p. By Lemma 24
(i), we know that every meromorphic solution f whose poles are of uniformly bounded
multiplicities or & (0o, f) > 0 with pp,11,4 (f) = p satisfies Apy1,g (f) = Apr1,q (f) =
Plp+1,q () = p-

(b) If p < ppps1,g (F), then by using Lemma 25 (i), (5.3) and (5.5), we have from (5.4)
for j=1,2,--- )k

Plpt+1,q) (Bj) = Plp+1,q) (B;)

<max {ppr1.q) (F),ppi1,q (f5) 15 =12, k} = ppr1q (F). (5.8)
Then from (5.8) and (5.1), we get

Pip+1.q) (F) S max {pppr1,q) (i) Plpr,g) (Bj) 13 =12, k} < pppyrg (F). (5.9)

On the other hand, if p < pp41,q (F), it follows from equation (1.2) that a simple
consideration of [p, q] —order implies p,41,q (f) > pp+1,q (F). By this inequality and

(5.9) we obtain ppi1,q) () = ppp+1,q (F)-
(ii) For 3 < g=p+1,p > 1, by the similar proof in case (i), we can also obtain that the
conclusions of case (ii) hold. O

6 Proof of Corollary 14

Proof. By using the same reasoning of Corollary 13 we can obtain Corollary 14. O
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